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@ Minimal time function and directional regularity: definitions and basic
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@ A generalized directional Ekeland Variational Principle

o Ioffe-type criteria for directional regularity
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Outline of the talk

Notation, preliminaries, and motivation

@ Minimal time function and directional regularity: definitions and basic
properties

A generalized directional Ekeland Variational Principle

Ioffe-type criteria for directional regularity
@ Stability of the directional regularity

@ Necessary and sufficient conditions for directional regularity by
generalized differentiation
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Papers

The results of this talk are mainly based on the papers:

@ M. Durea, M. Pantiruc, R. Strugariu, Minimal time function with respect to
a set of directions. Basic properties and applications, Optimization Methods
and Software, 31 (2016), 535-561.

@ M. Durea, M. Pantiruc, R. Strugariu, A new type of directional reqularity for
mappings and applications to optimization, SIAM Journal on Optimization,
27 (2017), 1204-1229.

@ R. Cibulka, M. Durea, M. Pantiruc, R. Strugariu, On the stability of the
directional regularity, submitted.
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Notations

@ X, Y are normed vector spaces over the real field RR.

@ B(x,¢) and Blx, ¢] are the open and closed balls with center x € X and
radius € > 0, respectively.

@ We use the symbols By, Bx and Sx for the open and the closed balls, and
the sphere of center 0 and radius 1, respectively.

@ Foraset A C X, we denote by intA, cl A, bd A its topological interior,
closure and boundary, respectively.

@ The cone generated by A is designated by cone A, and the convex hull of
Ais conv A.
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Notations

@ The polar of aset A C X is
A ={x" e X* | (x*,u) > —1,Yu e A}. 1
If A is a cone, then its polar (denoted A1) becomes
AT ={x* € X* | (x*,u) > 0,Yu € A}, )

and is called the positive dual cone of A.
@ Given two sets A, B C X, one defines the distance between A and B by

d(A,B):=inf{|la—b| |a € A,b e B}.

If x € Xand A C X, then the distance from x to A is d(x, A):= d({x}, A).
As usual, d(A,D):= co. The excess from A to B is defined as

e(A,B):=sup{d(a,B) | a € A},
under the convention e(®, B) = 0if B # @ and e(A, D) = +oo for any A.
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Multifunctions

@ Let F: X =3 Y be a multifunction and A C X. The domain, the graph of F
and the image of A through F are denoted respectively by

Dom F:= {x € X | F(x) # @},
GrF:={(x,y) € Xx Y |y € F(x)},

F(A)=J, , F(x).
@ The inverse set-valued map of Fis F~! : Y = X given by

F_l(y):: {xeX|yeFx)}.
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Necessary and sufficient conditions for directional regularity

Linear openness, metric regularity, Aubin property: classical case

Let F : X = Y be a multifunction and (%,7) € GrF.

@ Fissaid to be open at linear rate L > 0 around (¥, ) if there exist a
positive number ¢ > 0 and two neighborhoods U € V(X), V € V(¥) such
that, for every p € (0,¢) and every (x,y) € GrFN[U x V],

B(y,pL) C F(B(x,p))-
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Necessary and sufficient conditions for directional regularity

Linear openness, metric regularity, Aubin property: classical case

Let F : X = Y be a multifunction and (%,7) € GrF.

@ Fissaid to be open at linear rate L > 0 around (¥, ) if there exist a
positive number ¢ > 0 and two neighborhoods U € V(X), V € V(¥) such
that, for every p € (0,¢) and every (x,y) € GrFN[U x V],

B(y,pL) C F(B(x,p))-

The modulus of openness of F around (¥, ), denoted by sur F(, ), is
the supremum of L > 0 such that F is open at linear rate L around (%, 7).
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Necessary and sufficient conditions for directional regularity

Linear openness, metric regularity, Aubin property: classical case

o Fis said to be metrically regular around (¥, ) with constant L > 0 if
there exist two neighborhoods U € V(%), V € V(¥) such that, for every
(xv,y) eUxV,

4(x, F1(y) < L(y, F(2)).
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Necessary and sufficient conditions for directional regularity

Linear openness, metric regularity, Aubin property: classical case

o Fis said to be metrically regular around (¥, ) with constant L > 0 if
there exist two neighborhoods U € V(%), V € V(¥) such that, for every
(xv,y) eUxV,

4(x, F1(y) < L(y, F(2)).

The modulus of regularity of F around (¥,¥), denoted by reg F(¥, 1), is
the infimum of L > 0 such that F is metrically regular around (%, y) with
the constant L.
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Necessary and sufficient conditions for directional regularity

Linear openness, metric regularity, Aubin property: classical case

o Fis said to have the Aubin property around (X, %) with constant L > 0 if
there exist two neighborhoods U € V(%), V € V(¥) such that, for every
x,u€e U,

e(F(x) NV, F(u)) < Ld(x,u).
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Linear openness, metric regularity, Aubin property: classical case

o Fis said to have the Aubin property around (X, %) with constant L > 0 if
there exist two neighborhoods U € V(%), V € V(¥) such that, for every
x,u€e U,

e(F(x) NV, F(u)) < Ld(x,u).

The modulus of the Aubin property of F around (%, ), denoted by
lip F(x,¥), is the infimum of L > 0 such that F has the Aubin property
around (¥,y) with the constant L.
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Linear openness, metric regularity, Aubin property: links

Proposition 1
Let F : X =2 Y be a multifunction and (X,7) € GrF. Then F is open at linear rate

around (x,7) iff F~" has the Aubin property around (v, %) iff F is metrically reqular
around (X,y). Moreover, in every of the previous situations,

regF(%,7) = (surF(%,7)) ' =lipF ' (7,%). 3)
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Necessary and sufficient conditions for directional regularity
Minimal time function

We study a minimal time function which prove to be adequate to deal with
the directional phenomena in variational analysis and optimization.

o Let Q) C Xand M C Sx be nonempty sets. Then the function
Tp(x, Q):i=inf{t >0|FuecM:x+tucQ} 4)

is called the directional minimal time function with respect to M.
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Necessary and sufficient conditions for directional regularity
Minimal time function

We study a minimal time function which prove to be adequate to deal with
the directional phenomena in variational analysis and optimization.

o Let Q) C Xand M C Sx be nonempty sets. Then the function
Tp(x, Q):i=inf{t >0|FuecM:x+tucQ} 4)

is called the directional minimal time function with respect to M.

o When M := {u}, then we denote Ty, (x, (2) by Ty (x, 2).
This case was analyzed by Nam and Zilinescu.
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Necessary and sufficient conditions for directional regularity

Minimal time function
We study a minimal time function which prove to be adequate to deal with
the directional phenomena in variational analysis and optimization.

o Let ) C Xand M C Sx be nonempty sets. Then the function
Tp(x, Q):i=inf{t >0|FuecM:x+tucQ} 4)

is called the directional minimal time function with respect to M.
o When M := {u}, then we denote Ty, (x, (2) by Ty (x, 2).
This case was analyzed by Nam and Zilinescu.

