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ABSTRACT. In this paper we treat null-controllability properties for the linear
Kuramoto-Sivashinsky equation on a network with two types of boundary con-
ditions. More precisely, the equation is considered on a star-shaped tree with
Dirichlet and Neumann boundary conditions. By using the moment theory
we can derive null-controllability properties with boundary controls acting on
the external vertices of the tree. In particular, the controllability holds if the
anti-diffusion parameter of the involved equation does not belong to a critical
countable set of real numbers. We point out that the critical set for which the
null-controllability fails differs from the first model to the second one.

Key words: Kuramoto-Sivashinsky equation, null-controllability, star-shaped
trees, method of moments.
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1. INTRODUCTION

In this paper, we consider two control problems on the same simple network
formed by the edges of a tree. The problem we address here enter in the framework
of quantum graphs. The name quantum graph is used for a graph considered as a
one-dimensional singular variety and equipped with a differential operator. Those
quantum graphs are metric spaces which can be written as the union of finitely
many intervals, which are compact or [0,00) and any two of these intervals are
either disjoint or intersect only at one of their endpoints.

Our main goal is to study boundary null-controllability properties for the Kuramoto-

Sivashinsky (KS) equation

on a star-shaped tree denoted I'. More precisely, I is a simplified topological graph
with N > 2 edges e;, i € {1,..., N}, of the same given length L > 0 and N + 1
vertices. Besides, all edges intersect at a unique endpoint which is the interior
vertex of the graph. The mathematical formulation of the control problems that
we address on I' stands for a system of N-KS equations on the interval (0, L) coupled
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through the left endpoint x = 0 as follows
YE M+ Yiawe =0, (t,2) € (0,T) x (0,L)

yi(t,0) = y4(t,0), te(0,T), i,7€{l,...,N}
S,k (t,0) =0, te(0.7)
(2) Yl (t,0) =yl (t,0), te(0,T7), i,j€{l,...,N}

lecvzl ylzczm(ta 0) = 0; te (O,T)

yk(O,LL‘> = yéc(x)v T € (OaL)

For system (@) we study two types of boundary control conditions:
y*(t,L) =0,
(I :
yk(t, L) = uk(2), ke{l,...,N},
respectively

Y(t, L) = ab(t),

yi’;.ﬁl}il)(t5L) :bk(t)7 ke {17"'5N}'

(I1) :

Next in the paper we will refer to @))-(I) for system (@) subject to the boundary
conditions (I) and to [@)-(IT) for system (2 with boundary conditions (II).

In system (@), A is a positive constant, the functions y* = y* (¢, z) are real-valued
for any k € {1,..., N}, ¢t denotes the time variable, = denotes the space variable
and the subscripts for both ¢ and x indicate partial differentiation with respect to
each one. The boundary functions u*, a¥ and b* are considered as control inputs
acting on the external nodes. In model (IT) we impose two controls to act on the
same vertex whereas in model (I) we only require one control. Our main aims are
to see whether we can force the solutions of system (2]) to have certain properties
by choosing appropriate control inputs. The focus here is on the following null-
controllability issue:

Given any finite time T > 0 and any initial state yo = (y’(f)kzl,N, can we
find proper control inputs in (I) or (II) (u = (W¥)g=1n and a = (a¥)p=1n,
b = (b¥)k—1.n, respectively) to lead the solution of system (@) to the zero state,
i.e.,

(3) y"(T,x) =0, foranyxe (0,L), ke{l,...,N}?

For parabolic control problems, in general, it is not possible to steer the system
to an arbitrary prescribed state. Thus, we do not expect the exact controllability
to be true neither for the KS control system. Our motivation for studying such
control systems goes back to the quasilinear KS equation

which was derived independently by Kuramoto and Tsuzuki in [I7, [I8] as a model
for phase turbulence in reaction-diffusion systems and by Sivashinsky in [I9] [20] as
a model for plane flame propagation. The real positive number X in () is called the
anti-diffusion parameter. This nonlinear partial differential equation also describes
incipient instabilities in a variety of physical and chemical systems (see, for instance,

[9] and [I8]).
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The linear control problem on the interval (0,1) has been first studied in [4]
considering Dirichlet boundary conditions. By using the moment theory developed
by Fattorini and Russell in [I3], it was proved that this system is null controllable
if two controls act only on the left endpoint of the interval, or more general, at one
endpoint of the interval. If one control is removed the system is controllable if and
only if the anti-diffusion parameter A does not belong to the following countable
set, of critical values:

()

Ny = {7*(m* 4+ n?) : (m,n) € N>,0 < m < n, m and n have the same parity} .

More precisely, there exists a finite-dimensional space of initial conditions that
cannot be driven to zero with only one control. We point out that the results in
[4] could be extended to intervals of any length L > 0 by re-scaling the set A in
terms of L accordingly.

Later on, the boundary controllability to the trajectories of () was proved in [6]
when two controls act on the left Dirichlet boundary conditions. We also refer to [2
[l [7, 8, 2T [0} 14 [T5] for related problems and results on the subject. Particularly,
the strategy used in |2I] can be regarded as a possibility to study the nonlinear
problem for the systems under consideration in this paper.

