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llhe purpose of thls paper is. to provc & vetr-
- r ' l

ston of the Cheng's omltt*ng tyqg"s theoreml2j

fol the BooJ.ean velued,moilels. fhe Pr9:tf coq-

btpe,g the chang's arguments"wLth some technics

of snorn [6] and trotr]lrs [:1.

Iret t, U" s counteble first-order lenguagc
- i

r l a b L e s  Y u l v 1 r . . .  o  
'  

?

shroughout thts paper we sha\l supposo that I, has at

r11 wrtte Y (; (resP. 9 t?l ) ineteadLcast one oonstant. IY3 .qt*. i i
n f  Q ( * . - - ^ ^ . ^ x  I  { r e s p .  F ( e - - - - ^ - c  ) -  I h e  s e t  c f  f o r n u } s s  ( r e s p .
C I  - f  

l r x l r  r l  . . .  t  I l .  
\ - " i t  t  r  t  3 " ! L "

havLng tho vs-

e.entonces) .  of I  wt} l  be denotec

get C of aew constqnts. 
"(C) 

fs-

addLng the .constente. of C.

If f. is a consistent set of sentences

formulasf and V egulvalent wtth re6pect to T

by Fw (resp. .f ti,.: t. For any

tbe Language obtalned. from L bY
r

Tr we oall two
. j

T F - 9 S q r  r

of

i f

+-.-js:4:;

r3
Let f be the equlvalence class of g€ F(r,)' 

"oa 
f ot>tn the

IrLndenbaumrtarskl algebra

( ' f e * l r - l

t< i l / *  :  t  
*?  t9€ 3  ( t )  5 i

the Boolean algebra I tU /,t ,  n{ "n }eef,{t:)} is a sub-
d

algebra of * $)/y .

In the usual EaXr we deflne by lnductton the :o - for-

muLas and fio - formlles of L. She set of Eo - forriulae (resp.

TT- - formuLas) oJ I gl11 be denoted. by Er,tr') (reeq.Tfl(L) ) "n
let B be a ccmplete BocLsen algebra. A E'-val-ued struc-

ture M Ls definecr by a function li l lm ; $ (l(m) ) -+ B which sa*

*  4 nf  {  r 'c  i i .c ,  fn l  1  nwi  n,or  anr"d i t lOns :i t i t 5 l * l ; ; i J  9 3 - v  l v r r v r r - . ' 6  v v & 1



(h)

(ne )

(33 )

- , 3 -

t l a  -  
" [ u  

-  1

l l "  -  bt \  M-<\tb = al l  6

l l a  *  b l l  M l l t b  =  c l \ l n ( \ \ a  =  o l \ s

Irgr any -atgml senten; I (af ' t": . ,ao): ' .

l l 9(.arrr.'r rarr) fi M^ A [ *i - brll* < tttur' '. r rbJffn

,(84)

(Bs )  l l  Vv *  nT  -  l t g l l

(ne ) lt 1' 9(x) l i  M =

He .shell ilenote wlth the sqqe symboL the hvlluecl strua-

es, weLl as lte un'l.Yetrge.

,n  
i l  V l lM

Vre(a )n
a € ! [

! [ '

l tgre ! [

M C

for

'. sor eny two 3-vaLued gtrucluqes M. F -*e shall -rttg

S lf the untve:,"se of l"{ tg tncluded in the uuiverge of N' and'

any atomic gentence g dl of r.,(ht) we have U te Gl li M ='  . . .  :  l } l

.. .+
ll !P ( 6) .ll ,,.' l r

{f tM, I t<f } ls a dfr.gct faa{ly of B-qtruotures theg,

the qnlon 
H" "" 

ie a B-vaLued strugtr,re whlch is deflned ln: an

obvlcue **y. ' '

Now we shal1 recall

form glven in I lJ:
'Let t be a eonslslent eet of, t" A B-aFietgPsqnt of f ls

a fungtlon h t -Y tilG -+ B and a Baqttal Bgs:lgnnngnt- of I Ls a
-, 'F

partl.al, {gng!.loa fqoq I f!y* tq B. A -p}a.getsnmgnt loi qgr}P*qlent

tf lt ls a morphLsm of Boolean algebras and a partial B-aaFlgn-

nent tg oonslstent lf lt oan be extend.ed. to a consl.stent
' - . . '  .  , . , t - _ "  

- 1

B-assrgnment.

some results of A.Shorb ISl ln thE'

For env pertlal" nap h from
=

bv-f lu the furrcl iou with the donaln- '

. . l [  -  i a - f l ^ \  a o  - t . ^ -  l ^ - f r r l l  a . . d
Y  

k  r l a r . r u \ ^ r r t  v *  t  Y g  
u v . u \ r L l \  u u *

Ytr, l /* to B
- -  - - t r -  \
( I o l l l \ $ ,  a

i  a f  {  no r l  l r vE v -  e r . v 5  . . v . r '

we ghall donote

{ " q € ' 9 ( r i 4  I



'  * . 3  -

:
(  h  ( * 9  ) ,  l f  i l Q € .  d ' o m  ( t r t
I- l

h ( - q ) r  {  r _ r  r .
I  .  n  1  r n  h ) ,  l f  ' 1 t t 96  dom, (h )  .v .