@ For twosets A, B C X, we consider the directional excess from A to B
with respect to M as

epm(A,B):= sug) Tp(x, B).
xe

Remark that ey;(A,B) = w0 if A ¢ B — cone M. If M = Sy, ep1(A, B)
becomes the usual excess from A to B.
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Necessary and sufficient conditions for directional regularity
Minimal time function
We study a minimal time function which prove to be adequate to deal with
the directional phenomena in variational analysis and optimization.

o Let ) C Xand M C Sx be nonempty sets. Then the function
Tp(x, Q):i=inf{t >0|FuecM:x+tucQ} 4)

is called the directional minimal time function with respect to M.
o When M := {u}, then we denote Ty, (x, (2) by Ty (x, 2).
This case was analyzed by Nam and Zilinescu.

@ For twosets A, B C X, we consider the directional excess from A to B
with respect to M as

epm(A,B):= sug) Tp(x, B).
xe

Remark that ey;(A,B) = w0 if A ¢ B — cone M. If M = Sy, ep1(A, B)
becomes the usual excess from A to B.

@ Moreover, we denote in what follows Ty (x, {u}) by Tp(x, u).
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Minimal time function: basic properties

Proposition 2

(i) The domain of the directional minimal time function with respect to M is given by
dom Tys(+, Q) = Q — cone M.

(ii) One has
Tri(x, Q) = inf Ty(x, Q).
ueM

(iii) One has, for any x € Xand Q) C X,
d(x, Q) < Tm(x, Q).
If M = Sy, then dom T(+, Q) = X and

Tpm(x, Q) =d(x,Q), VxeX.
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Directional regularity: definitions

Let F: X = Y be a set-valued map and (¥,) € GrF,L C Sx, M C Sy.

@ One says that F is directionally linearly open around (%, i) with respect
to L and M with modulus a« > 0 if there are ¢ > 0 and some
neighborhoods U of ¥ and V of i such that, for every r € (0, ¢] and every
(x,y) € [Ux V]NGrF,

B(y,ar) N [y — cone M| C F(B(x,r) N [x + coneL]). )
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Directional regularity: definitions

Let F: X = Y be a set-valued map and (¥,) € GrF,L C Sx, M C Sy.

@ One says that F is directionally linearly open around (%, i) with respect
to L and M with modulus a > 0 if there are ¢ > 0 and some
neighborhoods U of ¥ and V of i such that, for every r € (0, ¢] and every
(x,y) € [Ux V]NGrF,

B(y,ar) N [y — cone M| C F(B(x,r) N [x + coneL]). )

The modulus of directional openness of F around (X, i) with respect to L
and M, denoted by dirsury 1 F(%, ), is the supremum of « > 0 such
that F is directionally linearly open around (¥, ¥) with respect to L and M
with modulus a.
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Directional regularity: definitions

@ One says that F is directionally metrically regular around (¥, ) with
respect to L and M with modulus a > 0 if there are ¢ > 0 and some
neighborhoods U of ¥ and V of 7 such that, for every (x,y) € U x V such
that Ty (y, F(x)) <,

Te(x, F(y)) < & Tu(y, F(x)). (6)
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Directional regularity: definitions

@ One says that F is directionally metrically regular around (¥, ) with
respect to L and M with modulus a > 0 if there are ¢ > 0 and some
neighborhoods U of ¥ and V of 7 such that, for every (x,y) € U x V such
that Ty (y, F(x)) <,

Te(x, F(y)) < & Tu(y, F(x)). (6)

The modulus of directional regularity of F around (¥,y) with respect to L
and M, denoted by dirreg; .\, F(¥,), is the infimum of & > 0 such that F
is directionally metrically regular around (%, ) with respect to L and M
with modulus «.
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Directional regularity: definitions

@ One says that F is directionally Aubin continuous around (%, ) with
respect to L and M with modulus & > 0 if there are some neighborhoods
U of x and V of y such that, for every x,u € U,

em(F(x) NV, F(u)) < aTp(u,x). (7)

AEDP, December 13-14, 2018, Bucuresti Directional regularity of mappings



Directional regularity: definition and basic properties

A generalized directional Ekeland Variational Principle Some notations
Toffe-type criteria for directional regularity Our approach. Minimal time function
Stability of the directional regularity Directional regularity: some examples and comparisons

Necessary and sufficient conditions for directional regularity

Directional regularity: definitions

@ One says that F is directionally Aubin continuous around (%, ) with
respect to L and M with modulus & > 0 if there are some neighborhoods
U of x and V of y such that, for every x,u € U,

em(F(x) NV, F(u)) < aTp(u,x). (7)

The modulus of the directional Aubin property of F around (X, ) with
respect to L and M, denoted by dirlip; ., F(X,¥), is the infimum of & > 0
such that F has the directional Aubin property around (¥,y) with respect
to L and M with modulus «.
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Directional regularity: links

@ Observe that, when one takes L = Sx, M = Sy, the previous concepts
reduce to the usual metric regularity, linear openness and Aubin
property around the reference point.
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Directional regularity: links

@ Observe that, when one takes L = Sx, M = Sy, the previous concepts
reduce to the usual metric regularity, linear openness and Aubin
property around the reference point.

Proposition 3

Let F : X = Y be a set-valued map and (X,y) € GrF,L C Sx, M C Sy, and a > 0.
Then F is directionally metrically reqular around (X, ) with respect to L and M with
modulus w iff F is directionally linearly open around (X, ) with respect to L and M
with modulus a~ iff F~1 is directionally Aubin continuous around (y,%) with
respect to M and L with modulus «.

Moreover, in every of the previous situations,

dirreg; ., F(¥,y) = (dirsury .y F(X, y))71 = dirlip,;,.; F ' (7,%).  (8)
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Necessary and sufficient conditions for directional regularity
Directional regularity with respect to a variable

For a set-valued mapping F : X x Y =% Z, one may speak about the directional
regularities with respect to one variable, uniformly for the other.

o We use the notation F;, := F(-,y), we consider nonempty sets L C Sy,
M C Sz, and we say that F is directionally metrically regular relative to x
uniformly in y around (X, 7,Z) € GrF with respect to L and M with
modulus « > 0 if there are ¢ > 0 and neighborhoods U of X, V of i, and
W of z such that, for every y € V, and every (x,z) € U x W such that
Tam(z, Fy(x)) <e,

To(x,F; N (2) < & Tz, Fy(x)). ©)
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Necessary and sufficient conditions for directional regularity
Directional regularity with respect to a variable

For a set-valued mapping F : X x Y =% Z, one may speak about the directional
regularities with respect to one variable, uniformly for the other.

