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Notes on Continuous Parameter Periodically
['-correlated Processes

Ilie Valusgescu

Abstract. A I'-correlated process is a stochastic process con-
sidered in the context of a complete correlated action {&,%H,T'}.
In this note continuous parameter periodically I'-correlated pro-
cesses are analyzed, a Gladyshev’s type theorem is extended to the
{€,H,T'} case, and some consideration on continuous time param-
eter harmonizable I'-correlated processes are made.

AMS Subject Classification (2000). 47N30, 47A20, 60G25
Keywords. Complete correlated actions, continuous time peri-
odically I'-correlated processes, semispectral measures, harmoniz-
ability.

1 Preliminaries

Let £(€) be the C*-algebra of all linear bounded operators on a separable
Hilbert space €, and H a right £(&)-module. An action of L(€) on H is
given considering Ah := hA in the sense of the right £(&€)-module. The
action of £(&) on H is correlated if there exists a function (the correlation
of the action) I' : H x H into £(&) given by (h, g) — T'[h, g, such that

(i) O[h,h] >0, T'[h,h] =0 implies h = 0;

(i) Tlg, 1] = T[h, gJ";

(iii) [k, Ag] = T'[h, g]A

In various proofs the following formula, inferred by (ii) and (iii), is used.
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T[> Aihi, Y Bigil = AiThi, g;1B;,
i J 0]

for finite sums of actions of £(€) on K.

A triple {€,H,I'} defined as above was called [7] a correlated action of L(E)
on H.

An example of correlated action can be constructed as follows. Take H =
L(&E,K) — the space of the linear bounded operators from & into X, where
€ and X are Hilbert spaces. An action of £(€) on L£(&,XK) is given if we
consider AV := VA for each A € L(€) and V € L(&,K). It is easy to see
that ['[Vi, V5] = V*V; is a correlation of the action of £(€) on £(&,K), and
the triple {&, £L(&€,X), '} is a correlated action. In [7] was proved that for any
correlated action {&€,H, T'} there exists a Hilbert space X and an algebraic
imbedding h — V}, of H into L£(&,K).

Such a way, if we consider as the state space to be a right £(&)-module H, the
behavior of a process { fi}tc¢ from H can be studied knowing the behavior
of the operatorial process {V},} from £(€,XK). The corresponding space X
is called the measuring space and € is the parameter space. If the algebraic
imbedding of H into L£(&,XK) is onto, then the correlated action {&,H, '} is
a complete correlated action.

Since in H we have not a proper orthogonal projection on a right £(&)-
submodule, a I'-orthogonal projection was constructed, using the following
Proposition, helping to solve specific prediction problems.

Proposition 1.1. Let H; be a submodule in the right L£(E)-module H and
K=\ Vi€ CK. (1.1)
zeEH,

For each h € H there exists a unique element hy € H such that for each
a € & we have
Vipa€ X,  and  Vj_pa€ X (1.2)

Moreover, we have

[[h—hy,h—hy) = inf T[h—x,h—2x], (1.3)

reH
where the infimum is taken in the set of all positive operators from L(E).

For a complete proof see e.g. [8] or [9].
To a process { fi }ieq from H, where G is Z, R, a locally compact group or a
hypergroup, a correlation function is attached by

L(s,t) = Tlfs: fil: (1.4)
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Also, for two processes {f;}ieq and {g;}iec a cross-correlation function is
attached by

r(s,t) = Tfu 01 (1.5)

If the correlation function depends only on the difference ¢ — s, not on s and
t separately, then the process {f;}icq is called I'-stationary, otherwise the
process is a nonstationary one. Similarly, if the cross-correlation function
[y(s,t) depends only on the difference ¢t — s, then {f;}ieq and {g;}1eq are
stationary cross-correlated processes. Of course, in the I'-stationary case
(1.4) becomes

Ly(t) = Tlfo, fil- (1.6)

If G =7Z, then {f,}nez € H is a discrete I'-stationary process and an ex-
haustive prediction study can be found e.g. in [8], [9]. In the continous case
(G = R) some investigations for I'-correlated processes was done in [10].

