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Fellowships

(1) BITDEFENDER Junior Research Fellowship, October-December, 2018 (” Simion Stoilow”
Institute of Mathematics of the Romanian Academy)

Teaching activity

(1) Laboratory of Numerical Analysis and Numerical Methods (L3), University of Bucharest,
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(2) Laboratory of General Mechanics (L2), University of Bucharest, Faculty of Math-
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Publications

(1) The Schrédinger equation on a star-shaped graph under general coupling conditions,
Andreea Grecu, Liviu I. Ignat (published in J. Phys. A: Math. Theor. 52 (2019)
035202, https://doi.org/10.1088/1751-8121/aaf3fc )

Brief description of the results

(1) The Schrédinger equation on a star-shaped graph under general coupling
conditions, Andreea Grecu, Liviu I. Ignat (published in J. Phys. A: Math. Theor.
52 (2019) 035202, hitps://doi.org/10.1088/1751-8121 /aaf3fc ):

Previous results:

We consider the linear Schrodinger equation:

{ iug(t,x) + A(A, B)u(t,z) =0, t#0, z€g, )

u(0,x) = ug(x), x€eqg,

where G is a metric graph given by a finite number n € N* of infinite length edges
attached to a common vertex (a so-called star-graph), having each edge identified with
the positive real axis:

FIGURE 1. Star-graph G (one vertex, n edges)

By uy we denote the time derivative of u, the Laplace operator A(A, B) with domain

D(A(A, B)) = {u € H*(G) : Au+ Bu' =0},
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acts as the second derivative along the edges. A and B are C™*" matrices which
express the coupling conditions at the vertex (we read u = (u;(¢,04)) u =
(u}(t,04)) ;=17 respectively) are assumed to satisfy:

j=Ln >

(H1) The horizontally concatenated matrix (A, B) has maximal rank;
(H2) AB' is self-adjoint;
ensuring the self-adjointness of the corresponding Laplacian.
For q € [2,00], % + % = 1, we obtain LP(G) — L%(G) dispersion properties and
space-time Strichartz estimates for the solution of .

The proof of the dispersive properties is based on an explicit form of the solution
obtained via spectral theory, which is further estimated using classical results for oscil-
latory integrals. Once the dispersive properties are obtained, the Strichartz estimates
follow by a result of Keel and Tao for space-time estimates. Moreover, these estimates
help to establish well-posedness in L?(G) for the nonlinear Schrédinger equation for a
class of power nonlinearities, more precisely, the sub-critical case:

iug(t, 2) + A(A, B)u(t,z) + |ulP~'u =0, t#0, z€g,
u(0,z) = up(z), reQg,

(2)

where p € (1,5). The latter is based on contraction mapping principle: first we prove
that there exists locally in time a unique mild solution, based on fixed point argument
in some space-time balls, and then, after we show the conservation of its L? norm,
we obtain the global well-posedness.

Recent results:

(a) Well-posedness in L?(G) of the nonlinear equation (2)), in the case of general
coupling conditions expressed by matrices A and B satisfying (H1) and (H2),
dropping the further assumption of nonexistence of positive real eigenvalues for
the matrix ABT:

(b) Moreover, if the initial data ug is more regular, more precisely, if it belongs to
the domain D(E) of the form &£ corresponding to the Hamiltonian —A(A, B), we
obtain existence and uniqueness os a solution u € C(R, D(E)) N CY(R, D(E)*) of
(@), where D(€) stands for the dual space of D(E). Since generally the nonlin-
earity does not keep invariant the form domain, we cannot rely on a fixed-point
method. To overcome this difficult, we regularize the nonlinearity and we show
that the global solution corresponding to the new equation converges strongly in
in O([-T,T], L*(G)) to the solution u € L*(G). Finally we prove that the limit
solution inherits the regularity and the conservation of energy.

(2) The nonlinear Schrédinger equation with white noise dispersion on quan-
tum graphs, Iulian Cimpean, Andreea Grecu (Preprint):

We consider the stochastic Schrédinger equation:

1
{ dX = —JARXdt +iArXdf +i|X [ Xdt, t>0 3

X (0) = Xo,
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where I' is a quantum metric graph, (5(¢)):>0 is a standard Brownian motion on a fil-
tered probability space (2, F, P, (F;)t>0) and Xy is a random initial data. A quantum
graph is a metric graph I' = (V, E, 9), with a set of vertices V', E the set of adjacent
edges to the vertices and a map 9 : £ — V x V which establishes the orientation
on the graph, together with a self-adjoint Laplacian Ar, which acts as the second
derivative along the edges. Moreover, we assume that the deterministic Schrodinger
group e"Ar satisies the following dispersive propery:

) 1
A
(H3) e F||L1(1“)—>L°°(F) N W7 t #0.
Based on an article of De Bouard and Debussche, we obtain stochastic Strichartz-type
estimates, and the existence and uniqueness of a solution for the nonlinear stochastic
equation ({3)).

