ON FLUCTUATIONS OF TRACES OF LARGE MATRICES OVER
A NON-COMMUTATIVE ALGEBRA
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ABSTRACT. The paper investigates the asymptotic behavior of (non-normalized)
traces of certain classes of matrices with non-commutative random variables as
entries. We show that, unlike in the commutative framework, the asymptotic
behavior of matrices with free circular, respectively with Bernoulli distributed
Boolean independent entries is described in terms of free, respectively Boolean
cumulants. We also present an example of relation of monotone independence
arising from the study of Boolean independence.

1. INTRODUCTION

The fluctuations of traces of various classes of random matrices have been studied
in the last two decades in both physics (see, for example [2], [4], [5]) and mathe-
matics (see [7], [8] [9]) literature. Extensive works (such as [19], [18]) indicate that
free independence is best suited to describe the interaction of important classes of
independent ensembles of random matrices with respect to normalized traces. It
was shown that free independence and the corresponding Central Limit Theorem
laws (centered semicircular distributions) behave in a very regular manner when
tensoring with algebras of complex matrices ([17]). In order to address interactions
of independent ensembles of random matrices with respect to unnormalized traces
(fluctuation moments, higher order trace-moments), recent works, such as [7] and
[8], introduced the notion of second order freeness or the more refined real second
order freeness ([9]). The present paper comes as an addendum to these works,
more in the spirit of [15]. More precisely, while [7], [8] and [9] study the behavior
of important classes of random matrices with entries in a commutative algebra, we
present some similar results for the case when the entries are not commuting.

The results presented here bring contributing evidence to the special nature of
second order independence relations. We show that although ensembles of self-
adjoint Gaussian random matrices can be well approximated at first order level
by ensembles of matrices with free semicircular entries, the second order behavior
of these two classes is different. Also, classical cumulants are well-suited to de-
scribe higher order independence relations of ensembles of random matrices with
commuting, independent entries; the results from Section 3, respectively Section
4, seem to indicate that free, respectively Boolean cumulants are appropriate to
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describe higher order independence relations of ensembles of random matrices with
free, respectively Boolean independent entries.

In what follows, the paper is organized in 3 sections. Section 2 contains some
preliminary notions and results on permutations and partitions of an ordered set
and non-commutative notions of independence.

Section 3 presents some results in the study of higher order behavior of ensembles
of self-adjoint matrices with free circular entries. We first show (see Theorem 3.1)
that the free cumulants of unnormalized traces of such ensembles have a very similar
behavior to the results presented in [8] concerning classical cumulants of ensembles
of random matrices with independent Gaussian entries. We also show that, in this
framework, a substitute for second order freeness from [7] is Property (x) that we
define in Section 3.2.

The shorter Section 4 presents some results concerning Boolean independence.
This non-unital notion of non-commutative independence ([16]) is by far less stud-
ied than freeness, but it was shown to be of relevance in some problems from
Theoretical Physics ([20]), Free Probability ([13]), completely positive maps ([14])
or Real Analysis ([1]). We show that the Boolean cumulants of traces of ensem-
bles of self-adjoint matrices with Bernoulli distributed boolean independent entries
and constant matrices have a similar behavior to the classical cumulants of traces
of Gaussian ensembles, as presented in [8], respectively to the free cumulants of
traces of semicircular ensembles, as presented in Section 3. In addition, Theorem
4.3 presents a new example of monotone independence relation, here arising from
the relations between constant matrices and matrices with Bernoulli distributed
Boolean independent entries.

2. PRELIMINARIES

2.1. Partitions on an ordered set. For a positive integer n, we will denote by
[n] the ordered set {1,2,...,n}. By a partition m on [n] we will understand a family
Bi, Ba, ..., By of pairwise disjoint nonvoid subsets of [n], called blocks of 7, such

that UL B, = [n]. If each block of 7 has exactly 2 elements, then 7 will be called
a pairing. The set of all partitions, respectively pairings on [n] will be denoted by
P(n), respectively by Pa(n).

The set P(n) is a lattice under the partial order relation <, given by o < = if
any block of o is contained in some block of 7. The maximal element of the lattice
is 1,, the partition with a single block. For 7,0 € P(n), define

oVa=inf{r: 7>, 7> 0}

A partition 7 € P(n) will be called non-crossing if for any B, D disjoint blocks
of m, there exists no 4-tuple i < j < k <[ from [n] such that i,k € B and j,l € D.
The sets of all non-crossing partitions, respectively non-crossing pair-partitions of
[n] will be denoted by NC(n), respectively NCs(n).

A partition 7 € P(n) will be called interval partition if each block of 7 contains
only consecutive elements from [n]. We will denote the set of all interval partitions,
respectively pairings of [n] by I(n), respectively Is(n). Note that if n is odd, then
I5(n) = 0; if n is even then I3(n) has only one element, namely the partition of
blocks {(2k —1,2k) : 1 <k < 1.

A permutation v € S, (the Symmetric group of order n) will be uniquely iden-
tified with a partition on [n] by taking the blocks to equal (as sets) the cycles. A
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pair partition 7 € Py(n) can be uniquely identified with a permutation from S,, by
taking the cycles to equal the blocks of 7. The following result connecting partitions
and permutations was proved in [6] (see [6], relation 2.9):

Proposition 2.1. If 1,0 € S, , then
#(1) +#(77 o) + #(0) <n+2#(7V o)

where in the left hand side of the equation T,0 are seen as permutations and in the
right hand side as partitions.