To our knowledge, the study of the controllability properties of KS systems in
the context of quantum graphs has not been yet addressed in the literature neither
for the linear equation (). At this respect, the program of this work was carried out
for a choice of classical boundary conditions and aims to establish as a fact that the
models under consideration inherit the interesting controllability properties initially
observed for the KS equation posed on a bounded interval.

In order to present our main results, we introduce the following countable sets

202 1 2
Ny{%:(m,n)eNQ, 1§m<n},

2

2
Ng:{%:mGN, lgm},

2 1\?
Ng:: ﬁ<n+§) :TLGN,TLZO )
72 5 1\° 2
Ny = Iz m+(n+§) :(myn) €N, 1<m,0<n ;,

7.[.2

Nodd == {m (@m+1)*+ (2n+1)?) : (m,n) € N?, 0§m<n}.

To simplify the presentation of our main results let us also introduce the notations
Neven = Nl UN27

Nmizt = N3 UN4-
Observe that
No

(6) Neven UNodd - m

A priori, for the models we study here each control possesses N components but
some of the inputs might not be necessary and could vanish completely. In fact, in
the case when the system is null-controllable the goal is to intend the controls to act
on a minimal number of components. Our main results will be stated accurately
in the following. Roughly speaking, for problem (@))-(I) we prove that the null
controllability property holds with N—1 control inputs, which is the optimal number
of controls in this case, whereas for the model [@)-(IT) the optimal number of control
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inputs is 2N — 2 or even less. In both cases the control properties are obtained
under some restrictions on the parameter A\. For our purposes we need to work in a
rigorous functional framework in which Sobolev spaces play a crucial role, namely
L?(T") and H™(T) for m € N*. By L") and H™(I") we understand the Hilbert

spaces
N

N
L*(r) =[] r*0,L), H™I):=][H™0,L), m=>1,
i=1 i=1
endowed with their natural norms.
Thus, our main results are as follows.

Theorem 1.1 (Null-controllability for model @)-(T)). Let T > 0 be fized and
A ¢ Neven UNodd- Then
(1) For any edge e; with i € {1,...,N} and any initial state yo = (y&)k=1.n €
L2(T"), there exist controls u = (uF)p—1,n € (H*(0,T))N with u* =0 such
that the solution of system [@)-(I) satisfies

(7) y*(T,2) =0, for anyxz € (0,L), ke{l,...,N}.

(2) For any given two edges e;, and ej,, with ig,j0 € {1,..., N}, there ea-
ist initial state yo = (y&)k=1.ny € L*(T) such that for any control u =
(W) =1 Ny € (HYO0,T))N with u(t) = wo(t) = 0 for all t € (0,T), the
solution of system ([@)-(I) satisfies

ka(Ta') 7_é07
for some ko € {1,...,N}.

Theorem 1.2 (Null-controllability for model @)-(II)). Let T > 0 be fized and
A & Noize. Then
(1) For any edge e; with i € {1,..., N} and any initial state yo = (y&)k=1,n €
L*(T"), there ewist controls a = (a®)j=1.n,b = (B*)p=1.n € (H(0,T))V
such that a*(t) = b'(t) = 0 for all t € (0,T) and the solution of system
@)-(1I) satisfies
(8) y*(T,z) =0, foranyz € (0,L), ke{l,...,N}.

(2) If moreover X\ € Npgq then for any given two edges e;, and ej,, with
io, jo € {1,..., N}, there exist initial state yo = (y§)r=1.n € L*(T) such
that for any controls a = (a*)g—1 n,b = (V¥)r=1.n € (HY(0,T))N with ei-
ther a'(t) = a’(t) = b (t) = 0 or bio(t) = bo(t) = a’(t) = 0 for all

€ (0,T), the solution of system [@)-(II) satisfies

ka(Ta ) ¢ 0,

for some ko € {1,...,N}.

(3) Otherwise if A\ ¢ Noga and N > 3 for any given two edges e;, and ej,,
with i, jo € {1,...,N} and any initial state yo = (y§)r=1.nv € L*(T),
there exist controls a = (a*)p—1 n,b = (b¥)p=1.n € (H'(0,T))N with either
a(t) = a’(t) = b (t) =0 or b (t) = bo(t) = a™(t) = 0 for all t € (0,T),
such that the solution of system @))-(II) satisfies

y*(T,z) =0, for any xz € (0,L), ke{l,...,N}.

Remark 1.3. The first statement in Theorem [I1] asserts that, roughly speaking,
for any X\ & Neyen UNoaa system @)-(1) can be driven to the zero state acting with
controls just on N — 1 components within the N edges of the tree. The inactive
control input could be taken on any edge of the tree independently on the choice of
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the initial data yo. The second statement in Theorem [L1] ensures that the minimal
number of control inputs needed to control system @))-(1) is exactly N — 1.

Similarly, Theorem[L2 says that it is necessary to act only on 2N —2 components
of the system within the all 2N components to ensure the null-controllability of the
problem. The second part of Theorem represents the optimality of acting on
2N — 2 components to control any initial data of system @)-(II) when X\ € Noga-
When N & Noqq the third statement of Theorem asserts that we can obtain
null-controllability with 2N — 3 active controls.