o We use the notation F;, := F(-,y), we consider nonempty sets L C Sy,
M C Sz, and we say that F is directionally metrically regular relative to x
uniformly in y around (X, 7,Z) € GrF with respect to L and M with
modulus « > 0 if there are ¢ > 0 and neighborhoods U of X, V of i, and
W of z such that, for every y € V, and every (x,z) € U x W such that
Tam(z, Fy(x)) <e,

To(x,Fy (2) < & Taa(z, Fy (x)). ©)
The modulus of directional regularity of F relative to x uniformly in y

around (¥,7,z) with respect to L and M, denoted by cﬁr?gix mEF(%,7,2),
is defined as the infimum of « > 0 such that the above property holds.
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Necessary and sufficient conditions for directional regularity
Directional regularity with respect to a variable

For a set-valued mapping F : X x Y =% Z, one may speak about the directional
regularities with respect to one variable, uniformly for the other.

o We use the notation F;, := F(-,y), we consider nonempty sets L C Sy,
M C Sz, and we say that F is directionally metrically regular relative to x
uniformly in y around (X, 7,Z) € GrF with respect to L and M with
modulus « > 0 if there are ¢ > 0 and neighborhoods U of X, V of i, and
W of z such that, for every y € V, and every (x,z) € U x W such that

Tm(z Fy(x) <&
To(x,F; N (2) < & Tz, Fy(x)). ©)

The modulus of directional regularity of F relative to x uniformly in y

around (¥,7,z) with respect to L and M, denoted by cﬁr?gix mEF(%,7,2),
is defined as the infimum of « > 0 such that the above property holds.

@ Analogously, one may define the other two regularity properties relative
to one variable, umformly for the other, and the regularity moduli are

denoted by dlrsurLXmF(x ¥,z) and mLxMF(x 7,2).
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Directional regularity: some examples

Q@ Consider X := Y := R, and take f : [0,00) — [0, 00) a strictly increasing
function such that f(0) = 0 and xhrrng(x) = oo. Define L := {—1},

M :={—1,1}, and the multifunction F : X =3 Y given by

0,f(x)], ifx>0
F(x) ::{ [®,f( ! if x < 0.

Then the multifunction F is directionally Aubin continuous with respect
to L and M, around any (x,y) € GrF, with any modulus « > 0, but F is
not Aubin continuous around (0, 0), for instance.
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Directional regularity: some examples

Q@ Consider X := Y := R, and take f : [0,00) — [0, 00) a strictly increasing
function such that f(0) = 0 and xhrrng(x) = oo. Define L := {—1},

M :={—1,1}, and the multifunction F : X =3 Y given by

0,f(x)], ifx>0
F(x) ‘:{ [@,f( ! if x < 0.

Then the multifunction F is directionally Aubin continuous with respect
to L and M, around any (x,y) € GrF, with any modulus « > 0, but F is
not Aubin continuous around (0, 0), for instance.

@ Consider X :=Y:=R,L:={-1},M:={-1,1}, and take
f:1]0,00) — R with f(0) = 0be a Lipschitz function with modulus « > 0.
Then the multifunction F : R = R given by

x)}, ifx>0
F<x>::{g,( % ifx<0

is directionally Aubin continuous with respect to L and M around (0, 0),
with modulus &, but is not Aubin continuous around (0, 0).
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Directional regularity: comparisons

Next, we compare our concepts with other related ones. First, recall the notion
of the directional metric regularity in a given direction by Huynh and Théra.

Definition 1

A set-valued mapping F : X = Y from a metric space (X, ¢) to a normed
space (Y, || - ||) is said to be directionally metrically regular at(x,y) € GrF in a
direction w € Y with a constant ¥ > 0 if there exist e > 0 and ¢ > 0 such that,
for every (x,y) € B(X,€) x B(y, ¢) satisfying d(y, F(x)) < € and

y € F(x) + cone B(w, ),

d(x, F1(y)) < xd(y, F(x)). (10)
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Proposition 4

Let (X, || - ||) and (Y, || - ||) be two normed spaces, F : X = Y be a set-valued
mapping, and (X,y) € GrF. If F is directionally metrically regular at (X, ) in a
direction w € Y with a constant x > 0, then there is a nonempty closed M C Sy
with cone M being convex such that F is directionally metrically reqular around
(%,7) with respect to Sx and M with the constant k.
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The converse of the previous result does not hold in general, as the next ex-
ample shows.

Example 2
Consider X :=Y :=R,M:= {1} ,F : X 3 Y given by

F(x) = R, forx <Qorx>1
T (oo, x* U [vax, 40), forxe (0,1),

and (¥,7) := (0,0) . Then F is directionally metrically regular around (X, ¥)

with respect to Sy and M with the constant ¢ = 1. But, for any direction
w € R, F is not directionally metrically regular at (¥, 7) in the direction w.
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Another related concept is the regularity along a subspace by Dmitruk and
Kruger.

Definition 3

A set-valued mapping F : X = Y from a normed space X to a metric space Y
is called metrically regular along a closed subspace H of X around

(%,9) € GrF with a constant « > 0 if there exists ¢ > 0 such that, for every
(x,y) € B(X, e x B(y,¢),

inf{||h]| : he Handx +h € F~1(y)} < xd(y, F(x)). (11)

Lemma 4

Let H be a closed subspace of a normed space X. Then, for every Q) C X and every
xeX,

dy(x, Q) :=inf{||h|| : h€ Hand x +h € Q} = Tg, (x, Q). (12)
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Corollary 5

Let F : X =2 Y be a set-valued mapping between normed spaces X and Y with

(%,y) € GrF, H be a closed subspace of X, and x > 0. If F is metrically reqular
along H around (X,y) with the constant x, then F is directionally metrically reqular
around (X,y) with respect to Sy and Sy with the constant k. Conversely, if F is
directionally metrically regular around (X, ) with respect to Sy and Sy with the
constant x, then there is € > 0 such that for all (x,y) € B(X,€) x B(y, ¢) with
d(y,F(x)) < einequality (11) holds.
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A generalized directional Ekeland Variational Principle

Theorem 5 (generalized Ekeland principle)

Let X be a Banach space and A C X be a closed set. Let M C Sx be a closed set such
that cone M is convex, Q) C X a compact subset of X with QN A = @ and

f: A — RU {oco} be a bounded from below lower semicontinuous function. Then,
for every xy € domf N A and every e > 0, there exists x¢ € A such that

f(xe) < f(x0) — eTp(xe, QU {x0}) (13)

and
(14)

flxe) < f(x)+eTp(x, QU {xe}), Vx € A\ {x¢}.
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Directional EVP: some remarks

o If one takes Q) = @, then Ty (x, QU {u}) reduces to Tyy(x, u).

@ Moreover, if cone M is convex, then Ty has the properties of a
generalized extended-valued quasi-metric:
@) Tm(x,u) =0iff x = u;
(i) Tar(x, u) < Tpp(x,v) + Tpqp(ov, 1), for all x,v,u € X.
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Directional EVP: some remarks

o If one takes Q) = @, then Ty (x, QU {u}) reduces to Tyy(x, u).