For 0 € S,, and A4,...,A,, some N x N complex matrices, we will define
Try(A1,...,Apy) as follows. If o has the cycle decomposition

g =

(i(g,1),i(q,2),...,i(q,1(q))),

n
q=

then we define

TI‘O(Al, ey Am) = H TI‘(Ai(q’l) . Ai(q72) e Ai(q7l(q))~
q=1

— -
If j =(1,...,Jm) is a multiindex and o € S,,, we will write that j

if o(k) = [ implies jx = ji.
We will use the following version of the Lemma 5 from [9)]:

—
:]oJ

Lemma 2.2. Suppose that Ay are N x N complex matrices with entries ag)kj) ,

where 1 <k <m. If 7 € Py(m) and o0 € Sy, are such that k + wo(k) =1 (mod 2)

for all k € {1,...,m}, then there exists some T € Sy, such that
(1) (m) _
Z aja(l)ja(2) T ajtr(?m—l)jo(2m) - TrT(Al’ T 7Am)’
- =

j=jomo
and if (i1,%2,...,1q) s a cycle of T, then wo(iy + 1) = Gy41.

2.2. Non-commutative probability spaces and independence relations.
Following [18], by a non-commutative C*-probability space we will understand a
couple (A, ¢), where A is a unital C*-algebra and ¢ : A — C is a positive, linear,
unital map. The elements of A will be called non-commutative random variables.

For n > 1 , the n-th classical, free, respectively Boolean cumulant are the n-
multilinear maps from A" to C denoted by k., k,, respectively b, and given by
the following recurrence relations:

(1) ¢(XiXa X)) = Y 11 ks (Xp(1), Xp(2): - - Bis))

TEP(n) Bew
B={b(1),b(2),...,b(s)}

Z H ks (Xp1)s Xo2)s - - » Bi(s))
ceNC(n) Beo
B={b(1),b(2),...,b(s)}

> II b5 (Xb(1)s Xp(2)s - - » Bi(s))-

T€l(n)

(2)

(3)

Bert
B={b(1),b(2),-..,b(s)}
Two unital subalgebras A;, Ay of A are said to be free independent if
¢(a1a2 e an) e 0
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whenever a; (1 < i < n) are such that ¢(a;) = 0, a; € Ay with €(4) € {1,2},
€(i) # €(i + 1). An equivalent condition (see [18]) is that ky(a1,a2,...,a,) =0
whenever a; € A.;) such that not all €(1),€(2),...,¢(n) are equal.

Two subalgebras A1, Ay of A are said to be Boolean independent (see [20], [12])
if

Plarag - --an) = ¢(ar)d(az) - - ¢(an)

whenever a; € A.;) with €(i) # €(i +1). An equivalent condition (see [12]) is that
bn(ai,...,a,) = 0 whenever a; € A such that not all €(1),€(2),...,e(n) are
equal.

We will say that a subalgebra A; of A is monotone independent (see [10], [11],
[16]) from A,, another subalgebra of A if, for all 21,25 € A, by,by € A and a € A,
we have that

d(z1b1a) = (21b1)9(a)
P(abawz) = ¢(a)d(ba2)
¢($1b1ab2$2) = qﬁ(mlblngg)(b(a).

A selfadjoint element x € A is said to be semicircular, respectively Bernoulli
distributed of mean 0 and variance o > 0 if k, (2, z,...,1) = d,,202, respectively
if by (z,2,...,2) = 6, 002,

The following result is known as the Free Wick Theorem (see [3]):

Proposition 2.3. Let H be a real Hilbert space with orthonormal basis {e;};c1 and
¢ : HRC — A be a linear map such that {p(e;) }icr is a free family of semicircular
elements of mean 0 and variance 1. Then, for any f1,..., fn € H®C we have that

de(f)e(fa) ot = > ] (i fi)

TENCa(n) (i,j)ET

A similar result holds true for the Boolean framework. More precisely, we have
the following proposition.

Proposition 2.4. Let H be a real Hilbert space with orthonormal basis {e;};cr and
v : H®C — A be a linear map such that {p(e;)}icr is a Boolean independent
family of Bernoulli distributed elements of mean 0 and variance 1. Then, for any
fi,--+, fn € H® C we have that

if n is odd ;
(4) o(e(fr)e(f2) - o(fn)) =

(f2iz1, f2i) if n is even .

(2

E o
w3
-

Equivalently,
P(p(f1)e(f2) - o(fn)) =(f1, f2)0(e(f3) - - o (fn))

= > (f 1)-

we€lz(n) (kl)em

Proof. Since both sides of the equation are multilinear in f1,..., f,, it suffices to
prove the result for all fi from the orthonormal basis {e;}ic;. For n < 2, the
equality follows from (2) and the fact that ¢(¢(e;)) = 0.

For n > 2, let m = max{p : fr = f1, 1 < k < p}. From equation (2) we have
that

P(p(f1) - p(fn)) = S(0(f1) -+ o(fm)) - Pl (frmtr) -+ 2 (fn))-
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If m is odd then ¢(p(f1)™) = 0; also, the right hand side of (4) will contain the
factor (fy, fm+1) which cancels, hence in this case the equality holds. Suppose
than m is even. Equation (2) gives

sle(f)™ = I  wmlelfr).- e(f).