In order to prove Theorems [[T] and we make a careful spectral analysis
of the corresponding elliptic differential operator which allows us to transform the
controllability problem into an equivalent moment problem. The later will be solved
combining an adaptation of the general moment theory developed by Fattorini and
Russell [13] and the asymptotic analysis of the eigenvalues and the corresponding
eigenfunctions. One of the main difficulty in applying directly the method in [I3]
appears in both systems ([2)-(I) and [@)-(II) and is represented by the presence
of multiple eigenvalues for the corresponding eigenvalue problems as shown with
precision in Lemmas and ([B4). At that point it is important to note that, for
making possible the existence of the controls, the choice of the parameter A plays
an important role. It is also worth mentioning that the general theory in [13] allows
to build solutions to the moment problem in L2. However, as the authors in [L3]
assert later on one can obtain the existence of smoother controls not only in L? but
in any space H®, s € R and in consequence in C*([0,T7).

The extension of the above results to the case when the edges of the star shaped
tree have different lengths needs a different approach. Following [12] other coupling
conditions may be imposed at the internal node. The analysis of the controllability
properties for the KS system with other coupling conditions at z = 0 remains to
be considered elsewhere.

The analysis described above is organized in two sections: in section 2 we study
problem (@)-(I) and prove Theorem [Tl Section 3 is devoted to problem (@)-(IT)
and the proof of Theorem

The main effort we put in this paper concerns the proofs of Theorems [Tl and
where we focus to obtain control results with minimal number of active control
inputs. On the other hand we may also wonder in which conditions we can obtain
control properties with no restrictions on the number of the control components.
We answer to these questions in section ]

Besides, in view of the spectral results in sections Bl and we are able to
obtain new control results for the linear KS on an interval which were not analyzed
in [4]. These aspects will be detailed in section

2. THE KS EQUATION OF TYPE (I)

The controllability problem ([)-(I) will be studied by using the method of mo-
ments due to Fattorini and Russell [13]. Therefore, a careful spectral analysis of
the involved elliptic operator is necessary.
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2.1. Spectral analysis. For any A > 0 let us consider the following spectral prob-
lem on I':

ABE & W = 00", 2 € (0,L)
¢(0) = ¢1(0), ije{l.... N}
qbk(L):qbs(L):O, ke{l,...,N}
®) SN k) =0,
:,(0) = 62, (0), ij € (L N}
SN 6k, (0) = 0.

To begin with, we introduce the fourth order operator
A:D(A) c L*(T) — L*(I)

given by
(10)
Agk =gk + ok ., ke{l,...,N}

¢ = (0")i=1v € HY(T) | ¢"(L) = ¢5(L) =0, ke {l,....N},
D(A) = ¢'(0) =¢’(0), ¢;.(0)=¢.(0), ije{l,....N},
her 95(0) =0, 5L 04,,(0) = 0
Remark that spectral problem (@) is equivalent to
Ag =09,
{ ¢» € D(A).

To study this eigenvalue problem we firstly claim that

(11)

Proposition 2.1. For any p > \?/4 the operator
A+ pl : D(A) C L*(T) — L*(T),

is a non-negative self-adjoint operator with compact inverse. In particular, it has a
pure discrete spectrum consisted by a sequence of nonnegative eigenvalues {0, n }nen
satisfying lim, oo 0, = 00. Moreover, up to a normalization, the corresponding
eigenfunctions {¢,. n}nen form an orthonormal basis of L*(T').

Proof. Firstly, it is easy to observe that D(A) is dense in L?(I'). Next the proof
will be done in several steps.
Step 1: A is a symmetric operator. Indeed, after integrations by parts, we get

(Au, ’U)Lz(p) = (u, A’U)Lz(p)
N L
= Z/ (uf vF — XufoRyda,  Vu,v € D(A).
k=170

Step 2: A+ ul is maximal monotone for any p > N\?/4. Firstly, let us show the
monotonicity property

((A+ plhu,u) 2y >0, Yue D(A).
Indeed,

N oL
(12) ((A+ pl)u, u)>(r) = Z/O (el + plu®|* = Aluz]?) da.
k=1
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On the other hand we have
>t E ok i kok|T L = k2
E / uy utde = E Uy ‘ _0—5 / lug|* dx
k=170 k=1 iy k=170
N L
_ k|2
==Y / luk|? dz.
k=170

Therefore, from the inequality of arithmetic and geometric means it holds

N L N L 1 )\
k2 k|2 k|2
(13) ;/o [uz] de;/o (X'u”| +Z|u | ) dz.