@ Moreover, if cone M is convex, then Ty has the properties of a
generalized extended-valued quasi-metric:
@) Tm(x,u) =0iff x = u;
(i) Tar(x, u) < Tpp(x,v) + Tpqp(ov, 1), for all x,v,u € X.

Corollary 6

Let X be a Banach space and A C X be a closed set. Let M C Sx be a closed set such
that cone M is convex, and f : A — R U {co} be a bounded from below lower
semicontinuous function. Then, for every xo € domf N A and every € > 0, there
exists x, € A such that

fxe) < f(x0) — eTm(xe, %0) (15)

and
fxe) < f(x) + eTpp(x, xe), Vx € A\ {xe}. (16)
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Directional EVP on product spaces

Corollary 7

Let X, Y be Banach spaces and A C X X Y be a closed set. Let L C Sx and M C Sy
be closed sets such that cone L and cone M are convex, and f : A — RU {oo} be a
bounded from below lower semicontinuous function. Then, for every

(x0,v0) € domf N A and every € > 0, there exists (x¢,Ye) € A such that

f(xe,ye) < f(x0,y0) — € [TrL(xe, X0) + T (Ye, Y0)] (17)
and

fxe,ye) <floy) +€[TLlxxe) + Tm(y,ve)l, V(xy) € AN{(xe,ye) ). (18)
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Lemma 6

Let (X1, |l 1), .-+, (Xu, || - ||) be normed spaces and positive constants ay, . .., an
be given. Consider nonempty closed subsets L; of Sx, for i = 1,...,n. Define the

equivalent norm || - || on X := X1 X ... X Xy, for each (uq, ..., un) € X by
| (1, oo tin) I 2= max{ay [t ]], ..., &n||unl| }. Then there exists Lc Sy, such that
conel = coneL X ... X cone Ly, and, for each (uy, ..., upn), (U}, ..., up) € X,

T5 (w1, ooy ttn), (U, ooy ty)) = max{ay Ty, (ug, ), ooy 00 Tp, (un, 1)} (19)
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Directional EVP on product spaces: another variant

Corollary 8

Let X, Y be Banach spaces and A C X X Y be a closed set. Let L C Sx and M C Sy
be closed sets such that cone L and cone M are convex, and f : A — RU {oo} be a
bounded from below lower semicontinuous function. Then, for every

(x0,v0) € domf N A and every € > 0, there exists (x¢,Ye) € A such that

f(xe,ye) < f(x0,y0) — emax{Ty(xe, x0), Tm(Ve, Yo) } (20)
and

f(xe,ye) < f(xy) +emax{TL(x,xe), Tm(y,ye)}, V(x,y) € A\ {(xe, ye)} (21)

AEDP, December 13-14, 2018, Bucuresti Directional regularity of mappings



The single-valued case
The set-valued case

Ioffe-type criteria for directional
regularity

[m]

=

~ AEDP December13-14,2018, Bucuresti Directional regularity of mappings



Directional regularity: definition and basic properties

A generalized directional Ekeland Variational Principle
Toffe-type criteria for directional regularity

Stability of the directional regularity

Necessary and sufficient conditions for directional regularity

The single-valued case
The set-valued case

Ioffe-type criteria for directional regularity: single-valued case

Proposition 7

Let (X, || - ||) and (Y, || - ||) be Banach spaces. Consider a nonempty closed subset L
of Sx such that cone L is convex, a nonempty closed subset M of Sy, a point x € X,
and a mapping g : X — Y such that there is a neighborhood U of X such that the set
D := U NDomg is closed and g is continuous on D. Then dirsury yp g(X) equals
to the supremum of ¢ > 0 for which there is r > 0 such that for all

(x,y) € (B[x,¥] NDomg) x B[g(%), r], with 0 < Tar(y,g(x)) < +oo, there isa
point x' € Dom g satisfying

T (x,x") < Tp(y,8(x)) — Tm(y, g(x)). (22)
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Ioffe-type criteria for directional regularity: set-valued case

Proposition 8

Let (X, || - ||) and (Y, || - ||) be Banach spaces. Consider nonempty closed subsets L of
Sx and M of Sy such that cone L is convex, a point (X,7) € X X Y, and a set-valued
mapping F : X =2 Y the graph of which is locally closed near (X, ) € GrF. Then
dirsury «p F(X, ) equals to the supremum of all ¢ > 0 for which there are r > 0 and
a € (0,1/c) such that for any (x,v) € (B[X,r] X B[y, r]) N Gr F and any

y € B[y, 7], with 0 < Tp(y,v) < +o0, there is a pair (x',v") € GrF such that

cmax{T(x,x'),allo —o'[I} < Tm(y,0) — Tm(y, o). (23)

Idea of the proof. Apply Proposition 7 to g := py |, r, Where py is the canon-

ical projection from X X Y onto Y.
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Necessary and sufficient conditions for directional regularity

Directional openness stability at composition
Directional openness stability at summation

Compositions of multifunctions. Composition stability around a point

Given metric spaces (X, 0), (Y, 0), and (Z, ¢), a composition of set-valued
mappings F: X = Yand G : Y =% Z is the mapping G o F : X = Z defined by

(GoF)(x):= |J G(y), xeX
YEF(x)
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Directional openness stability at summation

Compositions of multifunctions. Composition stability around a point

Given metric spaces (X, 0), (Y, 0), and (Z, ¢), a composition of set-valued
mappings F: X = Yand G : Y =% Z is the mapping G o F : X = Z defined by

(GoF)(x):= |J G(y), xeX
YEF(x)

A product of set-valued mappings F1 : X =% Yand F, : X = Z is the mapping
(F1,F2) : X = Y x Z defined by

(F1,F2)(x) := F1(x) x F5(x), x€X.
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Directional openness stability at summation

Compositions of multifunctions. Composition stability around a point

Given metric spaces (X, 0), (Y, 0), and (Z, ¢), a composition of set-valued
mappings F: X = Yand G : Y =% Z is the mapping G o F : X = Z defined by

(GoF)(x):= |J G(y), xeX
yeF(x)

A product of set-valued mappings F1 : X =% Yand F, : X = Z is the mapping
(F1,F2) : X = Y x Z defined by

(F1,F2)(x) == F1(x) x Fa(x), x€X.