T€I(n) B=block of 7

Since ¢(f1) is Bernoulli distributed of mean 0 and variance 1, all its Boolean cu-
mulants cancel, except the ones of order 2, which equal 1, therefore

P(p(f1) - o(fm)) = Sle(f1)™) = 1 = [$(p(f1)*)]

SH

m
2

= (f1, f1)

<f2i—17 f2i>7

o O
I

7

and the conclusion follows by induction.
O

2.3. Ensembles of random matrices. Throughout the paper, My (C) will de-
note the C*-algebra of N x N square matrices with complex entries and My (.A) the
C*-algebra My (C) ® A; by a random matrix with entries in A we will understand
an element of My (A). Throughout the paper, by an ensemble of random matrices
with entries in A we will understand a set {A; n }ier,nez, such that A; y € My (A)
for all 4, N. The ensemble {A; n}icr,Nez, is said to have limit distribution if for
any ti,...,in € I, the limit

lim tr(A;, ~-Ai, N A, N)

N—o00

exists and it is finite.

3. RANDOM MATRICES WITH FREE CIRCULAR ENTRIES

3.1. Semicircular random matrices. Let H be a real Hilbert space and H =
H ® C be its complexification. Let {Sn(f)}nez, fen be an ensemble of random

matrices such that Sy (f) = [ci,j(f)]ﬁ\fj:l with ¢; ;(f) € A such that

0) Bleis(F)eri(9)) = :0ikdialf.0)
(i) S (/)" = Sn(f)

(itl) {Rei;(f),Seij(f)<i<j<n form a free family of semicircular elements of
mean 0.

Let l1,...,l, >0 and put [ =ng =0, and, for 1 < k <r, put np = ng_1 + lg.
Let m=mn,.=10 +1ls+---+1,; take f1, fo,..., fmn € H and let

YIC(N) = XN(fnk71+1)XN(.fnk71+2) e XN(f"k)'

Theorem 3.1. With the notations above, we have that

ko (TR, DoY), Tr(V ) = O(N2T).
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Proof. Let v € S, with cycle decomposition H(nk—l +1,nk—1+2,...,nk). Then
k=1
the Free Wick Theorem gives:

ATV T(Vo)) = D7 ity (1) it (fin)

N
= Z N~% Z H <fk7 fl>6ik77;»y(l)6ilai—y(k)
015y =1 c€NC2(m) (k)€
= Z N#(’Y”)_% H <fk, fl>6ik7i—y(l)6il)i’y(k)
oceNC2(m) (k,h)eo

The blocks of v V ¢ are unions of blocks of 4. Suppose that vV o ¢ NC(m),
that is there exit By, By, B3, B4 blocks of 7 in this lexicographical order such that
By,B3 € Dy and By, By € Dy with Dy, Do distinct blocks of vV o. Hence there
exist by € By (1 <k <4 such that o(b;) = bs and o(bs) = by, which implies that
o & NCy(m). We have then tha vV o € NC(m) and an inductive argument on r
gives us that
(5)

HT(TT(Yl(N))7 s aTr(}/r(N))) = Z N#(’YU)_% H <fk7 fl>6ik,’i7(1)6il,iw(k)

oceNCa(m) (k,h)eo
YVo=1,,

Since the number of cycles is the same in a conjugacy class of permutations and
o? is the identity permutation, we have that #(yo) = #(0y0?) = #(c~17). Also,
#(0) = 5 and #(vy) = r, hence, for vV o = 1,,, Proposition 2.1 gives

r+#(70)+%§m+2

which implies #(yo) — % < 2 —r, and the conclusion follows.
O

Definition 3.2. Let {Ai,N}iGI,N€Z+ be an ensemble of random matrices with
entries in A. We will say that the ensemble has second order free limit dis-
tribution if it has limit distribution and, for all iy,i9,...,i, € I, and collec-
tion {px}trez, of non-commutative polynomials in n wariables, with the notation
Y = pr(Aiy N, ..., Ai, N), we have that
(1) lm ko (Tr(Y1), Tr(Y2)) exists and it is finite
N —o0

(2) lim k. (Tr(Y1),..., Tr(Y;)) =0 for all r > 3.
N — 00

Ensembles of matrices from [[ 2, M, (C) with limit distribution have second
order free distribution, since free cumulants with constant entries cancel (see, for
example [18]); an immediate consequence of Theorem 3.1 is that ensembles of semi-
circular random matrices also have second order free limit distribution.

3.2. The next notion can be seen as an analogue, in our framework, of the notion
of second order free independence from [6].

Definition 3.3. Consider K € Z, and for each k € K let Ey, = {Agiz,}ig,;ve@
be an ensemble of random matrices that has limit distribution. We will say that the
family {Ex}i has Property (x) if the following hold true:



(1) {Ex}k is an asymptotically free family with respect to the map tr® ¢.