L,eln*a, 1. ([31r.[e]). A partLal B*assl6]unent h,of li l Ls .c9rr*

eistent l f f?*? Y."j^," **- 
,i i

. ( r )  /  \  * tgr  = o inpLies{ r  ;  (*?r}0fo.r ;  anv n > o
r  r  r  '  . l - ' t
l"L 

' l'

o n r r  r < e - - - - - ,  * g o  c l o m ( h ) ,  a n dl a l . l \ A  . I t . . . .  

=
(ff ) b ls well dleflnedi

the foLlowlng result ls the $horb?s oornpleteness theobem:

Lerrma 2. ([ 3l ,[ 6J ). Let T be a consigtent eet of sentences
--

of L, and let b be a conslstent per-tla1 B-asslgnnent of T. ThQn

-there Ls e B-valued struotlr:.e M such that ltqtl* T h t* I )r'for

any seRtenee I of I,($).

3be followJ.ng defl-nLtions were gtTgq_ by c.c.chang ro[b].

Let I be a copslstent 
'set 

of s"en!eg99s of L' A.]ypg fe

a no+,:gmpty sub'get F of $<nlt* quch tbst Od n i*d t' ' Le' oLo-

,**--ccl;:+;

Fgd rind,er A c A. type [t 1s e Ef ' tvpe (resp' j:[f -

r r  c  E l  *  { *q  l re l  (u }

Tt f = 1".r lee Tlo (l)$.

Fgr qr,qy tqo' types f 
''and A we ,qhqll qrJ'te F

any *?a 
I r' there ls a ny 

e It sru:h ltrat 
*V S 

*P

A ELt - ,.type f ls (n+L) - e+*g[pntra]" rf

oo EX * tspe A such that Ar( F .

A 3-vaLue& .structule B, I's a model of S lf

type ) iJ

\< A if .{or

there is

l tq i l ! {  , '  I

eLe-
for kg  1 I .

A type [t  ls ,rePl4zed by a'  seglrenco. asr &11. '  '  '

'ments of a modeL H of T if

I t q ( a o r s L r " ' ) l l  g  '  1 r  f o r  a n y '  * 9 e | '

where a, ls, tire in'r,erpretetion of the vavlabl-e ar'for

sny
of

any 1 < c { ,  .
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H :g#. r rf F is not reellzecl by any seguence of ele-
I

ments of M.

r any B-value<I elructule M we. shalL aenqteFo:

D n ( } f i ) r r r E o { r . , t m ) ) u T 1 ( t ( M ) ) r f o r * t o ( t g

D ; ( M )  r t g q D r r ( M ) l  t l * t i l  =  r l ,  f o r  p r r x  n c c d  '

. + ' ' ; "
T f.  r "T = (aLr . r . r "o)  we ehst r l  v r r i te  i  C U I 'ns tea ' l  o f

1 l t
g f ! ' t ' : - 1 Q ' O €  u r

Thg fqllowLng result tg a gbnerelLeation of the changfs

gnltltng tSrpos.theorem (seg [ 21 ' p.56.).: 3he pqoof ls dlrectly
. . f t :

lnspiratectr fFom I e1.

. Thqo,qem. Let T be a congietqnt set of sentences of t such

lhat g6Tln+l(Il.l and n ? O. For any complete Sool-ean alftebra B

and,'for arry B-valued nodel lfl of E there e?ists a B*vflued moitel I{

of T guoh that H C I{ anct

. .. (a) I{ reeLlses every E I 
- ttn" reallzed by M;

(u) II oniis'every (n+1') ' ' existential *tnn::r"" 

of B-va-. Fr,oqf. We ghall d'efl'ne by lnduction s se

lued nodels of T.

! l [ ' " M o C M t C  . . .  c M k ( .  ' t '

$uppose that M* ls construet€d. SLnee UIU Uk = L fsr

eny 9e f U nfi*, (Mk) J.t results that T u DLf (U*) fs conslstent

i.n t(\). Congl-der a set Ak of sentenees of L(MU) wf.9h 1g=maxl"-

nal to respect tbe fol-lowLng conditlons

(1) DLr (m*l a A u e :n (r,(%) )

I u A k is consister;t tq l(Mg) .