Combining ([I2)) and ([I3) we obtain

)\2 N L
(A+ pl)u,u)r2r) = (u - Z) Z/ [u®|? d,
k=170

which is positive provided u > \?/4.
Next we emphasize that A + pl is maximal, i.e., for any f € L?(T") there exists
a unique u € D(A) such that (A + ul)u = f. To do that, first we consider the
variational formulation
a(u,v) = (f,v)r2@r), Vv eV
(14) { gl

where V' denotes the Hilbert space

¢ = (¢" k=1, € HX(D) | ¢*(L) = ¢5(L) =0, ke{l,...,N},
{ ¢'(0) = ¢7(0), i,j € {1y, N}, 3231, 65(0) = 0 }
endowed with the H?(I')-norm and a(-,-) : V x V — R denotes the bilinear form

N L
a(u,v) = Z/O (ulk vk, = Mubol + puFo?) da.
k=1

It is easy to see that a(-,-) is symmetric and continuous. In addition, it is also
coercive. Indeed, let § > 0 small enough such that y > \?/(4 — 45). Then, arguing
as in ([I3]) we obtain

al L k al L 175 k >\ k
wipae<y | (—|um|2 T |2> .
§/0 ; o \ A 4(1-9)

which together with ([I2]) leads to

5 r k )\2 al r k
> 2 AT 2
ot 203 [Cik s+ (n 445);/0 2,

and so a is coercive. Applying Lax-Milgram lemma we ensure the existence of
a unique u € V satisfying the variational problem (). In order to justify the
maximality of A 4+ pI it is sufficient to show that the solution u of (Idl) belongs
actually to D(A). For that, we refer to the classical regularity arguments for elliptic
operators (see, for instance, [I]).
Step 3: A is a self-adjoint operator with compact inverse. Since A+ ul : D(A) C
L?(T") — L*(T) is a symmetric operator and maximal monotone, it is a self-adjoint
operator (see, e.g., [1]).

Moreover, we have that the linear operator (A + ul)~! : L*(I') — L*(T), given
by

(A+pul)™'f =u e D(A) c LX),
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satisfies

1A+ uD) ™ fllae @y < Clfllz2ys
for some positive constant C' > 0. Since the embedding H2(T") < L*(T') is compact
it follows that (A+ul)~! is a compact operator. Then applying the classical spectral
results for compact self-adjoint operators we conclude the proof of Proposition

Z1 O

Remark 2.2. The spectrum {0, }nen of problem () is obtained by shifting the
spectrum of A + ul in Proposition 21, i.e.,

On ' =0pun— W, VneN,
with the corresponding eigenfunctions

On = ¢M7n’ ||¢n||L2(F) =1, Vnel

In particular, it holds that
)\2
(15) —Igan,VneN, Op — 00, aS M — 00.

The following proposition will be also very useful in our analysis.
Proposition 2.3. The lower bound —\?/4 is not an eigenvalue for the operator A.

Proof. If (—\?/4, ¢) were an eigenpair for A, then A¢ = \?/4¢ for some nontrivial
¢ = (¢¥)k=1,n € D(A). Then, integration by parts leads to

A2 N oL A\
0=((4+Z)e = %+—k)d-
(( 4)¢¢>L2(F) kz:‘{/o ( 2¢ ’

Therefore, for any k € {1,..., N} the component ¢* must satisfy the equation
k., + 3¢ = 0in (0,L) subject to the boundary conditions ¢*(L) = ¢¥(L) = 0

These allow us to obtain ¢* = 0, for all k € {1,..., N} which is in contradiction
with ¢ % 0. 0

2.2. Qualitative properties of the eigenvalues. The main goal of this section
is to provide an asymptotic formula for the behavior of eigenvalues of system ().
Particularly, this result will play an important role to prove the null-controllability
of problem ([@)-(T).

For any fixed A\ > 0 let us firstly consider the following two eigenvalue problems
on the interval (0, L):

ANWoow +Veree =00, x € (0,L),
W(L) = W, (L) =0
and
)\(I)zz + (I)mmmm = U(I)a S (Oa L)a

respectively. As in Section [ZT] we can easily show that systems (I6])-(T7) possess a
sequence of eigenvalues {o,, },, which tends to infinity and is strictly bounded from
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below by —\? /4. Before going through let us fix some notations which will be useful
in the forthcoming sections. For any A > 0 we denote

o=/ A+ VA% Hde V2)‘2+4‘7, 8= A+VAS+do ’;2"'4‘7, ifo>0

/ / . 2
'}/ = \/ 7A_ k22+40' ﬂ = 7)\—"_ 32—"_40’, lf — AT < o< 0

for which we have the relations

(18)

B2 —a? =), ifo>0
(19)
BE+~2=X if —§<a<0
and
a?p5?, ifo>0
(20) o=

B2, if —& <o<0.

Coming back to our spectral problem (@), we introduce the functions

N
(21) Si=> ¢
k=1

and

S
(22) Dk::qbk—ﬁ, ke{l,...,N}.
The motivation for analyzing systems (1) and (7)) is due to the fact that S verifies
([@8) whereas D* satisfies ([7) for all k € {1,..., N}.

Next we state and prove some preliminary results.

Lemma 2.4. For any A > 0 the eigenvalue problems [8) and [IT) have no any
common eigenvalue o. In addition, any eigenvalue of either ([I8) or ([IT) is simple.

Moreover, if N(2L)? & Ny then any eigenfunction ¢ of either (IG) or () satisfies
¢zz(L) # 0.

Proof. First we show that problems (If) and (') have no common eigenvalues. Let
us assume that there exists o and two functions ¥ and ® not identically vanishing,
satisfying (I6]) and (IT), respectively.

