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Introduction

How to describe the evolution of a population in an environment that
possess an inaccessible region ¢

Environment: R \ K, with K ¢ RY compact,
Density: u(t, x),
Demographic rate: f(u(t,z)) (non-linear reaction term),

Random motion: D|u|(t, x).
Leads to reaction/diffusion equations of the type:

G =Dlu] + f(u) nRxRV\K,
V’U/V:O OHRX@K,

where v is the outward unit vector normal to K.
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Here, we assume that f is of bistable type, that is,

36 €(0,1), f(0)=f(0)=r(1)=0,
f<0in (0,0), f>0in (6,1), (2)
f(0) <o, f(0)>0, f(1)<o0.

The prototypical example is:

logistic growth
——
flu):=Au(l—u) (u—2=0) .
N——
Allee effect

A : growth rate;

Logistic growth: proportional to both the
existing population and the resources;

Allee effect: correlation between population
density and the mean individual fitness
(per capita population growth rate).
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N
0%

The case of Brownian motion: D[u] = Au = pyol
T4
J

j=1
The equation then becomes

(3)

B = Au+ f(u) inRxRV\K,

Berestycki, Hamel, Matano (2009): Ju(t,x) with 0 < u(t,x) < 1 and a

classical solution us, to

[ Ao + flus) =0 in RV \ K,

Vi v =0 on 0K,
0< U <1 inRN\ K,
Uoo(x) = 1 as |x| = 400,

with

u(t, x) e Uso (), locally uniformly in € RV \ K.
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In fact:

lim |u(t,z) — ¢(x1 +ct)| =0 unif. in z,

t——00

where
Q@ vy =x-¢e and e; = (1,0,---,0);

@ (¢, ¢) is the unique (up to shift) increasing solution to:

c¢' =¢" + f(¢) in R,

Moreover:

lim |u(t, z) — uoo(x)p(x1 + ct)] =0 unif. in x.

t—00

~ This result is independent of the geometry of K.
~» The influence of the geometry of K is encoded in tqo.
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Theorem (Berestycki-Hamel-Matano; Liouville-type property)

Let K C RY be either starshaped or directionally convex. Then, the
unique solution us(+) to (4) is

Uso =1 in RN\ K.

K=K, UK,
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Julien BRASSEUR (EHESS) Atelier de travail en EDP December 11, 2018 8 /51



2.4655E-01 7. 3966E-01

| T
2 2B34E-03 4 5311E-01 §.8622E-01

Julien BRASSEUR (EHESS) Atelier de travail en EDP December 11, 2018 9 /51



2.49596E-01 7 A856E-01

[ LI .
1.2064E-05 45331 E-01 55551 E-01

Julien BRASSEUR (EHESS) Atelier de travail en EDP December 11, 2018 10 /51



2.5039E-M FAM3E-M

| L
5.2153E-04 5.0026E-01 1.0000E+00
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1.6167E-02 S 0805E-01 1.0000E+00
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B.4616E-01 g.8205E-01

I L
5.2521E-01 76411E-01 1.0000E+00
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However, the geometric assumptions here cannot be dropped.

Theorem (Berestycki-Hamel-Matano)

There exist smooth compact simply connected obstacles K C RY for
which problem (4) admits a solution us(-) satisfying

0 < uso(z) <1 for any x € RV \ K.

RN\ N\
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What about other random motions?

Of special interest to us are compound Poisson processes. The diffusion
phenomena are then better described by a convolution-type operator
such as:

Lu(z) = / J(z — y)(uly) — ulz)) dy.
RN\ K

One is lead to:

%:Lu+f(u) in R x RV \ K.

~- In this talk, we will be (mainly) concerned with:

Lu+ f(u)=0 in RV\ K,
O0<u<1l in RV\K, (6)
u(x) -1 as |z| = +oo,
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Remark: No boundary conditions are required!

Laa(e) = 5 [ Tola =~ y)(aly) ~ u(e) dy,
3 RN\K

with z € 0K, J.(z) = e VJ(e712), J radially symmetric kernel.