(2) Suppose that { Py}rex are non-commutative polynomials in p variables and
that ky,...ksyy € K with k; # kjp1 for j € [s+t]\ {s,s +t} . Suppose
also that {Agkj)\,, . ,Agf])\,}N are subensembles of Ej, with limit distribution
such that

: (k) (k)
Nh_r>noO tr(Pk(A1 N Ap N)) =0
and denote by ag»N) = Py, (A(lkj\,)7 A1(7 j\g) Then
N N N N) (N
Jim_a(Tr(a M oMy Tl o)) = 6, i tr( Mol )
j=1

(3) Suppose that r > 3, m € Z, that {Qi}]_, are non-commutative polynomi-
als in m variables and that k1, ..., k,, € K. Suppose also that {Agkj)v7 ... ,Az()lf])\,}N
are subensembles of Ey with limit distribution and denote

N k k Fn 8¢
ﬁl( ) = Tr(Ql(Angv),-- A;}V),-~-’A(1,N)7""A1(77N))) ’

Then

lim w8, 8y =0
N—o0

In the next two section, that is Section 3.3 and Section 3.4, we will prove the
following result.

Theorem 3.4. Let {fi}rez, be an orthonormal set from H and let £ be an en-
semble of constant matrices with limit distribution. The family of ensembles € and

{Sn(fe)}n , (k € Zy), has Property (x).

Note first that property (1) from Definition 3.3 is satisfied, since semicircular
matrices are free from matrices with constant coefficients (see, for example, [18]).

(N) ,AgLN),BEN),...,B(N)

m

3.3. Let s1,...,5n,71,---,Jm be positive integers and let A;
be constant matrices that are elther centered or 1dent1ty, such that if s = sgy1,

respectively if jr = jgy1, then A ;é I, respectively B 75 1.
Let ki,...,kn,l1,...,1,, be posmve integers and

P =8N (fi )% —tr(Sn(fi,))I
Q™ =Sn(f.)b —tr(Sn(f5.)")1.

In order to show Property (2) from Definition 3.3, it suffices to prove the following
Lemma:

Lemma 3.5. With the notations above,

(6) ke (AN PN - AP P, THQM B - QN BI) )

n
N) (N N) ~(N
= b [ [ AL BY) - (P Q).
k=1
We will prove (6) in several steps. First, to simplify the notations, we will omit
the index N, with the convention that only matrices of the same dimension are
multiplied.
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Let us focus first to

B = ¢ (Te(AuS(fs,)™ - AuS(fs,) " )Te(S(f5,)" Br -+ S(f5,.)"" Bun)) -

Let N1 :n+k1++kn,N2 —m+ll++lm andM:M1+M2,
(1) p(»)

0,70 71,70
Ay, By, respectively S(fp), and denoting by ¢ the multiindex (i1,42,...9a), We
have that

(n) Sn) n) (s1) (41) (Gm) (m)
(7) Z¢ @iy iy 12,23 Cisyis " C'LA417741074M1+17'LM1+2 “Cin— 11Mb1M,1M1+1)

My = M — m — n. Denoting by a respectively Cz('i') the (i, j)-entries of

From the Free Wick Theorem, the expression above is computed as a sum over all
(k)

non-crossing pair partitions acting on the factors of the type ¢; 7,

we can write
Enn= E E v(m

TENC2(Mo) _i>~7r

more precisely

z(k)z', to El)z we have that

is = i, and iy = zu, and we denote v(w) for the expression (depending also on
Ay,...,An, By, ..., Bpy) that results by pairing the c( )
Denote P! = S(f;,)* and Q) = S(f;.)". Suppose that 7 pairs two consec-

S

utive entries of the type ¢, from the same P/ or Q; Without affecting the

7
generality, we can suppose, to simplify the notations, that the development of

L
where we write i ~ 7 if whenever 7 is pairing c

’s according to .

’ . (s4) (s4) (s4) (s4) ;
Pj contains the sequence ---¢; " ;¢ ¢ Vet -+ and that mopairs
(si) (si) 7 is g ; o imi
Civinyy, With ;%7 . If 4@ is such that ¢ ~ m, then i, = iy42, hence, elimi-
nating S we will obtain a summand from a development as in equa-

Tvytv41 7fv+1ylu+2
tion (7) but k; is now replaced by k; — 2. Same argument works if the sequence

cls) s
Zuszv+lczv+ls7f +2
Denote by NC¥ (M) the set of all pa1r partitions acting on ¢
(si) (si)

is preceded or succeded by entries of constant matrices.

(k)’s that are pair-

ing ¢; '; and ¢; ' 5, denote by i 7 the set of indices ¢ Wlthout 1, and by
NCY(My—2) the set of palr—partltlons actlng on c(k]) s without {cl uir? 571)“”2}
Since ¢( Z(“lvﬂcngwwz) = %[/ fs|I* = &, we have that

® > dm= 3 3 A3 o )

TENCY(Mo) 7 o 0ENCE(Mo—2) Tvrg ip=1

- Y Y

CENCY(Mo—2) v

Consider now N C’g] (M) the set of all 7 as above such that P/ is invariant under
7 (that is all cl(.?) are paired only among themselves; in particular, k; must be
even). The restriction of 7 to P/ is then again a ono-crossing pairing; since any
non-crossing partition has at least one interval block, iterating (8) we obtain

(9) Yoo D um=tr(R) > Y o)

WGNCQ](MU)_XNTF aENC’g](Mﬂ—kt.{_Q)_i)[t]Ng
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where 7[t] is the multiindex formed by the set of all indices from 7 that are not
contained only in the factors from P/ and where N Cg} (Mo — k¢ + 2) denotes the
set of all non-crossing pairings acting on all CEZ) except the ones in P/.