The boundary conditions at = 0 in (I8) and (1) allow to introduce the even
and odd extensions of W, respectively ®, with respect to = 0. More precisely, we
consider

and
D _ q)(l'), T e [OaL]
2(@) = { —®(—x), z€[-L,0]
Then ¥ and ® verify
)\Wmm + mewz = UW, T € (—L, L)
(23) . . - B
U(—L) =W(L) = Vyu(—L) =V, (L) =0
and
>\6xm a4 Ezzzz = 0—57 S (*L, L)
(24)
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respectively. Finally, let us denote
U(y) =V(2Ly~ L), ®(y)=3@2Ly~L), ye (1)
In view of (23)) and (24)) it follows that ¥ and & satisfy the same eigenvalue problem
ALY Gor + Syyyy = 0(2L)¢,  y € (0,1)

$(0) = &(1) = ¢4 (0) = ¢y(1) = 0.

The arguments in [4] show that problem (28] admits simple eigenvalues. This
means that ® = oW for some constant a # 0 and, equivalently, we have ® = aW.
Since W is an even function and ® is an odd function (both of them vanishing on
the boundary) we necessarily have ¥ = ® = 0, which contradicts our assumption.
Then the first part of lemma is proved.

The fact that the eigenvalues of both (@) and (7)) are simple is a consequence
of the construction above. Indeed, if (o, ¥;) and (o, U3) are eigenpairs for (I6) we
get that (o, ¥1) and (o, ¥y) are eigenpairs of (25). Since any eigenvalue of () is
simple there exists a constant ¢ # 0 such that U1 (y) = ¢¥4(y) for all y € [0,1]. This
is equivalent to W (x) = ¢V () for all z € [~L, L] and therefore ¥, (z) = c¥(x)
for any « € [0, L]. Hence o is a simple eigenvalue for ([I6). With a similar argument
we get that each eigenvalue of (7)) is also simple.

For the last part of the proof let us assume that (o, ¥) is an eigenpair of (I@).
With the notations above, applying [4, Lemma 2.1] for (25]) under the assumption
M2L)? & Ny it follows W,,(0) # 0. Due to the symmetry of the boundary condi-
tions we notice that the function z — ¥(1 = z) is also an eigenfunction of problem
(@) and therefore we also have Sy(1) # 0. This gives us the desired property for
U, U,(L) # 0. Analogously, it follows that ®,,(L) # 0 for any eigenfunction of
([[@). The proof of Lemma 241 is finished.

(25)

O

In consequence we have the following partition for the eigenvalues of system ().

Lemma 2.5. For any given X\ > 0, o is an eigenvalue for system @) if and only
if o is an eigenvalue for either (I8) or (IT). More precisely
(i). If (0,0 = (¢*)k=1.n) is an eigenpair of [@) we have the alternative:
(a) either ¢F = @' for all k € {1,...,N}, (0,¢") is an eigenpair of (IB)

and
¢=(¢"....9"),
or
(b) there existskg € {1,..., N} such that (o, ") is an eigenpair of () and
there exist the constants ¢, ...,cn (not all vanishing) with Z,]cvzl =0
such that

b= (c10"™,...,eno™).

(ii). Conversely, if (o,¥) is an eigenpair of ([IQ) then (o,¢ = (V,..., ¥, T))
is an eigenpair of (@) whereas if (o, ®) is an eigenpair of ([I) then, for
any constants ¢, (not all vanishing) such that Zszl cr = 0, it holds that
(0,0 =(1D,...,enD)) is also eigenpair for [@).

Proof. The “if” implication is a consequence of () whose proof is trivial. Let us
prove the “only if” implication. For that, let us assume that (o,¢ = (¢*)r—1 n)
is an eigenpair of (@). Then o verifies (I8) for ¥ = S in [ZI). In addition, o
verifies (7)) for any ® = D* in @Z). If S # 0 then (o, S) is an eigenpair for
@@). Otherwise, if S = 0 then D¥ = ¢* for all k € {1,..., N}. From the initial
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assumption there exists ko € {1,..., N} such that ¢¥ # 0, and therefore, (o, $"°)
is an eigenpair for (IT).

Moreover, according to Lemma [24] we distinguish two cases: S =0 or S # 0
and DF =0 for all k € {1,...,N}.

In the second case we obtain ¢ = (¢!,..., ¢') where ¢! = S/N is an eigenfunc-
tion for problem (I6) and (Ial) is proved.

Let us now consider the case S = 0. From above we know that (o, ¢*) is an
eigenpair of ([7) and (o, ¢*) also verifies (7)) for any k. In view of Lemma 24 the
eigenspace of o in ([[7) has dimension 1. Thus, there exist some constants cj such
that ¢* = cy¢Fo for any k € {1,..., N}. Then, since S = 0 we get Zivzl cr = 0.
This proves ([H) which completes the proof of Lemma

O

Lemma 2.6. For any \(2L)? ¢ Ny any eigenfunction ¢ = (¢*)r—1 n of @) satis-
fies ¢% (L) # 0 for at least two indeves k € {1,...,N}.