The main investigation tools was the using of L>-bounded analytic functions
instead of bounded analytic functions, and a study of £(€)-valued semispec-
tral measures. An L(&)-valued semispectral measure is a map o — F(0)
from the family B(T) of Borel subsets of the unit torus T from the com-
plex plane C into £(€) such that for any a € € the map ¢ — (F(0)a,a) is
a positive Radon measure on T. An L2-bounded operator valued analytic
function is an analytic function ©(X) = >~ ©, A" on the open unit disc D,
where the operator coefficients ©,, € £(&,F), such that there exists M > 0
verifying

>~ [0nal* < A ol wee) (1.7
n=0
or equivalently,
2m
1 .
Sup o5 / ||@(re’t)a||2dt < M?*|al? (a € &). (1.8)
0<r<1 2T
0

An operator valued analytic function is denoted usually by a triplet {€, F, ©(A) }.
Also a central role in the study of infinite variate ['-stationary processes
played the generalized Lowdenslager-Sz.-Nagy—Foiag factorization theorem,
which attach to each semispectral measure F' a maximal outer L2-bounded
function, so called the maximal function of F.
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2 Continuity conditions

In this note we are mainly interested in the study of processes {f;}icr in the
context of a complete correlated action {&,J(,I'}.

For a process {fi}ier from H in the complete correlated action {&€,H, T},
the space generated by {f;}ier in the right £(€)-module H is defined by

H = {A,fi;t € R},

as a right £(&)-submodule of 3, and by the algebraic imbedding h — V}, of
H into £(&,K), to I/ in the measuring space K corresponds the following

subspace
L=\ Vi.e=\ V&

teR geg{CJ:o

A process { f: }ter is said to be norm, strongly, or weakly continuous, if t — VJ,
is norm, strongly, or weakly continuous in £(€,X). The process {f;}ier is
bounded if there is a positive constant M > 0 such that ||V},|| < M for t € R.
As we have seen in the previous part, to a process {f;}icr an operatorial
valued correlation function I'(s,t) is attached by (1.4), and for any a,b € &

a scalar correlation function ['y(s,t) : R x R — C is defined by

Lap(s,t) = (I'(s,t)a, b, . (2.1)

Proposition 2.1. The process {fi}ier € H is strongly continuous if and
only if for any a,b € € the scalar correlation function T gp(s,t) is continuous.

Proof. We have only to see that
Pas(s + 1t +0) = Tas(,8)] = KTy fisalas B)e — (TS fila, Bel <

S ‘(F[fs—i-u - fsa ft+v]a>b>€| + |<F[fsvft+v - ft]ga b)g‘ S
< IT[fsse = fo, ferolall + (U] fs, fero — felal[] [[0l] =
- [HV];Z—O—t_fszt+va ‘ + vazvft+v*fta”] HbH <

<|(Vir = Vi) Vioa|| + IV Viiya — Vial[] 6]l = 0

as u,v — 0.
Conversely, if T'y(s,t) is a continuous function on R x R for any a,b € €,
then for any u € R we have

||Vft+ua — VftaHjc = <Vft+ua — Vfta, VfHuCL — Vfta>3< =
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= (Vi@ Vina) — (V0. Via) — (Vi a, Vi, a) + (Via, Via) =
= (Vi Viaa,a) — (ViVia,a) — (Vi Vi a) + (ViVia,a) =
= ([t +u,t+u)a,a) — (L(t,t +u)a,a) — (T(t +u,t)a,a) + (L(t, H)a, a) =
= Doa(t +u,t 4+ 1) — Toq(t,t +u) — Dog(t +u,t) + Dog(t, ) = 0

as u converges to zero. ]

Proposition 2.2. If {f;}ier is a weakly continuous process, then for any
a,b € € the scalar correlation function fab(s,t) 1 separately continuous on
R x R.

Conversely, if {fi}eer is bounded and To(s,t) is separately continuous on
R x R, then {fi}ier is weakly continuous.

Proof. Obviously we have

Cop(s + u,t) — Lap(s, t)’ = |(I'(s+u,t)a,b). — (I'(s,t)a,b).| =

= <V];ks+uvfta’ b>£ - <V.;;Vfta’b>8 = <(st+u - st)*vfta7b>g =
= <Vfta’7 (st+u - st)b>j< - 0

as u — 0.
Analogously we have that for any a,b € € and v € R

fab(s, t+ U) — fab(s, t)’ — 0

as v — 0.
If {fi}ter is bounded and for any a,b € & the scalar correlation function
Lup(s,t) is separately continuous, then for s € R the function I'y(-,s) is

n
continuous, and for any y = > a;Vy, b from X! the function
j=1

(Via,y)e = o <Vf4aa stjb> = aTals))
j=1

=1

is continuous. Choosing in X7, a sequence {k, };2,, where k, = = o, ;Vy, b,
j=1 ’
such that ||k, — y|l, — 0, and taking account that I'y,(-, t) is continuous, then
(Via,y) = lim (Vya,ky,),, which is a uniform limit since { f;} is bounded.
n—oo

Therefore { f;} is weakly continuous. O
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3 Periodically correlated processes

Let {f;}ier be a periodically T'-correlated process, i.e. a process in the com-
plete correlated action {&€,H,I'}, whose correlation function I'f(s,t) given
by (1.4) satisfies the periodicity condition

Ti(s+T,t+T) =Ts(s,1) (s,t €R) (3.1)

for a positive real number T'. The smallest 7' > 0 satisfying (3.1) is the period
of the process {f;}ier.