Let us now go back to the computation of the second order free cumulant
ko (Tr(ApPp - A1Py), Tr(Q1B1 -+ - QmBm)). As seen in the proof of Theorem 3.1,
it develops (following the Free Wick Theorem) as a sum over pair partitions action
on the factors of the type cl(.? and connecting P, - -- P; with Q1 --- @,,. Note that
here the partitions are acting on sets of different lengths, due to the presence of
terms of type tr(S(f;,)*s)I in the expressions of P,’s (and the analogues for Qy’s).
But, according to (9), the factors of the type tr(S(f;,)") and the partitions leaving

invariant Ps cancel each other, hence, with the notations from (7)

ko (Tr(Ap Py A1 P), Te(QuBy - QumBm)) = Y v(m)
TENCS (M)

where v(7) = > > _v(m) and NC3 (M) is the set of all non-crossing pairings 7
acting on the factors of type cg? such that

(1) m connects P/ --- P{ with Q) --- Q}.;

m?
(2) no P or @}, is left invariant by =.
Suppose ™ € NC5'(My) is such that v(m) # 0. first note that, by equation (8), we
can suppose that 7 does not connect elements from the same P}, or Q.. Second,
note that if 7 connects two P}’s, then, from the non-crossing property, it may also
connects two consecutive ones, say P/ and P/, ;. Using again the fact the = is
non-crossing, the last factor of P/ must be connected to the first factor of P/, ;.

Let cgjt) be the last factor of P/. Then the development of E,,, contains the

—1%y
sequence

s t s
Cz( "), a(, ). c(, ”1,)
v—1%  tuly4l lu41lu42

(s¢)

tv—1%v

and cgjfﬁlz” are connected by , it follows that i, = i,41 hence v(7)

contains the factor Zgzl az(i)iu = Tr(A;) = 0, therefore v(m) cancels. It follows
that 7 connects only P;’s with Q}’s.

We will show next that each P}, can be connected to exactly one @]. Suppose that
P/ is connected to more than one Q]. Since 7 is non-crossing and does not connect
two different @Q)’s, it follows that P; is connected to two consecutive Q)’s, say with
Q; and @), . Since we can suppose, by (8) that 7 does not connect factors of P/
among themselves, it follows that two consecutive factors of P/ must be connected
to the last fact of @, and to the first factor of @7, ;. Let ¢’ ; .¢i'; = be the
two consecutive factors of P/ connected to the last factor of Q,, respectively to
the first factor of Q;,,, If B, = I, then f; # f;, .., therefore f;, is orthogonal
to at least one of the vectors f; , fj,.,, hence v(m) = 0. Therefore we must have
tr(By) = 0 and the sequence cgi_ )ﬂu bz(-;lj]i)u-f—lcl('zlmw-f—t;jﬁ-Q appearing in the development
of E,, contains the last, respectively the first factors of @Q;,, @i, ;. Then i, =
iy = iy+1 and v(m) will contain the factor 25:1 bgi"z)v = Tr(By) = 0, therefore v(r)
must cancel.

We proved that m must connect each P/ to exactly one @] and no P’s and @Q’s
among themselves, particularly that n = m. Moreover, since 7 is noncrossing and

Since ¢
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does not connect two different P’s or @ s , it follows that P} is connected to @,
foralk=1,...,n

We will now finish the proof for equation (6). From the argument above, the
relation hold true if n # m and if n = m, then

ko (Tr(AmPry - AP, Te(@Q1Br -+ QuBr)) = Y v(m)
TENC5 (Mo)

Fix 7 € NC3 (M), and let us denote by a;i)j_u respectively by bq(ji)tut the
entries of Aq,..., A, respectively By,..., B, that appear as factors in the cor-
responding development. We will show that j; = u; and j_; = u_¢, therefore,
from Lemma 2.2, the factors from v(w) concerning the constant matrices will be
[T, Tr(AgBy). Since the summands in E,,, have trace-type developments, the
indeces of j;, j_¢, us, u_; from above are determined by the indeces of the first and
last factors of P/, P/, and @}, Q.. From the argument in equation (8), we can
suppose, in what concerns indeces, that m does not connect factors from the same
P/ or @}, hence it may suppose that each factor from P} is connected to a factor
from @), Since 7 is non-crossing, the last, respectively first, element from P} must
be connected to the first, respectively last, factor from @7, and 7) ~ 7 gives the
result.

Fix not t € {1,...,m}. From the argument above, if 7 € NC5 (M) such that

v(m) # 0, then the set Cp = {c” : Ej) is a factor in P} or in @} } is invarinat
under 7. Hence, denoting by 7; the restriction of 7 to Cy, the Free Wick Theorem

implies that v(7rt , respectively v(m;) factors in v(7), respectively in v(w). Let us

also denote by i (t) the set of indeces from 4 that appear as lower indeces for
elements of C;. Let us write

1 _lst) o (se) (st)
P lv1u+1clu+1lu+2 Ci1;+kt 10p4ky
Q (]t) C(]t) ) .. (]t)
t lwlw+1 Tw41%w+2 lw+l, 1hwiy
Then, the previous argument gives that i, = iy, and iy4k, = 4. Since m

connects P; to @}, equation (7) gives that

v(m) = o(Tr(P/Q;) — ¢(Tr(P/)o(Tr(Q))
= ¢(Tr(PQy)
Remark now that the indeces 4,, and respectively 4, are counted both in Tr(P;Q;)
and in Tr(A;By), respectively Tr(A;11Biy1), henceforth

m

oo ovm=]] ];2 r(AB)Te(PQy) = [ [ tr(AiBy)tr(PQy),

reNCy (Mo) t=1 t=1
hence the proof of (6) is concluded.