Carleman estimates and the unique continuation property for the Schrédinger

equation on star-shaped graphs, Aingeru F. Bertolin, Andreea Grecu, Liviu I. Ig-
nat (in preparation):

We consider the linear Schrédinger equation:

{iut(t,:n) + A(A, Byu(t,z) = V(t, 1),
u(0,z) = up(z),

te (0,1, ze€g

r€eg

(4)

where G is a star-shaped metric graph as in Figure 1, A(A, B) is the self-adjoint
Laplacian with domain described in(??), with the coupling matrices

1 -1 0 0 O 0 00 0 0
o 1 -1 0 0 0 0O 0 0
A=t : D B=|: :: Do
0 O 0 1 -1 0 00 0 0
0 0 0 0 O 1 1 1 11

corresponding to Kirchhoff-type boundary conditions. The potential V : [0,1] x G —
C™ is such that V € L*>([0,1] x G) and V, € L'([0,1]; L>=(G)). We study unique
continuation properties for the strong solution of . More precisely, if the solution u

satisfies

OlCEQ

7 u(0)]| 2(g) < o0

and

Hea$2

u(1)[[z2(gy < o0,
for af > «, where ~ is a critical exponent depending only on the number of the star-
graph’s edges, G, then v = 0. The proof of the unique continuation properties relies

on obtaining first some Carleman estimates for the operator i9; + A(A4, B).

Nonlocal elliptic problems, optimal control and nonlocal inverse problems,
Andreea Grecu, Liviu I. Ignat, Diana Stan (in preparation):

We consider the nonlocal elliptic equation:
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(=A%u(z) = f(z), z€Q
u(z) = v(x), x ey, (5)
Nsu(z) = g(x), zely

where Q@ C R"™ is an open set, I'o,I'; C R” is such that I'y = R™\ (Q UT'9), the
fractional Laplacian

and

Naale) = = [ (u(e) = u(w)r(z.v) do

with y(z,y) = ¢ns s € (0,1) and the corresponding truncated equation

(=A%) u(a) = f(z), z€9Q
u(z) = v(x), xely | (6)
Nlu(a) = g(2), z €Tip

whre R > 0 is large enough such that I's C QF = {z € R",d(z,Q) < R}, and
r=I1N Q?. We study existence and uniqueness of weak solution for v and !t for
the euqgations and (@, respectively, as well as the convergence of u® — u in the
fractional Sobolev space H*(Q2 N QF), when R — occ.

Moreover, we consider the nonlocal equation with over abundant conditions on I'y

(=A)u(x) =0, €
u(z) = p(z), xely, (7)
Nsu(z) = g(x), zely

and the corresponding truncated equation. We show that

inf J(v) =0,
'UGHS(FQ)
where
1
J(v) = 2/ ‘u(g,v)—cp’ de,
I
with U the weak solution of

9:v)
(=AY Pu(z) =0, €0
u(z) = v(x), x €T
Nlu(z) = g(z), z€Tlir

An open problem which we study is if the same minimization result holds true in the

case of the truncated equation, together with its numerical analysis and simulations.
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Evaluation of the scientific progress by the guidance committee

(1) On May 17, 2018, the guidance committee consisting of Prof. Dr. Mihai Mihailescu,
Conf. Dr. Cristian Bereanu and Lect. Dr. Cristian Cazacu evaluated the PhD stu-
dent’s scientific progress. The committee ascertained that the student had conducted
a scientific activity conforming with the research doctoral program plan and it rec-
ommended the continuation of the doctoral studies.

BIBLIOGRAPHY

[1] T. Cazenave, Semilinear Schrodinger Equations, American Mathematical Society, Vol. 10, (2003)

[2] V. Kostrykin, R. Schrader, Laplacians on metric graphs: FEigenvalues, resolvents and semigroups, Quan-
tum Graphs and Their Applications, Vol. 415, (2006).

[3] V. Kostrykin, R. Schrader, The inverse scattering problem for metric graphs and the traveling salesman
problem, e-print arXiv:math-ph/0603010, (2006).

[4] M. Keel, T. Tao, Endpoint Strichartz Estimates, American Journal of Mathematics, Vol. 120, p. 955-980,
(1998).



	Communications 1007 
	Attendances at workshops, summer-schools, conferences 1007 
	Attendances at weekly scientific seminars 1007 
	Co-organizer 1007 
	Fellowships 1007 
	Teaching activity 1007 
	Publications 1007 
	Brief description of the results 1007 
	Presentation of the scientific progress to the guidance committee 1007 
	Bibliography