Definition 9

Let (X, 0), (Y,0), and (Z, 0) be metric spaces and (X,j,z) € X X Y x Z be fixed.
Consider set-valued mappings F : X = Y and G : Y = Z such that y € F(X) and

z € G(Y). We say that the pair F, G is composition-stable around (X,7, z) if for every
€ > 0 there exists § > 0 such that, for every x € B(X, 8) and every

z € (GoF)(x) NB(z,0), there exists y € F(x) N B(Y, €) such that z € G(y).
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Directional openness stability at composition

Theorem 10

Let (X, |- 1), Y- 1), (Z, || - |I), and (W, || - ||) be Banach spaces and

(%, yzw) € X XY x Z x W be fixed. Consider nonempty closed subsets L of Sx,
M of Sy, N of Sz, and P of Sy such that cone L, cone M, cone N, and cone P are
convex, set-valued mappings F1 : X =2 Y, Fp : X =2 Z,and G : Y X Z = W such
that F1 has a locally closed graph near (x,%) € GrFy, F, has a locally closed graph
near (X,z) € GrFyp, and G has a locally closed graph near (y,z, w) € Gr G. Define

the mapping £, r,) : X X Y X Z = Wby

) G(y,z), if(y,z) € (F1,F)(x),
gGr(Fler)(x’y’Z)':{ @,y ) t{ti(zer)ise. v )
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Directional openness stability at composition: continued

Theorem 10: continued
Then

c S : ==\ TV S—
dirsurp « MxNxP €6, (F, ) (%, Y,2,W) 2 dirsurpxpm F1 (X, ) - dirsur” g, pG(¥, Z, W)

— dirlip_, , \ F2(%,2) - dirlip_y, yG(7, %, ).
(25)

If, in addition, the pair (F1,F;), G is composition-stable around (X, (y,z), W), then
diI'SLII'LXp (G ] (Fl, Fz)) (}, w) > dirsuerM F1 (f, y) . cﬁsﬁry_MxpG(y, z, w)

—dirlip_, ,  F2(%,2) - ditlip_ y, pG(7,Z, ).
26)

—~
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Sum stability around a point

Definition 11

Let (X, 0) and (Y, ¢) be metric spaces and (X,7,Z) € X x Y X Y be fixed. Consider
set-valued mappings F : X = Y and G : X =% Y such that j € F(X) and z € G(X).
We say that the pair F, G is sum-stable around (X,y, z) if for every € > O there exists
& > 0 such that, for every x € B(X,6) and everyw € (F+ G)(x) NB(y +Z,6),
there exist y € F(x) N B(Y, ¢) and z € G(x) N B(z, €) such that w = y + z.
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Sum stability around a point

Definition 11

Let (X, 0) and (Y, ¢) be metric spaces and (X,7,Z) € X x Y X Y be fixed. Consider
set-valued mappings F : X = Y and G : X =2 Y such that j € F(X) and z € G(X).
We say that the pair F, G is sum-stable around (X,y, z) if for every € > O there exists
& > 0 such that, for every x € B(X,6) and everyw € (F+ G)(x) NB(y +Z,6),
there exist y € F(x) N B(Y, ¢) and z € G(x) N B(z, €) such that w = y + z.

Remark 1

Observe that, if one takes in Definition 9F : X = Y x Y, F := (Fy,F,), where
F1: X =2Y, Fp : X =2 Yare two multifunctions, G := g, whereg : Y XY — Y'is
given by g(y,z) ==y +2z, foreach (y,z) € Y x Y, and (x,,z) € X x Y X Y such
that (y,z) € F1(X) x Fy(X), then the composition-stability of the pair F, G around
(%, (¥,2),Y + z) is just the sum-stability of F1, Fp around (X,Y,Z).
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Corollary 9

Let (X, || - ||) and (Y, || - ||) be Banach spaces and (X,y,z) € X X Y X Y be fixed.
Consider nonempty closed subsets L of Sx and M of Sy such that cone L and
cone M are convex, set-valued mappings F1, Fp : X =3 Y such that Fy has a locally
closed graph near (X,%) € Gr Fy and Fy has a locally closed graph near

(%,Z) € GrF,. Define the mapping Er, p, : X x Y X Y = Y by

+z, if(y,z) € (F,Fp)(x),
5F"F2(x’y’z)‘:{ o (f;;(z]e/rw)ise.( 1:F2)(%) 27)

Then

diI‘SllI‘LXMXMXM 5}:1,1:2 (f,}?, E,y —+ E) > dirsuerM Fl (f,y) — dirlip_LxM Fz(f, 2),
(28)
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Corollary 9

Let (X, || - ||) and (Y, || - ||) be Banach spaces and (X,y,z) € X X Y X Y be fixed.
Consider nonempty closed subsets L of Sx and M of Sy such that cone L and
cone M are convex, set-valued mappings F1, Fp : X =3 Y such that Fy has a locally
closed graph near (X,%) € Gr Fy and Fy has a locally closed graph near

(%,Z) € GrF,. Define the mapping Er, p, : X x Y X Y = Y by

+z, if(y,z) € (F,Fp)(x),
5F"F2(x’y’z)‘:{ o (f;;(z]e/rw)ise.( 1:F2)(%) 27)

Then

diI‘SllI‘LXMXMXM 5}:1,1:2 (E, }7, z, y —+ E) > dirsurL <M Fl (f,y) — dirlip_LxM Fz(f, 2),
(28)
If, in addition, the pair F1, Fy is sum-stable around (X,7,Z), then
dirsury a1 (F1 + F) (X, +Z) > dirsury .y Fi (%, ) — dirlip_; 3, F2(X,2).
(29)
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Single-valued perturbation

Corollary 10

Let (X, || - ||) and (Y, || - ||) be Banach spaces and (X,y) € X x Y be fixed. Consider
nonempty closed subsets L of Sx and M of Sy such that cone L and cone M are
convex, a set-valued mapping F : X =3 Y the graph of which is locally closed near
(%,y) € GrF, and a single-valued mapping f : X — Y which is continuous at x.
Then

dirsury . p(f + F) (%, f (x) +¥) > dirsury .\ F(X,y) — dirlip_; 5, f(¥). (30)
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Necessary and sufficient conditions for
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Necessary conditions for directional regularity

Sufficient conditions for directional regularity: finite dimensional spaces
Sufficient conditions for directional regularity: infinite dimensions

Fréchet-type generalized differentiation objects

@ Let S be a non-empty subset of X and let x € S. The Fréchet normal cone

toSatxis

N(S,x):= ¢ x* € X* | limsup
S
Uu—

(x*, u —x)

<0}, (1)
[l — x]|

S
where u — x means thatu — xand u € S.
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Necessary conditions for directional regularity

Sufficient conditions for directional regularity: finite dimensional spaces
Sufficient conditions for directional regularity: infinite dimensions

Fréchet-type generalized differentiation objects

@ Let S be a non-empty subset of X and let x € S. The Fréchet normal cone
toSatxis

N (1~ x)

N(S,x):=x* € X* |11msup =7 <0y, (31)

where u 5, x means thatu — xand u € S.
@ Letf: X — RU {+oo} be finite at ¥ € X; the Fréchet subdifferential of f
at x is the set

o ()= {x" € X* | (x", ~1) € N(epif, (%.f(¥)))}, (32)
where epif denotes the epigraph of f .
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Fréchet-type generalized differentiation objects

@ Let S be a non-empty subset of X and let x € S. The Fréchet normal cone
toSatxis

~ . (x*, u —x)

N(S,x):= < x* € X* | limsup———+- <0, (31)
S, flu— x|

S
where u — x means thatu — xand u € S.