Gives:
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Remark: No boundary conditions are required!

Laa(e) = 5 [ Tola =~ y)(aly) ~ u(e) dy,
3 RN\K

with z € 0K, J.(z) = e VJ(e712), J radially symmetric kernel.

Gives:

~

< flu@) =2 | o ) Vaeas) (=)

€
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Remark: No boundary conditions are required!

Laa(e) = 5 [ Tola =~ y)(aly) ~ u(e) dy,
3 RN\K

with z € 0K, J.(z) = e VJ(e712), J radially symmetric kernel.

Gives:

£ |z — y
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Remark: No boundary conditions are required!

Laa(e) = 5 [ Tola =~ y)(aly) ~ u(e) dy,
3 RN\K

with z € 0K, J.(z) = e VJ(e712), J radially symmetric kernel.

Gives:

£ |z — y

— 0 — v Vu(z) - v
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II. Notations & Assumptions

Julien BRASSEUR (EHESS) Atelier de travail en EDP December 11, 2018 20 /51



Notations & Assumptions

360 € (0,1), f(0)=f(0)=r(1)=0,
f<0in (0,6), f>0in (0,1),
f(0) <0, f(9)>0, f'(1)<o0.

Moreover, J € L'(R¥) is a non-negative, radially symmetric kernel
with unit mass and there exists a function ¢ € C(R) satisfying

{Jl*¢—¢+f(¢)>omR, ™

¢ is increasing in R, ¢(—oc0) =0, ¢(+00) =1,

where J; € LY(R) is the non-negative even function with unit mass
given for a.e. x € R by

Ji(z) == /RNl J(x,y2,- -+ ,yn)dy2---dyn.
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III. Main results
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Theorem (B., Coville, Hamel, Valdinoci)

Let K C RY be a compact conver set. Let u € C(RN \ K,[0,1]) be a
function satisfying

Lu+ f(u) <0 in RV \ K,
u(x) =1 as |z|] = 4oo.

Then, u=1 in RN \ K.

Lack of a priori estimates ~ “u € C(RN \ K, [0,1])”.
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Theorem

Let K C RY be a compact convex set and let f be such that

Let u: RV \ K — [0,1] be a measurable function satisfying

Lu+ f(u)=0 a.e. in RV \ K,
u(x) =1 as |z|] = 4oo.

Then, u =1 a.e. in RN\ K.

In this case, if J has compact support and J € L*(RY), then

lim u(z) =1<+<= sup u=1.
|z| =00 RN\ K
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Theorem (B., Coville, Hamel, Valdinoci)

Let K C RYN be a compact convex set with non-empty interior and let

(K.)o<e<1 be a family of compact sets with C%' boundary and K. — K
in C%1. Suppose that J € BV (RY) and

/ o 0
rf%jaﬁcf < Ogilxeﬂgﬁm [J(z — )l 1 @™\ k.-

For 0 <e <1, let L. be the operator given by
L.v(z) = / J(z —y)(v(y) — v(z)) dy.
RN\ K.

Then, there exists €y € (0, 1] such that, for all € € (0,e¢0], u- =1 a.e. is
the unique measurable solution of

Leue + f(ue) =0 a.e. in RN\ K.,
0<u <1 ae in RV\K,, (8)
us(xr) > 1 as || = +oc.
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However, the Liouville property may fail.

Theorem (B., Coville; Counter-example)

There exist non-trivial (non-starshaped) simply connected obstacles
K Cc RY as well as data f and J for which problem

Lu+ f(u)y =0 in RN\ K,
u(x) -1 as |x| = +o0.

has a solution u € C(RN \ K,[0,1]) s.t. 0 <u <1 in RN\ K.
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IV. How does the proof(s) work?
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Counterexample: how does the proot work?

If K =A= B,y \ By with 0 < ry < ro and supp(J) C B1/2, then

| 0 inB,,
“T11 inRY\B,,

is a solution.