Proof. This is a trivial consequence of Lemma 24 and Lemma [Z3H]). O

Lemma 2.7. The positive eigenvalues {op tn>n, (without counting the multiplicity)
of problem @) can be partitioned into

{on | n>n0} :={o1n | nEN}U{0o2, | n € N},

where {01 ntn>0 are the different (simple) eigenvalues of [I8) whereas {02 n}tn>0
are the different eigenvalues of ([[) each of them having multiplicity N — 1. More-
over, they satisfy the following asymptotic properties:

(77)4 1 i (n%)

0’1771* _L n74 —|—0n 5 n — oo
(w)‘l 1 4 (n%)

0—2,77,* _L n+4 +On , n — oQ.

4
m\4 1 3
O'n:(i> n—no—g +o(n’), n— oco.

Proof. Since there exists a finite number of non-positive eigenvalues we just con-
centrate on the positive eigenvalues o.

Let us consider (o,¢ = (¢',...¢")) an eigenpair of @) with o > 0. In view of
Lemma we distinguish two cases.
Case 1. We have ¢ = (¢',...,¢') where (0,¢!) is an eigenpair for ([I8). Since
o > 0, with the notations in (I8]) then
(26) ¢*(z) = Cy cos(Bz) + Oy sin(Bz) + C3 cosh(ax) + Cysinh(ax),

where C, Cs, C5,Cy are such that to satisfy the boundary conditions in () and
o # 0. From the conditions at = 0 we get Cy = Cy = 0. From the conditions at
x = L we obtain ¢! # 0 when the compatibility conditions

(27) B cosh(aL)sin(SL) + asinh(al)cos(6L) =0, «,8 >0,
are satisfied. This is equivalent to
Btan(BL) = —atanh(al), cos(BL) # 0
or equivalently (in view of (1))
(28) A+ a?tan(v/ A+ a?L) = —atanh(al), cos(v/ A+ «a?L) #0.

It is not difficult to note that the function (0,00) 3 « — —atanh(al) is strictly
decreasing whereas the function (0,00) \ {a [VA+o?L = nm + 7/2 ,n € N} >

and

Threfore,
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a = VA + a2tan(v/A + a2L) is increasing on each interval of the domain (for that
to be proved we just have to look at the sign of the corresponding derivatives, see
also [II] for similar arguments). So, there exists two strictly increasing sequences
{orn}nz0 and {B1n}nz0 with 87, = A+ af ., solutions for ), where 1 ,L €
(nm—m/2,nm+m/2) . Then the sequence of positive eigenvalues {o1 , }n>0 is given
by

(29) Ol,n = Bina%,n
Coming back to (28) we have

a1n tan (1 /A + ainL)

_ )\—+ ain - tanh(ay ., L)

Passing to the limit we obtain

tan(B1,,L) = tan (1/)\ + ainL) — =1, n—oo.

51,n=%—&+0(1), as n — 00,
which combined with ([29) gives the asymptotic behavior of {01 ,, }n>0 in the present
lemma.
Case 2. We have ¢ = (e10", ..., cx¢"°) for some constants c;, with Zszl cr =0,
where (0, ¢*0) is an eigenpair for ([7). The requirement for o to be an eigenvalue

of [I@) is equivalent to
(30) Bsinh(al) cos(SL) — acosh(aL)sin(BL) =0

Then we get

or equivalently

(31) étanh(aL) = %tan(ﬁL), with 8 = vV A+ a2, cos(BL) # 0.

In the same way as in the previous case it is not difficult to prove that the
function (0,00) > « +— tanh(aL)/a is decreasing whereas the function (0,00) \
{a | VA+a2L =nr +7/2,n € N} 5 aw tan(vV A+ o2L)/(VA + a2L) is strictly
increasing on each open interval of the domain. Thus we obtain two sequences of so-
lutions {as n tn>0 {B2,ntn>0, to BI) with 82 ,L € (nm —7/2,nm+ 7/2). Rewriting

Ba) as
VA a3, _ tan (,/)\—i—a%,nL)

oo tanh (e, L)

and passing to the limit as n tends to infinity we obtain similarly as in Case 1 that

ﬂgyn:%—Fﬁﬂ’O(l), as n — 0o.

Since o2, = B%ynag,n we obtain the asymptotic behaviour. The multiplicity of
eigenvalues is a consequence of Lemma
On the other hand let us observe that

O1n <02 <Olpt1 < O2n41, YN EN.

By concatenating the sequences {01} and {02, } we obtain o9, = 01 2,—2s, and
O2n41 = 022n+1-2n, for all n > ng which implies the asymptotic behavior of the

sequence {0y, } >0 Thus the present lemma is proved.
O

As a consequence of Lemma B.7] we easily obtain the spectral gap
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Lemma 2.8. Assume {op}n>n, s the increasing set of positive eigenvalues of
problem @l). Then there is a spectral gap at infinity. In fact, we have more than
that i.e.

(32) liminf(op41 — 0,) = 0.
n—oo

Consequently, there exists a constant cgap > 0 such that
Ont+1 — On > Cgaps, YN 2> Ny.

For our purposes we also need to prove some asymptotic properties for the eigen-
functions evaluated at © = L as follows.

