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ON CHANG'S OMITTING TYPES THEOREM -IN BOOLEAN VALUED
' MODEL THEORY

George Georgescu

The purpose of this paper is to prove a ver-

sion of the Cheng's omltting types theoremial

for the Boolean valued models. The proof com-
,;bipes the Chang 8 arguments with ‘some technlcs

of Shorb‘[G] and Loullis 13]

Let i bé a counﬁable first—order lénguage having the va-
riables Vo, 1,000 o

Tn“oughout this paper wesha“ suppose that L has at
least one constant. We shall write (?(x) (resp. %3(0)) instead

of C?(xl,o,.,xn‘ {resp. (F(pl,...,vu). The get of formulas (resp.

’ aenfances)~ 6f L will‘be‘denotea_by EF(L) (resp. :P(L)), For any
get C of new cpnstapﬁs.fL(C) 1g'§helanggagepobﬁaingd from L by
adding the constanta of C. ‘

_ If T is a consistent set of sentences of I, we call two.
formulastP and‘P equivalent with respect to T if Tr@ed>W, i
e Let ‘{7 be the equivalence class of Ye .';’(L)A and g(L)/T the

Lindenbaum-Tarski algebra

Farsg =3 T¢lee T b

The Boolean algebra bo.(L)/m‘ -a_{ﬁg? )tpef)o(L)} ig a sub-
~ : = & :
algebra of :J'(L_)/T . :

In the ususl way, we define by induction the fin - for-
mulasg and'TTn - formules of L. The set of :Zn'~'formulas (resp.
TTn - formulas) of L will be denoted by - (L)(resp.“n(l_-)).

Let B be & ccmplete Boolean algebra. & B-v valued struc-
ture M is defined by a function K “Q ‘P (L(M))——> B which sa-

tisfies the fcllowing conditions:



() la=aly=l

H

(B,) e = bl &b = ally

(By)  la = bll yAlD = el ygla =cly
,_(B4) For any atomic ~sven-tenc‘e’ (P-(é‘l"»-"’aﬁ)z
| -t ;
'\\@(_al,‘.ﬁ.j,,,an) Tyt /\ Nay = bylly £ b a o BN,
,(BS) I ‘?v\Pu = Nel V\\\P_u. B8,

(B6) dl ]x piax) \l \/\\ Plalll y -

Ve shall denote with the same symbol the B-valued struc-
f:'*ture.M as well as its universe. : '

" For asny two B-valued structures M N we shall "rite _
M C N if the universe of M is included in the universe of W and
. for any 'atoﬁzic_; sentence @ (-Z) of L(M) we have W% (z) b ‘M}’—' .
= e Ca) l N :

If 1M, l\’</~}> is a direct family of B-structures then
‘hhe ‘union \{) Mv is a B-valued s’trucuure whic:h is defined in an
obvicus way.- r

Now we shall recall gome results of A.Shqrb [6]_111 the
form given in [ 3]: :

"Let T be a consistent set of L. A B-assignment of T is

a function h: 5 (L)/Tw_B and a partial Bessignment of T is a

- partial function from Sa(lay,rvtq ‘Be AB-aassignment is consistent
if’ it is & morphism of Boolean algebras and a‘u partial Bfas.t_;i.gn—
ment is consistent if it cen be extended to a consistent
B;-assignment. » -

For any 'o rtial map h from “?(Tﬂ/- to B‘;e shall denota
bv% the function with ‘the doma in dom(h) 1 ¥ee & (T;/T

({;ﬁ ¢ dom{h) or ﬁ*gg dcm(u)‘( and defined b




..'r" 3=

.  (m(®e), it Tee dom (n)
h (¢ ) = Gl
"'1h (n®n), if -F e dom (h),

‘Lemme 1. ([3] [6]). A partial B—assignment h of T is con-
sistent 1fE _
R 5y |
(1) /\ 'ﬂtpi =0 implies/\ i ‘('K»‘?i)éofor_; any n> 0
» 1=1 i=1 . ‘ .
~and ’i‘(’l,.._.,- ©n dom(h) ,' and |
(ii) h.is well defined.
The following result is the Shorb a completeness theorem.
Lemma 2, (131,[61). Let T be a consistent set of sentences
' ,_o_f' L and let h be a consistent partial B-asslgnmént of T. Then
there is a B-valued gtructure M such that “‘?“M =A='h F e ), for
| eny sentence @ of L(M).
The following definitions were given by C.C.Chang in[2].
Let T be a consistent set of sentences of_L.'A type is
& non empty sub'getb of 3(1:)/,1. guch tha'o 0¢T"  and 0''ie clo-

sed ander A o A type Nis e Ei - type (resp, TT?I - type)is
he TE L gEoleel, W}
(resp. Pc T} = iﬁ‘?\‘ﬁ-nn (L)g‘}.