Pierce a channel of width ~ ¢ — u. ~w ?
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o Pick: J.(2) = e NJ(2/e) and f.(s) = £2f(s).
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o Pick: J.(2) = e NJ(2/e) and f.(s) = £2f(s).

e The equation now has the form:

/ J.( — ) (uly) — u(x))dy + £2f (u(z)) = 0.
RN\ K
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o Pick: J.(2) = e NJ(2/e) and f.(s) = £2f(s).

e The equation now has the form:

iz Je(z —y)(u(y) — u(z))dy + f(u(z)) = 0.
€ RN\K
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o Pick: J.(2) = e NJ(2/e) and f.(s) = £2f(s).

e The equation now has the form:

S g =y ) - w(@)dy + Fu() =0,

2
€” JRN\K

e Energy formulation:

200 = 327 [ Jowe P~ WI@) — )Pz

—I—/RN\K /Ou(sv f(s)dsdzx.
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o Pick: J.(2) = e NJ(z/e) and f.(s) = €2 f(s).

e The equation now has the form:

1

-2
€ JRN\K

Je(z — y)(u(y) — u(z))dy + f(u(z)) = 0.

e Energy formulation:

@) — )P
/RN\K/RN\K ! [z —yl? drdy

+ /R - /0 " f(s)dsda.

Julien BRASSEUR (EHESS) Atelier de travail en EDP December 11, 2018



o Pick: J.(2) = e NJ(z/e) and f.(s) = €2 f(s).

e The equation now has the form:

1

-2
€ JRN\K

Je(z — y)(u(y) — u(z))dy + f(u(z)) = 0.

e Energy formulation:

p @ —uw)P
/RN\K/RN\K [z — yl? drdy

+ / / f(s)dsdzx.
RN\K J0

e Bourgain-Brezis-Mironescu-Ponce = Poincaré-type inequality.
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Liouville type result: how does the proof work?

Want to show:

Theorem

Suppose that K is convexr. Let u € C(RN \ K, [0,1]) be a solution to

Lu+ f(u)=0 in RV\ K,
u(x) =1 as |z| = 4o0.

Then, u=1 in RN \ K.

Strategy:

@ Establish comparison principles (weak and strong maximum
principles);

@ Construction of upper bounds using the 1-dimensional “front” ¢;

@ Conclude by reductio ad absurdum.
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Lemma (Weak maximum principle)

Assume that f' < —cqp in [1 — ¢g, +00), for some cy >0, ¢1 > 0.

Let H C RY be an open affine half-space such that K C H° = RV \ H.

Let u,v € L*(RY \ K) be such that u,v € C(H) and

Lu+ f(u) <0 in H,
Lv+ f(v) >0 inH.

Assume also that
u>1l—cy n H,

that
lim sup (v(z) — u(z)) <0
|| =400

and that
v<u a.e in H\ K.

Then, v < u a.e. in RV \ K.

(9)

(10)

(11)

(12)
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Lemma (Strong maximum principle)

Let H C RY be an open affine half-space such that K C HC.
Let u,v € L®(RN \ K)NC(H) be such that

Lu+ f(u) <0 in H,
Lv+ f(v) >0 in H, (13)
v<u inRY\K,

and that there exists T € H such that u(T) = v(Z). Then,

v=u 1 H.

Sketch of the proof. Set w := v —u (< 0). Using the assumptions, we
may show that

0= [, 70 ) () @)y

Therefore: w =0 for a.e. y € (z + supp(J)).
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Construction of lower bounds

e Strong mazrimum principle = v := inf u > 0.
RN\ K

e We claim that:

Jro > 0, s.t. ¢(x-e—ry) <u(x), forany z € RV \ K and e € SV 71,

where ¢ is as in our assumptions, i.e.