Analogously with the scalar case [1] the notion of an almost-periodically T-
correlated process { f; }1er can be introduced under the condition that its cor-
relation function I'¢(s,t) is uniformly continuous, and is an almost-periodic
function with respect to T in the sense of Bohr, but in this note we are
concerned mainly on the periodic case.

As in the discrete case, to the continuous parameter process {f; }icr, beside
the correlation function I'f(s,t), for any ¢ € R the covariance function is

defined by

B(s,t) =T¢(s+1,s) (s € R), (3.2)
and of course we have conversely
L¢(s,t) = B(t,s —t) (s,€ R). (3.3)

Since B(s, t) is an operator valued periodic function in s with the same period
T as the process { f; }+cr, there exists the following Fourier representation

2m’k3>7 (3.4)

B(s,t) = ZBk<t) exp < T

kEZ

where the £(€)-valued coefficients By (t) are given by

By(t) = %/OTB(S,t) exp (

Following the Gladyshev’s results [1] the following extension to the complete
correlated case {&€,H, '} can be obtained.

ms)ds (teRkeZ). (3.5)

Theorem 3.1. A norm continuous operator valued function B(s,t) which
satisfies condition (3.1) for every t,s € R is the covariance function of some
continuous pertodically T'-correlated process with the same period T > 0 if
and only if the L(&)-valued functions By, (j,k € Z), satisfy the following
positive definiteness property

> (A Bk, (t, — tg) Aga,a), >0 (a €8), (3.6)

p,q=1
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foranyn >1,ky,....k, €Z, t1,...,t, ER, and Ay,..., A, € L(E), where

27m'jt)' (3.7)

Bii(t) = Bu—s(t) exp (=
Proof. Let us remark that the correlation function and the covariance func-
tion of an arbitrary I'-correlated process {f;}ier are positive definite func-
tions. Indeed, for any n > 1, ay,...,a, € €, t1,...,t, € Ryand Ay,... A, €
L(€) we have, taking account that for a finite system of elements {a,} C &
there exists a system of operators Sy € £(€) such that ay = Sya,

Z <A;F<tpatq>14qaq7ap>g = Z <A;F[ftpaftq]f4qaqaap>g =
p,q=1 p,q=1

n

=Y (T[Afo,. AfiJagap), = > (D[Aufi,, Agfi]Sqa, Spa), =

p,g=1 p,q=1

= <I‘[zn: SpApftp,zn:Squftq]a,a> = (I'[h, hla,a), =
p=1 q=1

&
= (ViVia,a)e = ||Viallz > 0.

Taking into account (3.2) it follows that (3.6) is verified.
Conversely, if (3.6) is verified, then if we put

el 2ks
Bust) =3 30 3 Bulewn ()
satisfies that .
> (ArB,(ty — ty)Aqa,a), >0
p,q=1

for any k > 1. Since B, (s, t) converges to B(s,t), it follows that B(s,t) also
verifies the above inequality, and, consequently is the covariance function of
some periodically I'-correlated process. ]

In the discrete periodically I'-correlated case [12], similarly with the scalar
case, was proved that any periodically I'-correlated process {f,}nez is I'-
harmonizable [11] i.e., there exists an L(€)-valued semispectral measure
(bimeasure) K on T? such that

Ul fom, fu] = //TQ ) K (dt, ds), (3.8)
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—2mint

where x(t)" = e
Moreover, the support of the £(&)-valued semispectral bimeasure attached
to a discrete periodically I'-correlated process with the period T° > 1 is
concentrated on 27" — 1 equidistant straight line segments v = u — 2k7k /T,
k e€{0,£1,....2(T—1)} parallel to the diagonal of the square [0, 27| x [0, 27].
Obvious if 7' = 1 then the I'-harmonizable process {f, }necz is stationary I'-
correlated and the support is concentrated only on the diagonal of the square.
In the continuous parameter case, this nice property is no longer valid even
in the scalar case (see [1]). Only on supplementary conditions, some par-
ticular periodically I'-correlated processes with continuous time will become
[-harmonizable, and similarly, the support of the bimeasure will be on par-
allel equidistant straight lines in the plane.