@ Letf: X — RU {+oo} be finite at ¥ € X; the Fréchet subdifferential of f
at x is the set

(@)= {x" € X" | (x, —1) € N(epif, (x.f(1))}, (32)

where epif denotes the epigraph of f .

o If F: X =3 Yis a set-valued map and (X, ) € GrF, then its Fréchet
coderivative at (%,7) is the set-valued mapping D*F(%,7) : Y* = X*
given by

DF(7)(y):= {x" € X" | (", ~y") € N(GIF, (%)} (33)
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Subdifferential formulae for Ta(-, Q)

Proposition 12

Let X be a normed vector space, M C Sx and Q) C X.
(i) If ¥ € Q, then

oT(-, Q) (X) = M° NN(Q, ). (34)
(ii) Suppose that one of the sets Q) and M is compact and the other one is closed. Take
X € (Q — coneM) \ Q. Then for every u € M and w € Q with
X+ Tpm(X, Q)u = w, one has

OTrm(-, Q) () C {x* € X* | (x*,u) = -1} NN(Q, w). (35)
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@ A Banach space X is Asplund if every convex continuous function
f : U — R defined on an open convex subset U of X is Fréchet
differentiable on a dense subset of U.
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@ A Banach space X is Asplund if every convex continuous function
f : U — R defined on an open convex subset U of X is Fréchet
differentiable on a dense subset of U.

@ The class of Asplund spaces includes all Banach spaces having Fréchet
smooth bump functions (in particular, spaces with Fréchet smooth
renorms, hence every reflexive Banach space) and all spaces with

separable duals.
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Asplund spaces

@ A Banach space X is Asplund if every convex continuous function
f : U — R defined on an open convex subset U of X is Fréchet
differentiable on a dense subset of U.

@ The class of Asplund spaces includes all Banach spaces having Fréchet
smooth bump functions (in particular, spaces with Fréchet smooth
renorms, hence every reflexive Banach space) and all spaces with
separable duals.

@ Important property: the dual unit ball is weak* sequentially compact.
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Asplund spaces

@ A Banach space X is Asplund if every convex continuous function
f : U — R defined on an open convex subset U of X is Fréchet
differentiable on a dense subset of U.

@ The class of Asplund spaces includes all Banach spaces having Fréchet
smooth bump functions (in particular, spaces with Fréchet smooth
renorms, hence every reflexive Banach space) and all spaces with
separable duals.

@ Important property: the dual unit ball is weak* sequentially compact.

@ Characterization: X is Asplund iff every separable closed subspace of X
has a separable dual.
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Extremal system

@ Let S5y, ..., 5) be nonempty subsets of X with p > 2, and let x be a
common point of them. We say that X is a local extremal point for the
system {5, ..., Sp} if there exist the sequences (a;,) C X,i =1,...,p,and a
neighborhood U of ¥ such that a;, — 0 for n — oo and

P
() (Si — ay,) NU = @ for n sufficiently large. (36)
i=1

In this case {5, ..., Sp, X} is called an extremal system in X.
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Extremal principle holds iff the space is Asplund

e Let {Sy,..., Sp,%} be an extremal system in X. Then {Sq, ..., Sp,%} satisfies
the Approximate Extremal Principle (AEP) if for every & > 0 there exist
x; € S;NB[¥, €] and x} € N(S;,x;) +eBx-,i = 1,...,p, such that

Xt tx, =0, |lxq]| +...+)

holds.
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Extremal principle holds iff the space is Asplund

e Let{Sy,..., Sp,%} be an extremal system in X. Then {Sq, ..., Sp,%} satisfies
the Approximate Extremal Principle (AEP) if for every & > 0 there exist
x; € S;N B[¥,¢] and x} € N(S;,x;) +eBx-,i = 1,...,p, such that

=1 (37)

X+ +x, =0, [ —&—...—|—)x;

holds.

@ We say that the extremal principle holds in the space X if it holds for
every extremal system {S, ..., SP,E} in X, where all the sets S; are locally
closed at x.
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Extremal principle holds iff the space is Asplund

e Let{Sy,..., Sp,%} be an extremal system in X. Then {Sq, ..., Sp,%} satisfies
the Approximate Extremal Principle (AEP) if for every & > 0 there exist
x; € S;N B[¥,¢] and x} € N(S;,x;) +eBx-,i = 1,...,p, such that

=1 (37)

X+ +x, =0, [ —&—...—|—)x;

holds.

@ We say that the extremal principle holds in the space X if it holds for
every extremal system {S, ..., SP,E} in X, where all the sets S; are locally
closed at x.

Theorem 13

Let X be a Banach space. Then X is Asplund iff the AEP holds in X.
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Another characterization: approximate calculus rule for the Fréchet
subdifferential

Theorem 14

Let X be a Banach space and x € X. Then X is Asplund iff for every

@1, ¢ : X — R U {oo} such that ¢, is Lipschitz continuous around

x € dom @, N dom @, and ¢, is Isc around X and for every 7y > 0, the next relation
holds

Aoy + o)) < Uy () +30a02) [ % € BEAL
lo;(xi) — @;(x)| <, i =1,2} + ¥Bx:.
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Necessary conditions for directional regularity

Proposition 15

Let X, Y be normed vector spaces, and L C Sx, M C Sy. Consider a multifunction
F:X =Y, and take (x,3) € GrF.
(i) If F is directionally Aubin continuous around (X, ) with respect to L and M with
modulus £ > 0, then there is r > 0 such that for every w € L, every
(x,y) € GrF N [B(%,r) x B(y,7)], and every (x*,y*) € Gr D*F(x,y), there exists
u € M such that

(—=x*,w) < C-|(y*,u)|. (39)

(i) If F is directionally linearly open around (X, ) with respect to L and M with
modulus ¢ > 0, then there exists r > 0, such that for every u € M, every y* € Y*,
every (x,y) € GrFN [B(X,r) x B(7,7)], and every x* € D*F(x,y)(y*), there exists
w € L such that

-y, u) <|(x",w). (40)
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Sufficient conditions for directional regularity: finite dimensional
spaces

Theorem 16

Let X, Y be finite dimensional spaces, and the closed sets L C Sx, M C Sy, such that
cone L and cone M are convex. Consider a closed-graph multifunction F: X =2 Y,
and take (X, ) € GrF. Suppose that there exists ¢ > 0, r > 0, such that for every
u € M and every y* € Y* such that (y*,u) = 1, every
(x,y) € GrF N [B(X,7) x B(¥,7)], every x* € D*F(x,y)(y*), there exists w € L
such that

c< —(x",w). (41)

Then for every a € (0,c) , the multifunction F is directional linearly open around
(%, ) with respect to L and M with modulus a.
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spaces

Idea of the proof.