R e o

For any two types ' and A we shell write 's 4 if for

any Ttg A » there is a Ty e  such that v g e

A Eﬁ - type P is (n+l) o existential if there is

no Z - . type A such that A& D .
= B-valued structure B is a model of T.if ll‘f'“
_for any @€ T.
A type I is realized by a.sequepoafuao,gl,‘_._..i oﬁ_ ele-
ments of a model M of T if
@ (a rmy,se. )y = 1, for any Zeel,

where ay is the interpre tation of the vaviable a; ~ for any ic<w



il

M omits T if T is not realized by eny seqﬁence of ele-

' ments of M.

For any B—-valued structure M we shall denote

D (M) = §_‘ (L(M))u'ﬁ (L(M)), for any n<ew.

D;(M) pi\pe Dn(}M)\ \\‘?\l = l} for any n <w =

- R 0 (8yse00,8y,) We shell write P C M instead of
al,...,a e M v ' ‘ A

The following result is a generalisation of the Chang's
, omitjb_ing types theorem (see L 2] > p,.6,6,)». The proof is.directly
_inspirated from [ 27, | _ s = -
Theorem,Let T be e congistent set of geatences of L such

j;hat 7¢ Tl 4(L) and n» 0. For ‘any complete Boolean algebra B

n+1*
and for any B-valued modei M of T there exists a vaglu;;d model K
of T such that M C N and
. (a) N reallzes every Zi - type realized by M;
(b) N omits every (n+l) = exi.sten.tial type.
Proof. We shall defi_né by induction a Sequenco of VB-vé.-

Jued models of T:
MRMOC Mlc ..ocmkc‘ 0‘00.

Suppose that M is constructed. Since W\ @l w = 1 for
eny ¥e TV Dz?m-wl (M, ) it results that TV Dg—l (M) is consistent
in L(M ). Consider a set -Ak of sentences of L(M ) wich is maxi-

mel to respect th‘e, following conditions
o
(1) D, (e Ayc Z (L))
T uAk is consistewnt in L(Mk). o

note by W the following sudbeet of F (1L(y,))/

i

e
W -=5(§<31{?& A, or 19€ TU AkS V{ﬁq‘l ve D4 (00 RS

and define a map h : W—% B:



| 1 , 1£%€ TU A,
(2) n(*¢) ={0, i£1%ec TUA,
Mk » i C?e Dn_l(Mk).

We shall prove that h is well-defined. Consider Q (a),
\l'(a) € D, 1(M ) such that TR (a)é—-> L\*(a), therefore
-
T ¥ x (e (x) <—-%' L1”(:{)). It results that \ Vx (e (x)e—zp‘l’ (x)\\ =1

Ok,
then :

neu

&k : TR i ey ".gg . :
h'®) = \W(a)klmk aI\W(a)llegh( P).

The other cases will be treated in an obvious way (see

_the proof of the theorem 7.1 of EB])

For any Ql,..., epz €W the following implication
holds: 2 : 8l - ovl b
A\ eraeed A " =0
i=1 i=1

As in the proof of theorem 7 1 of [3] we can: consider

that € 5,000, P, ennl( M)

If 8y5¢.0,8 are the constants of L(Mk) - L which appear

. -
in (Pl’ cony ‘?‘e and a:(al_, see ,ai ), then we have the following
implications 3 B

/\ ‘?i(a) =0 Tf—\/ 1.(3).

= - VR (\/ 3, (a))

1=1
= I \!x(\/ ‘\'?i(a))\l =1
¢ i=1 '
IR ARACIEE
; £ W et
oy o (e by g,lend=0

Prom the Lemma 1 we can deduce that h'is a partial

B-aggignment of T.



- Y -

By the Shorb‘s completeness theorem there exlsts a

. B-valued structure Mk | (for L(Mk)) such ‘that

(o) Wl - =h (T Sper any TyeW.

Mk+l

From (3) it results thet M, is a B-valued model of T.