G - - ^ -  ! ^  r - -  = r  . " . ' ^ -  4 . ^ ' : 1 , . r . , 4 n c  c r r l t a a *  . . +  I  ( t . t l l  \  \  /  .
DgnOtg D"T W Tii€ I0ii i) ir i i i t i  ; i i iui iv i, ' \ ' . t. \; \ 'r ' \ ' : 'k/ ,, T 

o

w ={  *q !  Ve  ruAk  o r  1q€  suar !  $  t *e i  q  E  Do- i (% i }

and. def J.ne a uoap h I W -* 3:



f t ,  
t r ' T €  r u A *

( z )  h ( * g ,  - J  , ,  t r r s €  r u A *

[u,ru*o , 1r 9e Dn-].(%).
-+

We shall prove that h Ls well"-d.eflned. Consid.er (B (a) t
.a -.) A

v tEl € Drr_L(%) euch that I F'- q ({i)+-> ''u (d), 'therefore

;hat \\ v? (,e tlp>v t?ll\nn=rt k

then

u(*g ) 
'* uvGlu*r" * l l Yt?ltt *o.= n (* v).

The other oases wl}t be reated. in an obllous. $e$ (see

the proof  o f  the theorem ?.1 of  [3 ] ) .  :
v

For any o,e, 'o?,., op*,eYI t\e {.g.1*_11e trtpltcation

hol"ds, .L X.

A * * .  - o : )  A  b t * t s r )  c , o
.  |  /  \  r l -  t -

1=1 1=1
t ' l

.  As ln the proof of theorem ?.L of LII o" c&D,,corsLiler

t b a t  9  r r , . . r 9 4 € Do_r (Mr).

I f  at lo.r la a:ce the conetants of  Tr(Mk) -  L whLch appear

l a9 r r . . . ,  Y {  ana?=(a l r . . . t&g  ) ,  t hen  we  heve  the  fo i l owLng

Lupllcetlons I
I  . . |  , 4 ,  - f

{ vrcil = o =) nnv-rrrtfl

i-1" L=l g .

$  t F  v ? r y - . o , G l )

= + u v ? t V * t * * G l l u *  * 1
1-I 

*k

n  9 - , q r ( B ) u ' ,  -  f .
:=) { L=I -k

I

a )  A  h t n < e r t 3 l ) * o
1=1

. '

Frcrn the l,ernm,e .L we can d.educe , that ir Ls e partial

B*eseignment of t.
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By the Shorbfs comPleteuesa theorem there exiets a

Lae  tha t

( 4 )

We shall Prove bY

fo r  any  r kK& l  t

lfe shail consLder

lnd.uctlon

? ( x )  €

. ? G t l l n

only the forn

G

V
t> ,  k

t.. 
'/

V
l r ok

M4

( 5 )

v*  r?

.+
b € H "

.+
r a n ; r a 6

til- t
-l|

6 €

{:ltcrrr,a fnrno
u t a v -  v *  v -  Y

M^

fo

Do-l(Mt) and ? 6 uo *" have

case wb.en w t*l has the

3 v V (or?1. The ind.uctlve hypgthdste ls that lt Y (UrB) ll ,o

,B t\V (bt?l if o, for any b € M*, th3n we have

-l

t t  3" V(v'a) | i  N *

: V
4vu

ll 3" Y

k

t i  3"  Y

t"3l tt

I  vru,?l u

B-vahrgd structure I{*+f (for L(%) ) suoh that

( 3 )  U g l l  m  -  * h ( i l 9 ) r . f o r a n y  * . P e I [ .

k+1

Frora (3) Lt results thet Mk*l Le a B-val"ued model- of lI.

s lnce l lgl tM +ltq[ro for any Q€ Do-, (Mk) we can'&ssume that
*k+1 *k

Mr C Mk*L. f,et us denote N = 
b*l[1,.

[qt?l  [ur  *  l l

b ' €  H 3

V li{16,t)r'
b . %

(",?l ,, 
&.

* & '

We c1q{m that

l lP l la t  E ]  for  any k€ T.
$

From Bc\*t(t) lt fol"l.ows that I hae the form
4 rA '+ 't +'-

W (*ry)1 where kt?, ' ] l  € To-r(r,). rt results fcr

on the coiirplexttY of formu-

anyfe er:

we have

ffi 
- l,



-l

r c t d e N

accordance to (4)

l n M b y

, a

\  /  . r - |

. \ 1  l lY (6 i ' b ) l l  u  -  l .
-t
b €  u ,  4

<

be ?hen the.re is k e cA,

we obtaln

t r 3 ? , P ( 3 , ? ) i l $ * X Y * -

a V V r
{  p r  i u *.L

From'thts l t  foLlows

\ \q [s *u v? l? v (?,]) l l  n

C Ets

*l

-  1 .