Remark 3.6. Lemma 3.5 can be seen as a free analogue of Theorem 5.3 from [7];
yet, the results are different in nature, Theorem 5.3 from [7] is an asymptotical
result, more in the spirit of part (2) from Property (x).

3.4. Vanishing of higher order free cumulants.
Suppose that {fi}iez, is an orthonormal system in H, let i1, ... iy, € Zy4 and let
Sn(fi) be as defined in Section 3.1.
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Let ly,...,l. > 0and put M(0) =0, M(k) = M(k—1)+1, for k € {1,...,r—1},
and M = M(r).

Suppose that {AgN), e ,Ax}/)} N is an ensemble of constant matrices with limit
distribution (some of them may be identity matrices) and, for k =1,...,r, define

N N N
Yk( = SN(fiM(k—l)+1)A§\J()k—l)+l T SN(fiM(k))Agl()k)'
Theorem 3.7. With the notations from above, if r > 3, we have that

lim s, (THYN), T, . Tr(v V).

N—o00
Proof. As before, we will omit the index N, with the convention that only matrices
(k)

5.7 » respectively c(kj) the

of the same size are multiplied. Also, we will denote by a .
(i,7) entry of Ay, respectively Sy (fx)-

Let v be the permutation with r cycles (M(k — 1)+ 1, M(k—1)+2,...,M(k))
and 7 be the permutation with r cycles (2M(k — 1)+ 1,2M(k — 1)+ 2,...,2M (k))
for 1 <k <r. Denote i = (i1,...,ip) € ZY and by j = (j1,...,jm) € [M]V.

Then
_ (41) (inr) (1) (M)
Tr(Yl) T TI(YT) - Z (cjlljz o cj;;é—ljmu) ’ (anja(z) o aj2Mja(zM)) :
=
J
Let 1 € NCy(M). We will put 6% to be 1 if (1) = k implies 4, = i, and 0
otherwise. The pairing 7 induces a pairing 7 € NC3(2M) as follows: if n(l) = k,
then put 7(2] — 1) = 2k and 7(2]) = 2k — 1.
Since qb(cl(-?)c,(clz)) = 0ap0;10:1, the Free Wick Theorem implies that

_ - 1) (M)
¢ (Tr(Y1> T Tr(YT)) - Z 57N : _)z_; ajzja(z) T aj21v1j"\?(21\/1).
TI'ENCQ(]\/I) j=j o7
Denoting by u(m) = 611)]\/_% Z aﬁ%(z) --~a§i\14vj)ja(2m, an inductive argument
e i
j=jor

on r gives that

ke(Te(V1), .. Te(Y,) = Y p(m).
TeENCy(M)
TVy=1pm

We will show Theorem 3.7 by proving that if # € NC2(M) is such that Vv = 1y,
then u(r) = O(N—1).

Fix 7 as above. Applying Lemma 2.2 to 7 € NC5(2M) and o € Sops given by
o0(2k) =~(2k — 1) and o(2k + 1) = 2k + 2, we have that there exist some 7 € Sy
such that

1 M
5 0 0 = T A

J2M J5(2M)
i
j=jorm

Since lower indeces of factor of type a%-c) are from th same block of 74, we have that

(k) is a singleton of 7 only if w(k) = k + 1 and both k and k + 1 are from the
same block of . As seen in Section 3.3, in this situation we can simply remove
SN(fi,C)A,(CN)SN(f,»kH) from the product without affecting the order of magnitude
of the product. Henceforth, we can suppose that 7 does not have singletons and
that 7 does not connect elements from the same block of .
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Since the ensemble {AgN), . ,Ag\]})} ~ has limit distribution, we have that
Trr (A, ..., Ay) = O(N#()

so Theorem 3.7 is proved if we show that, under the asumptions above, 7 has a
cycle with at least 3 elements.
Let By, ..., B, be the blocks of 7. Since wV~ = 1, there is at least one block of
v connected by 7 with more than one other block. Suppose that By, = (M (K —1)+
1,...,M(k)) is such a block and that 7(M (k)) € B;. f 7(M(k—1)+1) € By, since
7 is non-crossing, we would have that w(By) C By, therefore 7(M(k—1)+1) & B,.
Let v = -1+ inf{t: t € Bg,n(t) € Bi}, let (v +1) = w € B; and take u,s
such that 7(v) = u € Bs; # By. If 7 = j o, then jao, = jous1 and Joy+1 = Jow,
which implies that A,A,A, are in the same cycle of 7, hence the conclusion.
O

4. RANDOM MATRICES WITH BOOLEAN INDEPENDENT BERNOULLI-DISTRIBUTED
ENTRIES

4.1. As in Section 3, we will consider H to be a real Hilbert space, H = H ® C.
Let {Bn(f)}nez,,ren be an ensemble of random matrices such that By(f) =

[b(-N ( f)} N Wit by (f) € A such that
1,7 ij=1 3
. N N 1
() & (05 (Y @) = 145 9)0:085
(i) Bn(f)* = Bn(f)
(iii) {%bglj) (), %bg’];]) (f)}1<ij<n form a Boolean independent family of Bernoulli
distributed random variables of mean 0.