Since “‘Pl\ 0y all‘?llmk for any Qe D, 1 (Mk)'we can -assume that

M C Mk+l' Let us denote N = UMk
We shall prove by induction on the complexity of formu-
las that for any k\(w, % (x) € D 1(Mk) and K € M, we have

W e, =1M>(a)n

We shall consider only the case when ? (x) has the form
Av W»(v,x). The ;mductive hypothesis is that l\‘P(b,a) My =
= \\Ut'(b;g) | ; for any b € ¥, then we have

v ¥(v,a) iy = \/ \/ 1¥(b,3)0 4

Wkt Hpae M :

#

N / N = i =
\I/ \/ 1!1"(1'),3,) \ M

27k ‘ve M,
e = ‘e\'&{ “av W (V,a)

[}

I av ¢ (vl
We claim that

%) “‘Pu = 1 for any (Pé -

From TC 11 +1(L) it follows that *-p hes the ftorm
‘Vx 3 vy ¥ (x,y), where ‘?(x,y)ev 1(L). It results for any few:




i 7.“

\/ LY@, = L.

‘be &z el -2
: - X
Let 3 € N be ' then there is kew . such that a € Mk. In

accordance to (4) we obtain

VA Ww(a,y) I 5 \/ \/ \ Ll’(a, b)\\

L3k bel,
\/ Ve,
Lrk bcM£ £

From ‘this it follows

el =W 37 ¥ &) by
/\\\ YV @E, My =
BeN e

No{v we suppose that Mis a }:i -»type which 15 realized

in M by the seqﬁence 8 y8yseee o Consider C?(v seeesV )e 2
with @€ Z_ (L(M)), then uﬁp(ao,...,am)n =l But® (Voo ensvp)
has the form :

E\xl...axt "V (VO,...,V

L

? Xl,...,xt),\PC‘ (L(M)) .:

{
m n-

then' it results from (4)s

A N A T

b‘l"..' ’bt e N

> v "\N),(aﬁ;""am’bl""’bt)uﬁ

bl,... ’bte m‘

o P, 03 smp bl
.Th'e_n the seduence 8,58ys+++ Tealizes the type D in N,
Now we’ shall prove the second condit;on of k.thev_t,heorem“.
Suppose that there exists a (n+l) - existential type ' which is

rgalized in.N by & sequence &,,8y5eec



g
Let ™Y be an el_ément ot T }vhere the formuia » (vo,..,vm)
ig in Z (L(N)), then ¥ has the ‘form‘a?c_ (?(-;,;) with |
@ (V,x)€ Tt‘ (L(M))
Let us consider ke w such that a ,...,% = Mk. We shall

prove that there exist £ k and b €’ M.€ such that "1 ¢ (a b) é AE’

-
where a = (9‘0"“’am) Suppose that for any L% k and b € M-Q we

= -
have 1 (? (a,b)é Ae‘l
' By (3) it results

K% (a,b)ﬂ Mg+1 = 0 for any -e‘b k and b € M.@

Sy

~ P : v
But ¢ (a,b) € lL (L(3)) then 1t follows from (3):
- ' : : = A .
n&?(a,b)ﬂ-ﬂso for any € »k and b € M, .

We obtain the contradiction

.\\3;; ©@,x I \/ \/11‘?(& b)uN

E"/k b e -
then there exist £2 k and beM£ such that '1‘?‘(3,3) g;‘f‘ < Bt
1Y (a,b) is .logvically’ equivalent t}o a sentence in -Zn(L(MS“' .
then 1t follows from the meximelity of A, that TuA,u{n ¢ (3,50}
is dnconsistent.

e .'
.Then there existﬁ(a,b,‘g)GA‘elz such thet.
- 2 > >
T~ S (&,b,0) => %(a,b)

where £ = (cl,...,cg), and the constants CysesessCq of L(Mg) do not

ogguy in T or(p . Exactly as in [2]‘, p.68 we have

- -
7 4 SF(v)——a IXCITE

, - : RN e -
whers & (v) is the formule ey an

s
But ¢ (a,b,c)€ /\ g then we zet from (3) that.

le(a, b, ¢)b M€ = 1. Since € (&, b, c)E §n L Mg),‘ we cen de-
+1 v :

- . .
duce by (4) _‘that Iﬁ(a b, o)f} § = 1. In accordance %o



“S(a)u \/ \/ “G’(a,',c)llvq?'uﬁ‘(&, sc)“

Te N veq
it follows that |l Sa(a) ] 1.

Exactly as in[ 2], we consider the §: - type generated
by the set {3{5 l xsd\e p} o Since A £ , the contradiction is

obvious .
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