@ Choose appropriate ¢ > 0, (¥,77) € GrF close to (X,7), take arbitrary
p € (0,¢) and v € B(¥, pa) N [y — cone M] .
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Idea of the proof.

@ Choose appropriate ¢ > 0, (¥,77) € GrF close to (X,7), take arbitrary
p € (0,¢) and v € B(¥, pa) N [y — cone M] .

@ Apply directional Ekeland Variational Principle (i.e., Corollary 7) for —L
and M, and for the functionf : GrF — R,

fxy) =Tm(v,y) =T-m(y,0),

to get (up, vy) € Gr F with certain properties.
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spaces

Idea of the proof.

@ Choose appropriate ¢ > 0, (¥,77) € GrF close to (X,7), take arbitrary
p € (0,¢) and v € B(¥, pa) N [y — cone M] .
@ Apply directional Ekeland Variational Principle (i.e., Corollary 7) for —L
and M, and for the functionf : GrF — R,
fy) = Tm(oy) =T-m(y,0),

to get (up, vy) € Gr F with certain properties.

@ Observe that if v = v}, the conclusion holds.
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spaces

Idea of the proof.

@ Choose appropriate ¢ > 0, (¥,77) € GrF close to (X,7), take arbitrary
p € (0,¢) and v € B(¥, pa) N [y — cone M] .
@ Apply directional Ekeland Variational Principle (i.e., Corollary 7) for —L
and M, and for the functionf : GrF — R,
fy) = Tm(oy) =T-m(y,0),

to get (up, vy) € Gr F with certain properties.
@ Observe that if v = v}, the conclusion holds.

@ Suppose v # vy, and finalize proof, by way of contradiction, using the
weak approximate calculus rule for the Fréchet subdifferential of the
function

(x,y) = Trm(v,y) +b [T (x,up) + Tar(y, vp)] + dGrr(x,y)- o
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epigraphical multifunction

o If F: X =2 Y is a multifunction between normed vector spaces, and
K C Y is a cone, we denote by F the epigraphical multifunction

associated to F, i.e., EX= Y,

F(x):=F(x) +K,Vx € X.
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Sufficient conditions for directional regularity: infinite dimensions,
epigraphical multifunction

o If F: X =2 Y is a multifunction between normed vector spaces, and
K C Y is a cone, we denote by F the epigraphical multifunction
associated to F,i.e., F: X =2 Y,

F(x):=F(x) +K,Vx € X. (42)

o In this case, one may use that if (¥,7) € GrF and D*F(%,7)(y*) # @,
theny* € K.
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Sufficient conditions for directional regularity: infinite dimensions,
epigraphical multifunction

o If F: X =2 Y is a multifunction between normed vector spaces, and
K C Y is a cone, we denote by F the epigraphical multifunction
associated to F, i.e., [: X = Y,

F(x):=F(x) +K,Vx € X. (42)

o In this case, one may use that if (¥,7) € GrF and D*F(%,7)(y*) # @,
theny* € K.

@ The main difficulty is that, one cannot apply the approximate sum rule
for the Fréchet subdifferential, and the proof becomes much more
involved.
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Theorem 17

Let X, Y be Asplund spaces, K be a closed convex cone with nonempty interior,
F: X = Y be a multifunction such that F has closed graph, and (X,%) € GrF.
Suppose that there exist r > 0, ¢ > 0 such that for every u € M := KN Sy, every
y* € Y*, every (x,y) € GrEN [B(X,7) x B(¥, )], and every x* € D*F(x,y)(y*),

(Yo u) e < [lx- (43)

Then for every a € (0, c), the multifunction F is directionally linearly open around
(%, ) with respect to L := Sx and M with modulus a.
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Proof.
@ Takea € (0,c )be(—l ﬁ)and7>05uchthat
a c
b —_— 44
i ShrT< g (44)
b tat <27

o Choose (¥,7) € GrFn [B(¥,27'r) x B(§,271r)] . We will prove that for
every p € (0, T), one has

B(¥, pa) N [y — coneM] C E(B(%,p)). (45)

@ Takep € (0,7) and v € B(¥, pa) N [ — cone M] . Consider the function
f:GrF — R,
fxy) = Tm(oy) = T-m(y,v).
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Sufficient conditions for directional regularity: proof

@ Remark that (X,) € domf. Apply to f the (classical) Ekeland Variational
Principle to get (1, vp) € GrF such that

Tm(v,0) < Tm(v,y) — b[[[up — x| + [[vp — Y] (46)

and

Tm(v,05) < Tn(o,y) +b[llx —wpl| +lly —vpl],  V(x,y) €GrE. (47)

@ Since
Tm(v,y) = llo—yl,
we have from (46) that Tp;(v, vp,) is finite and, consequently,
v € vy —coneM and Ty (v, vp) = ||v — v ||
o Show that (u,v;,) € GrEN [B(%,7) x B(7,7)].
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Sufficient conditions for directional regularity: proof

o If vy, = v, then

b~ upll < (1) |7~ ol < (1 bap < bp,

hence u;, € B(%,p) and v € F(B(X, p)), which is exactly the conclusion.

@ Next, prove that v, = v is the only possibility. For this, suppose that

v # v, and consider the function

h:XxY —RU{eo}, h(x,y):=Tm(oy) +blllx—upl + [ly —vsl]-

From (47), we have that the pair (1, v}) is a minimum point for & on

GrF.
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Sufficient conditions for directional regularity: proof

@ We consider the extremal system (Qy, O, (145, vp, h(14p,vp))), where
Qg :=epih, Oy := GrFx {h(uy,vy)},

and apply the Approximate Extremal Principle to get, for any & > 0, the
existence of (x;,y;, a;) € Oy, i =1,2, (x],y5,—A1) € N(epi h, (x1,y1,%1)),
(=x5,—y3,A2) € N(GrF, (x2,v2)) xR such that

Il (xis yi i) — (up, vp, h(up, vp))|| <&, i=1,2, (48)
1—e < ||(xf,yf, —A)|| <14 =12, (49)
(61, y1, —M) + (=33, —y3, A2) || < e (50)

@ Observe that ay = [[v — 13| > 0. Since
(x5,y5,—A1) € N(epih, (x1,y1,21)), for any v > 0, there exists § > 0
such that, for any (x,y,a) € epih N B((x1,y1,1),9),

(x,x —x1) +{y,y —y1) =M —ar) <y ([lx =2 + ly =l + |‘X(*D‘)1|)-
51
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Sufficient conditions for directional regularity: proof

@ Because (x1,11,41) € epih, it means that (x1,y;) € dom#, i.e.,
Y1 € v+ cone M. Moreover, there is 0 > 0 such that a; = h(x1,y1) + 6.