Remark 4.1.

(1) Bn(f) is Bernoulli distributed of variance || f||* (with respect to the func-
tional tr® ¢).
(2) If{fi}icz, is an orthonormal family in H, then {Bn(fi)}i form a Boolean

independent family.
%
Proof. Consider my,...,m, € Z;, m = my + --- + m, and the multiindex 7 =
(il, 12, ... ,Zm) c [N]m

To simplify the writing we will omit the upper-index (N), with the convention
that only matrices of the same size are multiplied.
For part (1), note that

tr® ¢(Bn(f)™) = % D 6 biyisbinis -+ iiy) -

If m is odd, Proposition 2.4 gives that all summands cancel. If m is even, Proposi-
tion 2.4 gives that

tr @ @By (f)™) =Y NTF Iy it - G i 10 1ir = ™

s
7

For part (2), it suffices to prove that, if ji # jr+1, then
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tr @ ¢ (By(fj)™ --+ Bn(f;,)™")
= [tr® ¢ (Bn(£;,)™)]  [r ® 6 (B (f3,)"™ -+ By (f;,)"™)]

On the other hand,
tr @ ¢ (Bn(f;,)™ - Bn(f3,)"")

1
= Z N(b (biliz (fj1)bi2i3 (fjl) T bimlim1+1 (fjl)biml+1i7n1+1 (fj2) T bimil (fj;;))
—}}

If my is odd, then, from part (1), tr®¢(By(f;,)™") = 0; also, applying Proposition
2.4 to the equation above, we obtain

G (biyin (f51)) Binis (Fi2) Vi iy o1 (T3 )iy rimy o2 (Fia) + iy (f3,)

m1—3

= ¢(bim1im1+1 (fjl)bim1+1im1+1 (f]2)) : H d) (bikik+1 (fjl)bik+1ik+2 (fjl))

k=1

¢ (bim1+1im1+2 (ij) e bimil (fjp)) :

Since fj, L fj, , we have that

o (bikik+1 (f7'1)bik+1ik+2 (f]l)) = <fj17 sz>6ikik+2 =0

hence the equality holds true.
If m; is even, Proposition 2.4 gives

¢ (biliz (f]l)) leZs (fjl) e bimlimlJrl (fjl )bim1+1im1+1 (fj2) T bimil (fjp))

m1—3

= [ H ¢ (bikik+1 (fjl)bik+1ik+2 (fh)ﬂ . ¢ (bim1+1im1+2 (sz) o bimil (f]p))
k=1

Since o (bikik+1(fj1)bik+1ik+2 (fj1)) = ||fj1||25ikik+27 the right'han$5ide of the
equation above cancels unless i; = i3 = -+ = 4y, +1, hence, denoting ¢ (m; +1) =
(Smy 41y by 42, - - - » bm ), We Obtain

tr® ¢ (BN(fjl)ml s BN(fjp)mp)
1
= Z N(vb (bi1i2 (fj1)bi2i3 (fjl) T bim1im1+1 (fjl)binll+1i7n1+1 (sz) e bimil (fjp))

my my
5= —1

-N™=2 ”fjl ||m1 : Z qb (biml+1iml+2 (sz) T bimiml+1 (fjp))

T (mi+1)
= [tr® ¢ (Bn(fj,)™)] - [tr @ ¢ (Bn(fj,)™ - Bn(f;,)"")]-

=N~

O

Since the results in the next two sections are not asymptotic in nature, we will
omit the index N from the notation By (f), with the convention that all matrices
involved here are of size N for some N > 2.
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4.2. Monotone independence and matrices with Bernoulli distributed
Boolean independent entries.

As presented in [16], the relation of Boolean independence is not unital, that
is C is not Boolean independent from any algebra. In this section we will show
that, when tensoring with matrices, the relation of monotone independence appears
connecting Boolean independence to the algebra My (C).

Lemma 4.2. Let Ay,..., A, be a set of matrices from My (C), {fi}rez, be a set

of vectors from H and 7 = (i1,02, - in41) € [NJMFL Then
(tr@ @) (] [ B(for-1)AxB(fax)) H tr(Ar){for-1, for)
k=1 k=1
=603 [T buvins Pon)ai iy Diiaia (o))

— 1
7 k=1

Proof. Denote X = [mi,j]%zl = H B(for—1)ArB(far). Then
k=2

(tr @ 6)(B(/1) A1 B(f2)X Z<ana$ﬂmmmm)

111213 1

Since for all 1 <,j < N, z;; is in the unital algebra generated by by ;(fp), Propo-
sition 2.4 gives that

N
Z (b( 1192 fl 1211)3b2324(f2>$i4i1) = Z o(b 1112(f1) 1314(f2)) 1213¢($i4i1)
i119i3=1 i119i3=1
N
= Z <f17f2> 1184 1213015;23(]5(1‘1'41*1)
i1igiz= 1
N

Z (f1, fa)a 121205(9%11‘1)

illg
:tI‘(Al)<f1, f2>TI‘(X)
(]
Theorem 4.3. Let B be the (non-unital) algebra generated by {B(f)AB(g) : A €

Mn(C), f,g € H}. Then B is monotone independent from My (C) with respect to
the functional tr @ ¢.