A process { fi }ter is strongly I'-harmonizable if the correlation function I'f(s, t)
can be expressed as

Ty (s,t) = / /R R (du, o) (5.t €R), (3.9)

for some positive definite £(€)-valued bimeasure K of bounded variation.
A process {fi}ier is weakly I'-harmonizable if its correlation function can
be expressed in the form (3.9) for some £(€)-valued bimeasure K of finite
variation.

Similarly as in [3], in the supplementary condition of strongly harmonizability
can be proved the following

Proposition 3.2. Let {f;}ier be a strongly T'-harmonizable process in the
complete correlated action {E,H,T'}. Then { fi}ier is periodically T-correlated
processes with period T if and only if the support of K s in the set A, where

A ={(u,v) € R* v=u—27k/T, k € Z}. (3.10)

Proof. For any s,t € R, since e =) =1 for (u,v) € A we have

Ti(s+T,t+T)= / / s+ D=1 17 (A, dv) =
A

— // ei(suftv)eiT(ufv)K(dujdv) — // ei(suftv)K(dujdv) —
A A

= // v K (du, dv) = Ty(s, 1),
R2

therefore {f;}ier is a periodically I'-correlated process with period T
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Conversely, if { f; };er is periodically I'-correlated with period T', then for any
N > 1 and s,t € R we have

N

Ff(S,t) =

N
1 )
_ 2 i[(s+kT)u—(t+kT)v] K (du. dv) =
2N+1k:_N//R2€ (du, dv)

(N _ :
SlIl _|_ (u U)] el(S“*tv)K<du dv).
- ) sin Tl |

2

Since the fraction under the last integral has the property that take the
value 1 on A, is bounded and continuous on R and converges pointwise to 1
as N — oo, by the bounded convergence theorem we have that

((s,8) = / / 1) K¢ (s, o),
A

which implies that the support of K is in the set A. ]

The previous Proposition is valid in the weakly I'-harmonizable case, too,
and similarly [5] can be proved the following

Proposition 3.3. Let { f; }ier be a weakly I'-harmonizable process in the com-
plete correlated action {E,F,T'}. Then {fi}ier is periodically T-correlated
processes with period T if and only if the support of K is in the set A given
by (3.10).

It is known that in the discrete case, any periodically I'-correlated process is
['~-harmonizable and, moreover, to each periodically I'-correlated process we
can attach a stationary I'-correlated process, helping us in solving most of
the prediction problems by a “stationarization procedure”. In the continuous
case, this fact can not be done so simply, but at least in the strongly I'-
harmonizable case a stationarization can be done as follows.

Proposition 3.4. Let { f; }icr be a strongly T'-harmonizable process. If { fi }ier
15 also periodically T'-correlated processes with period T > 0, then it can be
represented into the form

2mikt
Vie=>_exp <—T )ngm (t € R), (3.11)

kEZ
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where {gr(t) }rez is a family of stationary T'-cross-correlated processes given
by

27

Vouy = / e"¢(du+ %) (t e R), (3.12)

0
€ being an L(E,K)-valued measure on R.

Proof. Let oy, = [%, W) for k € Z. 1t follows that {oy; k € Z} is a count-
able partition of R. The process { f; };cr being a strongly I'-harmonizable one,
['t(s,t) is given by (3.9) with the £(&)-valued bimeasure K on R2. If we con-
sider the corresponding Naimark spectral dilation [K, W, E] of K, then, up
to a unitary equivalence, the £(€,X) - valued measure £(0) = E(o, )WV is a
representing measure of { f; };cg, that is

v, = /R g (dlu). (3.13)

For k € Z let us consider the L£(&,K) - valued measures §; obtained by
&(o) =&(eNoy), o € B(R), and the process {h(t)} defined by

Vi) :/ e ¢ (du) :/Reitufk(du). (3.14)

It follows that Vy, = >, Vi) and

2w (k+1) 27

T . . T . .
Vi = [, eeldu) = exp (35) [ ee(dut ) = exp () V.

2k
oy 0

Therefore (3.11) is obtained. Since { f;}icr is a periodically I'-correlated too,
using the discrete case of Gladyshev’s theorem in the complete correlated
case {&,H(,T'} [12] it follows that

2m

T .
E(s,8) = Clay ) gult)] = [ e Fedu+ 22),
0
that is {gr(t) }rez is a family of stationary T'-cross-correlated processes at-
tached to {f;}icr as above. O

Taking into account the existence of the stationary dilation in this case,
using the I'-orthogonal projection on a right £(&)-submodule given by the
Proposition 1.1, the predictable part can be obtained.
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