I{ow

the

we suppose that It ie a Ef - type whlch ls realized

s e q u e n c e  8 o 1 8 1 r . . .  .  C o n s L d - e r  *  
9 ( v o r r r ' r r v -  ) g  P

l l  Y  ( a o r . l .  r 1 m r b L r . . .  t b t ) i l g  > .

b 1 r . . . l b t r €  N

U V  ( & o r . . .  r B n r b l r . . .  r b t ) l t g  *

- l [ ? ( a o ; . . . ' % ) t t  M  *  1 .

Then the seguence &or8lr l . .  real l"zeo i ;h9 type f l  ln N.

v l th  t fe  Zo  (1 (M)  ) ,  then ' t  9 taor .  .  .  ,5 )  l l  *  =  1 .  But?  (vor .  . . .  1Y^)

has the forna

3 = t r . . 3 * t  Y  ( v o ! o ' r , Y *  ,  x l t . . . r " t ) ,  V G T i -

1trsn lt  results {ron (+);

l l Q t a o r . r o r * * ) l l  N  -

Now we shall Prove

$uppose that there exlsts

the second. cond.lt lon

a, (n+1) - exj.stential

1 (r(*{ )  )

.f

such tbat C e uo. In

.t ->
V (e 'b)  l l

v€i,il tt = 1 .

of the theorem.
. n
type f which ls

b l r . . J 1 b t r €

rea l l zed .  ln  N by  e  sequence eoraLr . i s  ' c



Iret t p be an element of I where the formula F ("oe.. evr)

e
ts tn 4n+1 (t(N) ), then T uas the for* 3? q t?r?l wlth

cr t?,i le T[otr,(u)).
L,et  ua cons id.er  keq)  such that  anr . . . r$B g Un. .  

Y"  
sha1l

.  - +  - t . + -  r  I

prove that tbere exJ.st g.+ t and u € 
% 

euch that rg {a;u) $ /\gt

where ? *  (eor. . .  rar) .  Suppose that  for  any 4 '> u.and b e 
% " :

' l ' r

have -r g (ari) e fL-n,
L

By (3) ft  results

TT
lx

o

We obtain the contrad'lctlon

\ / \ |

I t  3 ? g r f , ? r l l  * - V  } . , / u v { t , t 1  r n - 0 ,r '  
4.vk ?e g

then tlrere erLst 4r' E 
"oa 

?e u, suah.<'- )+
Iq (6 ,b)  ls . Iog lca l ly  equlva lent  to  a

then lt follows from the maxlnellty of

ls &nconsistent.

[q G,t)[ r*6+r r

'l '+
But  tg  (e ,b)  €

[kGi) l l  s  =

A

O for any 4. ?, k

(1,(M) ) then Lt

for any 4. >t k

follows from. (3) ;

J>

and b e d[, .
.L

-+
a n d b e l r t n .

<-

t b a t  r e { ; , i ) d f  ,  B u t

sentcnce ln E-tr,tu* I I ,

At. that rv Q:V {r 
.r tB,it}

-+ .$ -:r
.Then there exi.st d (;, ii ,?l € Ao , such thet

' . f  t - -

!* s (f,f,?) --* q t3,Bl

where

o0our

sliere t- t?; !-s the forrn:.rra 1? 1?

But s (a?,t1e Ag, then we

i [s-( ; ,  ? ,  t ) i i  no-  o t .  s i , r " "  s(e
"?+1 -+ -+ _+

duce by (4)  that  l l6 (a '  b '  c )  l l  *  =

s  (c ' r .  ! :  rcu)  and the  cons ten ts  c1r r . .  rc$  o f  I ,  ($g)  d .o  no t

T or(g . sxaotly &s rn f aJ, P.68 we

r - ? - - +
sF e .^ (v )  +  t (v ) '

0

s (?;,?) €-tnti).
get fron (3) thet

.+ -+ q-
5, l )e l " r r ( t (st€))  we can d.e;

1. In eccord.anee to

have

T

+
r*

1n



s

9 -

tt Err?l [ - = 
Y Y "lt 

cti, ?r i) r or ] us'(a, T, ?ru *
: tt follows that tl 5OC?l il n = 

1.
BxactJ"y al rn,t tl, we conslder the E f - type generated.

by the set { "5" I 
*re 

rJ . since A -< p , the contrad.ictr-on is
obvl.oue.

,  : -

'*a€-ql

\: r-
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