Proof. Tt suffices to show that, if A, D € My (C), f1, fo € H and X is in the algebra
generated by My (C) and {B(f): f € H}, then

tr @ p(AB(f1)DB(f2)X) = tr(A)(f1, f2)[tr ® ¢(AX))]

and the concl_u>sion follows appling Lemma 4.2.
Denoting ¢ = (i1,42,...,15), we have that

tr ® ¢(AB(f1)DB(f2 N qu Aiyig Zzls(fl) 1304 1415<f2)x1521)
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But, since all z; ; are in the unital algebra generated by {bx(f) : f € H}, Propo-
sition 2.4 gives:

Z¢ azlzg 2213(f1) 1374 7.47.5(f2 x7.511 Z¢> 7.213 fl 7.47.5(f2)) 1314¢(ai1i2xi5i1)

7,
—
[

f17f2 i3%4 1215d1314¢(a1112m1511)

2=

N
= Z f17 f2 1313 (a’ilizxiﬂ'l) = tI‘(A)<f17 f2>TI‘(AX)

O

4.3. Let f1,...,f; € H,let ly,...,l, > 0and put M(0) =0, M (k) = M(k—1)+I,
for ke {1,...,r—1}, and M = M (r).
Suppose that Aq,..., Ay € My(C) and, for k =1,...,r, define
Yi = B(fmr—1)+1) Ame—1y+1 - B(farr) Anir)-
Theorem 4.4. With the notations above,
b,.(Tr(Y1),..., Tr(Y;)) = O(N?7").

Proof. Let ? = (i1,...,i201) € [N]*™ and v € Saps be the permutation with r
cycles 2M(k—1)+ 1,2M(k—1)+2,...,2M(k)), for 1 < k < r. Proposition 2.4
gives

M
(b(Tr(Yl) : Tr(YT)) = Z¢ H 12k —1%2k fk 15217(%))

Z {Z{ H ¢ i2k—192k fk) i1 1121(fl))] [H 125,27(25)]}}'

nel,(M) 7 (kler

Induction on r gives that b, is a sum as above but over m € Iy(M) such that
7TV =1, for v/ € P(M) the partition with r blocks of type (M(k — 1) +
1L,M(k—1)+2,...,M(k)), where 1 < k < r. In particular, since Io(M) has at
most one element, b, (Tr(Y7) - Tr(Y;)) = 0 unless such a pairing exists, that is if
r =, then [ is odd, and if » > 2, then [; and [, are odd and Is,...,l._1 are even.

Let us suppose that there exists m € Io(M) satisfying the conditions above. In
this case, from the expansion (3), we also have that

b (Tr(Y1) - Tr(Yr)) = ¢(Tr(Y1) - - - Te(Y2)).

Suppose now that I; > 2 and let « = Tr(Ys)---Te(Y;) (if r = 1, we put @ = I)
and Y{ =Y - Ay, where Y = B(f3)As--- B(far))Amqy = [%’,j]%:l (if Iy =2, we
put Y = AM(l )

Then, for j = (j1,...,55) € [N]®, Proposition 2.4 gives
O(Tr(Y1) - Tr(Y,)) = Z Objuja (F1)a), b (F2)as?), v - @)

1
Z bjrjz (f1)bjsj4(f2))a 52;3¢(y35]1 5425 ca).
=
J
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. 1 .
Since (b(bﬁjz (fl)bj3j4 (fg)) = N<f1, f2>5j1)j4(5j2j3, it follows that

N

(10) o) -0)= 3 (i, Foh el ouna? - )

ij,k=1
(s f2)tr(A1)o(Tr(Y) - a) = O(N°)p(Tr (YY) - a).

If r = 1, iterating equation (10), we obtain

m

(11) ¢ (Te(B(f1)Ar - B(fam)Azm)) = [[ [ (fon-1, for)tr(Aze—1) HAzg

k=1

which implies the theorem for r = 1.

For r > 2, a similar argument to (10) aplied to the last two factors of the type
b; ;(fr) of Y, (if [, > 1) and to the second and third such factors from Yy (if I, > 2
for 2 < k < r —1) gives that it suffices to prove the theorem for l; = [, = 1 and
lo=-=1l,_1=2.

Let Y1 = B(f1)A4; and let Y3 = B(f2)X with X = A, if r = 2, respectively
X = AsB(f3)As if r > 3. put a = Iy if r = 2, respectively a = Tr(Ys) - - - Tr(Y;) if
r > 3. With this notations, we have that

N
(Tr(Y1)Tr(Yz) - o) = Z ¢(bi,j(fl)agi)bk,z(fz)xz,k -a)

i,k l=1

N
S b(b(f)bea(f2))dikal @)

04k l=1

: 1 :
SIHCG ¢(b1‘,j (fl)bk,l(fQ)) = N<f1, f2>§i,l5j,k7 it fOHOWS that

_(f 7f
(12) ST (V) Tr(Y2) - @) = =2 Z 9(2ia5,) - a)
,j=1
<f17f2 Z¢TYXA) )
4,j=1
If » = 2, equation (12) implies that ¢(Tr(Y1)Tr(Y2) = (f1, fo)tr(A24;) = O(NY),
and induction on r, using again equation (12) gives the result for r > 3. O
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