Jix¢—0¢+ f(¢) 20inR,
¢ is increasing in R, ¢(—o0) =0, ¢(+00) =1,

where
Ji(z) = [[JCy)ll a1y
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e For (r,e) € R x S~ define:

Gre(x) = d(x-e—r1).

e Show that:
/RN J(x = ) (dre(y) — Ore(®)dy + f(¢re(z)) =0,
for any (r,e) € R x S¥~1, where ¢, c(z) := ¢(z-e —1).
e Remains to show:
- [ @ 9)6rely) = ety >0,

in some half-space H, C RV \ K.
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e In fact, a half-space H, C RV \ K and a number ry € R can be found

so that
Lu(z) + f(u(z)) =0 Vz e RN\ K,

Lprge(x) + f(drge(x)) 20 Vo € He,
broe < u(z) Vre HS\ K.

e Conclude using the weak mazimum principle that

Gro.e(x) = Pp(x - e —rg) < u(z) for any x € ]RN\K

SN_l

e Since this is true for any e € , we actually have:

o(|z| — 7o) < u(z) for any z € RNV \ K.
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Conclusion of the proof

Suppose, by contradiction, that

inf u<1.
RN\ K

e Recall that infpay  u > 0, thus:

dzg € RN\ K s.t. = inf wu € (0,1].
0 \ K s.t. u(zo) il (0, 1]

e By convexity:

Je € SNt st. K C HS, where H, := zg + {x - e > 0}.
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e By the previous step, the following quantity
Ty 1= inf{r eER;p(x-e—1r) <u(x)in RN\K},

is well-defined and r, € [—o0,7g]. We have to show:

ry = —OQ.

e Proceed by contradiction and assume r, € R. Then,
Or,e(z) =d(x-e—ry) <u(z) in RN\ K. (14)
o Let H:={z-e > Ry}. Two cases:

either I}?\f:f( (u — cpr*,e) >0 or Iﬁl\fK (u — gor*,e) = 0.

~+ In the first case, we can find € > 0 such that ¢,, .. < u (using the
weak mazximum principle). This contradicts the minimality of r,.
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~+ In the second case, there must be a contact point £ € H°\ K. In
fact T € H.. Indeed, if not:

U(Z) = Or, e(Z) < or, e(x0) < u(z) = R%l\fKu :  contradiction.

Thus, it holds:

( Lu+ f(u)=0 in H,,
Lor,e+ f(¢r.e) =20 in He,
Or.e <u inRV\K,
\ ¢r, c(Z) =u(z) for some T € H,.

Strong maximum principle = ¢, . = u in H..

Now let e+ € SV~1. Then, it holds:

1 Iy 1 1y
1= lim u(zo + tet) = lim @y, o(z0 + te") = g, o(z0) < L

The proof is thereby complete.
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The case of nearly convex obstacles

We consider C%¢ deformations, (K, )o<e<1, of a convex obstacle K.
Leus + f(u) =0 ae. in RY \ K,
0<u: <1 ae. in RV\ K., (15)
us(r) > 1 as |x| = +oo.
o u. € (0,1 = u. = 1;
e lim wu.(x) =1 uniformly in ¢;
|| —00
e Use the conditions on J and f’ to deduce that the u.’s converge in
C%% to a function ug satisfying
Lug + f(ug) =0 a.e. in RV \ K,
O0<up <1 ae. in ]RN\K,
up(x) = 1 as |z| = +oo.

K convex = ug=1in RV \ K.
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e Conclude with a contradiction argument:

IF e, (7)) = infRN\KEj ue; < 1 for some €; — 0,

THEN uc,(z;) < 0.

But: (x;);>0 is bounded, so (up to a subsequence) x; — xo.

Therefore: 1 > 60 > uc (7;) — uo(wo) = 1 : contradiction.
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Concluding remarks

Most of our results adapt to operators of the form:
Loula) i= [ I(dg(o))(u(w) - ()i
RN\ K

where:
@ dy(-,-) is the geodesic distance in RN \ K,
@ J e L (0,00) is such that J(|z]) satisfies the previous
assumptions and

sup / J(dg(x,y))dy < oco.
reRN\K JRN\K
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The geometry of K impacts the level sets of J(dg(z,-)).

. 3 5 . \ -
.......... . ., 2 A L
. ; 3 - . H :
- . =~ 1 : H
7 I : @ . ' : %( )
5 . N -~ : H H
. s : : ~ o0 :
. .t 2 3 ; : S~
....... : i~
o~
h -
: ~ -
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Thank you for your attention!
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