@ We want to prove that Ay > 0. Take y := y,
x € B(xy, min {2716,2716716}), and & := h(x,y1) + 6. Then

)
& — | = [h(x,y1) —h(x, )| < bllx—x] < 5,

hence

16y, ) = (e, y1, @) || = llx — x| + o — | <6
It means that (x,yq, ) € epih N B((x1,y1,41),6), hence (51) holds.
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Sufficient conditions for directional regularity: proof

@ Therefore, for any x € B(x, min {2*1(5,2*1b*15}), we have

(¥, x —x1) = M(a—ag) <y (x =2l + o —a1]),
(¥, x = x1) < A(h(x,y1) = h(xp,y1)) + (Ix = x|+ [h(x,y1) = B(x1,y1)1)

< (Mb+ 7+ 9b) [|x = x1]| -

o It follows that ||x} || < A1b+ 7 + b for any v > 0 and, therefore,
Hx’f || < A1b. We know hence that A; > 0. Suppose, by contradiction, that

A1 = 0. Then x] = 0, hence, by (49),

T—e<|(xf,yi, —AM) = llyill <1+e.

But since || i —v; H < e from (50), it follows that

2l = llyill = [y —wall = 1 = 2.

Also, since x] = 0, we also have from (50) that ||x§ H <e
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Necessary conditions for directional regularity

Sufficient conditions for directional regularity: finite dimensional spaces
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o Recall that, since (—x5, —y3) € N(GrF, (x2, 1)), i.e.,
—x5 € D*F(x2,2)(y3), we have that y5 € K*. Also, since
(up,vp) € GrEN[B(X,7) x B(Y,7)], we may suppose, using (48), that the ¢
for which the Approximate Extremal Principle was applied is
sufficiently small such that (x2,1,) € GrF N [B(X,r) x B(¥, r)]. Also, since
intK # @, we choose € small enough such that there exists uy € M for

which Bluyg, /€] C K.

@ Using the assumption made, we have that for every { € By,

M c M, hence

o + V|

clex>c g > <yz,

It follows that

c

o+ \/€C > S Ve (s, §)
up + /g ||

, VY € By.
T+ e ¢ e By

1> Ve |y | > \/5(1—28).

1++ve —
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@ Hence,
(1—2¢)
> 7
Veze— Ve
for any ¢ sufficiently small, a contradiction. It follows that A; > 0.

@ We prove next that a1 = h(x1,y1). Suppose, by contradiction, that
a1 > h(x1,y1). From (51) applied for v € (0,A1), (x,y) := (x1,y1) and
a € (h(xy,y1),aq) arbitrarily close to a;, we get that

AM(ag —a) < y(ag —a),

which give us the contradiction A; < «.
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Necessary conditions for directional regularity

nt conditions for directional regularity: finite dimensional spaces
Sufficient conditions for directional regularity: infinite dimensions

Sufficient conditions for directional regularity: proof

o In ConclusiAon, by denoting (x{, y5) := %1 (x3,y;), we have that
(x5, ¥5) € oh(x1,y1). Moreover, since & is the sum of three convex
functions (notice that, in our case, due to [2, Proposition 3.1, ()], Tap(v, -)
is convex), two of which are Lipschitz, it follows that its Fréchet
subdifferential coincides with the Fenchel subdifferential (denoted by 9),
whence
oh(x1,y1) C {0} x OT_p(+,v) (1) + b(Bx+ X By~)
C {0} x{y" e Y | (v y1 —0) = [ly1 — 0ll} + b(Bx- X By-).
@ We deduce that x; € bBx-. Moreover (for y; sufficiently close to v,
hence different from v),
Yy1—v
ly1 ||
and there exists y5 € By- such that (y§ + by}, ) = 1, hence

(yo,u) =1—b(y3,u) 21 —b.

=uemM
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@ Furthermore, using (50), it follows that there is (x}, ;) € Bx« X By
such that

Xk £ % % 1 e ~ ~
—(x0.%0) — T (X3, ya) = W (x3,¥3) € N(GrF, (x2,¥2)),
1 1

hence
€ o €
—x5 — A—lxz € D*F(x3,17) (yé + /le‘l) .

@ Using the assumption made in the formulation of the theorem, it follows
that

€

< .
—b+)\1

€ € _ €
() sl i) <
This will obviously provide us a contradiction, if we show that we can

choose ¢ in such a way such that A% < 7, where 7 is such that (44) is
satisfied.
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@ Observe that, in view of the fact /\% (x3,y7) € 9h(x1,1), we have that for
any 7 > 0, there exists > 0 such that, for any y € B(y1,9),

<%,y—y1> < vlly — 1l + Rz y) — hxny),

hence, in particular, for any y € B(y1,6) N [y1 + cone M],

<%,y—y1> <A+b+7)ly—wl,

and
(yiu) <M(1+Db), VueM (52)

@ Using also (50), we find that
(v u) = (vz —y1,u) + (1, u) <e+M(1+D), VueM
Moreover, by a similar argument, we obtain that

27| < Ak < Aq.
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@ Remark that we may suppose, without loosing the generality, that the
€ > 0 for which the Approximate Extremal Principle was applied is
sufficiently small such that

D(Mo, \/E) C Kand
max{(1 —Ve—3e) L (1+4b) (1+e) ve (1— e)*ls} <t

@ Suppose first that Hyik H < Aq. Hence, by (49), we have (since the dual of
the sum norm is the max norm) that

1—e < (51, =M = max{lxgl], lyill, A} = Ay,

and then

€
<

£ <T
)\1 1—c¢ '
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Sufficient conditions for directional regularity: proof

@ Suppose now ||y || > A1, hence by (49) we have that ||y} || > 1 —¢, from
which we deduce (as above) that H Vs H > 1 — 2¢. Then, for arbitrary
{ € By, denote

Uy + /€
="M 53
" oAl © )

and observe (using that (y3,u) > 0) that
oy WBoutVED) (i VED) Ve D)
(y2,2) = > 2 .
[uo +vell| -~ fluo+ Veg| = 1+ e
@ Since { was arbitrarily chosen from By, it follows, using also (52), that

Velysll o Vel —2e)
T++ve = 1+4e '

e (1+40b) (1+ )
WS e VST
as needed. O
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Make use of Fréchet e—subdifferential and the e—support of a function at a
point and two results of Fabian to get the following statement.

Theorem 18

Let X, Y be Asplund spaces, M C Sy be a closed set, F : X =2 Y be a closed graph
multifunction, and (X,7) € GrF. Suppose that there exist r > 0,¢ > 0 such that for
every u € M, every y* € Y*, every (x,y) € GrFN [B(X,r) x B(y,r)], and every
x* € DF(x,y)(v"),

(Y u)-c <l (54)

Then for every a € (0,c), the multifunction F is directionally linearly open around
(%, y) with respect to L := Sx and M with modulus a, provided that one of the
following assumptions hold:

(i) int cone MU {0} contains lines.

(ii) M is a compact set and either X is finite dimensional or F is proper.
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