Lemma 2.9. Let (0, ¢n = (68)r—1.5) be an eigenpair of problem @) such that
on >0 and ||¢nllz2(ry = 1 for any n € N. Then there exist the constants a,b > 0
depending only on L and N such that for alln € N and any k € {1,..., N} it holds

(33) an? < |¢F (L) < bn?,

n,rx
Proof. As in the proof of Lemma 2.7 we distinguish two cases as follows.
Case 1. This case corresponds to eigenfunctions ¢, which have the form ¢, =

(¢l ..., ¢L) where (0, ¢)) are eigenpairs of problem ([I8). Let {1 n}n>0, {B1.n}n>0
be the sequences defined in the proof of Lemma 2T satisfying the compatibility con-
dition 27)). Then in view of the boundary conditions at = L we get

o(x) = Oy cos(B1,nx) + C5 cosh(ay nz),

where C1,C3 are as in (26). In view of [27) observe that cos(f: ,L) # 0 and since
#L (L) = 0 we obtain

_ Cscosh(an,nL)

4 ! = N n h(og n2).
(34) oy, (1) cos(BinL) cos(fB1nx) + C3cosh(aq ,x)
The constant C3 in ([34)) is chosen such that [|¢,||z2r) = 1(= \/N|\¢711HL2(0,L)), ie.
Oy = cos(B1,nL)

\/N\/IOL |cosh(aqn L) cos(B1 ) + coshay ) cos(ﬂlﬁnL)|2 dx

Due to (1) after expanding the square within the integral of C3 we notice that
the cross term is vanishing, i.e.

L
(35) / cos(fy nx) cosh(ay px)dr = 0.
0

Indeed, using integration by parts we have the formula

r 1
/0 cos(fx)e*dr = e

Applying it two times for («, 3) = (1,n, S1,n) and (o, 8) = (=1 n, B1,n), respec-
tively, we obtain the validity of (B3] taking into account (Z7). Therefore, due to

(1) and B4) we obtain
(36)

bn () = = = :
\/N\/coshQ(oanL) Jy c082(B1nw)dx + cos?(Br,nL) [, cosh®(ou na)da

In consequence we get,
(37)

O we(L) =

(a cos(BL)e"r —a + ﬁsin(BL)eaL) , Va,B #0.

—cosh(ay L) cos(51 nx) + cos(B1,nL) cosh(ag )

(ain + ﬁ%n) cosh(a,,, L) cos(B1,,, L)
\/N\/cosh2 (a1 L) fOL cos? (1 nx)dx + cos?(S1,n,L) fOL cosh? (o px)da
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Then, in view of the behavior of {a ., }n, {51,n}n We successively have
cosh(aq L)
cos?(B1,px)dx + cos? (51, L) fOL cosh® (e, z)da
cosh(a ., L)

lim
n—r 00

\/cosh2 (a1,nL) fOL

= lim

n—o00 sin 1. sin o
e (5 + ) o 1) (5 - 22
2
38) =14/—.
() =17
On the other hand, we also have
(39) inf |eos(f1.nL)| > 0,

otherwise it contradicts (27)). Finally, combining B7)-(Bd) and the behavior of the
sequences v, 81, (as n — 00) we are able to establish the behavior of |¢} . (L)]

n,rx
as in (33).

Case 2. This case corresponds to eigenfunctions of the form ¢, = (¢L, cadl, ..., enol),
for each constants cg, k € {2,..., N}, where (0,,,¢}) are eigenpairs for the eigen-
value problem ([IT). Let {2, }n>0, {B2,n }n>0 be the sequences built in the proof of
Lemma B satisfying the compatibility condition @B0) to ensure ¢, # 0. Imposing
the boundary conditions at the origin in (1) from (26]) we get

(40) bk (r) = Cysin(Ba.,x) + Cysinh(ag,, ).

Taking into account the normalization of the L?-norm for
as in Case 1 we finally obtain
(41)

oy (x) = co

1

., using similar steps

— sinh(ag L) sin(Ba, ) + sin(Ba,n L) sinh(ag )
\Jsinh (s, L) [ sin®(Ba,n2)de + sin® (81 ,L) [’ sinb® (az,2)de

where co 1= 1/y/1+ c3 + ... + c%. Consequently
(42)

Dr 2e(L) = co

)

(a%yn + ﬁ%n) sinh(ag,, L) sin(B2,n L)
\/sinhQ(ag,nL) fOL sin’(Be,nx)dx + sin® (B, L) fOL sinh? (g 2 )da

Similarly as in Case 1, one can show that

(43)

. sinh(ag L) _ /2
nlﬁngo .12 L . 9o -2 L . 12 - L
sinh* (g, L) [, sin®(B2,nx)dx + sin®(B1 L) [, sinh”(ag nz)dz

and
(44) érelfN |sin(B2,,L)| > 0,
which concludes the proof of the lemma. O

2.3. Well-posedness. In order to study the well-posedness of problem (@2))-(I) we
apply the semigroup theory. First, let us consider the polynomial

(45) Pa)= () @~ 1)

and denote 2*¥ = ¢* — P(x)uk(t), k € {1,...,N}. For our purpose it is more
convenient to analyze first the equation satisfied by 2z = (2*),—1 n. Indeed, it
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is easy to see that z satisfies the following nonhomogeneous problem with zero
boundary conditions:
(46)

2F + ek, + 2K = —Puf(t) = (APax + Pagaa)u®(t), (t,2) € (0,T) x (0,L)
24(t,0) = 2 (t,0), te(0,7), i,je{l,...,N}
2k, L) =zk(t, L) =0, ke{l,...,N}

> p 25 (t,0) =0, te (0,7)

zE (£,0) = 23 (t,0), te(0,T), i,je{l,...,N}
ST Uhaa(,0) = 0, te(0,7)

2%(0,2) =y (z) — P(x)u*(0), x € (0,L).

Problem () can be written as an abstract Cauchy problem. Indeed, it follows
that

2t + Az = F(t,z,u), te(0,T)
() iy

where A is the operator defined in (IT), whereas F' = (F¥)z— x and 2z = (2§)k=1.n
are given by

FHtyagu) = fP(z)uf(t) = (APus (%) + Praaa(2))u® (2),

respectively,
2 (2) = yg (x) = P(z)u"(0),

for any k € {1,...,N}. In the previous section we have proved that (A, D(A))
generates a semigroup in L2(T"). Therefore, applying the Hille-Yosida theory for
the Cauchy problem M) (see, e.g., |3, Proposition 4.1.6 and Lemma 4.1.5]) we
finally obtain

Proposition 2.10. If zg € D(A) and F € C([0,T], L*(T'))NL'((0,T), D(A)) there
exists a function z € C([0,T], D(A))NC*([0,T], L*(T")) solution to [@G). Moreover,
if zo € L3(T') and F € C([0,T],L*(T")) (it can be extended to L'((0,T),L?*(T)))
there exists a mild function z € C([0,T], L*(T")) solution to (@).

Proposition [Z10 extends for y solution of (@) with initial data yo € D(A) and
yo € L?(T), respectively.

2.4. Controllability problem. Next we address the controllability problem (2])-
(I) by using the method of moments [I3]. In view of that, let us consider the
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so-called adjoint problem, that is
—@ + My + Qe =0, (t,2) € (0,T) x (0, L),

q'(t,0) = ¢’ (t,0), te (0,T), i,5€{1,...,N},

¢"(t, L) =q;(t,L) =0, t€(0,T), ke{l,...,N},

(48) Soii a5(,0) = 0, te(0.7),
€a(t,0) = g (1,0),  (ELE(©.T), ije{l,... N},
Shit Bhea(1,0) =0, £ t€(0,T),
¢*(T.2) = dh(2), i€ (0,L),

Then, we have the following characterization of the null-controllability property.

Lemma 2.11. The system [@)-(I) is null-controllable in time T > 0 if and only
if, for any initial data yo = (y&)k=1.ny € L2(T) there exists a control function
u = (uF)p=1,n € HY(T) such that, for any qr = (¢5&)x=1,n € L*(T)

N T
(49) (30,0 2y = 3 / b (8)ql (1, L) i,
| AU

where q is the solution of ([Ag]).

Proof. We proceed as in the classical duality approach. We first multiply the equa-
tion in @) by ¢ = (¢")r=1,n, the solution of @S] to obtain

L T oL
Z/ / (yf + \ys, + yixm) ¢"dzdt = 0.
k=170 70

Integration by parts leads to

N L =T N T ,L
0= [Coret| Ly de e X [ [tk i) o b
k=10 iy k=170 0

T =L =L =L
+ / (/\y'éq’“ YAt A I VA
0 x=0 =0 x=0
x=L x=L =L
(50) — Ul U yhabe| ) dwdt.
x=0 r= =0

In view of the boundary conditions satisfied by y = (y*)k=1,.n5 and ¢ = (¢")r=1.n,
identity (B0) is equivalent to

N L T
DY / (T, 2)¢" (T, 2) — o (@) () dz + / a*(t)qh, (4, L) dt = 0.

“Only if” implication. Since [2))-(T) is null-controllable (i.e. y(7T,z) = 0 for any
x € I') it follows from (B that condition @J) holds true.
“If” implication. Let us assume the validity of {@J)). In this case, due to (&Il we
get
(T),qr) 21y = 0,
for any gr € L?(T"). This implies y(T") = 0. O

As a consequence of Lemma 2.T1] and the spectral analysis developed in subsec-
tion 211 the controllability problem reduces to the following moment problem.
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Lemma 2.12. Let {0y, }nen be the distinct eigenvalues of A. Let m(oy,) be the mul-
tiplicity of each eigenvalue o,, whose eigenspace is generated by linear independent
eigenvectors {dn,1}i—1,m(s,), normalized in L2(T"). Since {On,i}i=1,m(0,),nen 5 an
orthonormal basis of L?(T"). Then system [@)-(I) is null-controllable if and only if
for any initial data yo € L*(T),

m(o’n)

(52) Y= D Yoni®ni

neN I=1
and any time T > 0, there exists a control u = (u¥)x—1 n € HY(T') such that
(53)

T
Yonie 10 = Z qﬁn L / uF(T —t)e~tondt, VneN, Vi=1,m(o,).

Proof. For any qr € L*(T") we have

m(oy)

qT—Z Z in¢nla

neN [=1
where ) Zm(a") |gn.1|* < co. Then, seeking for solutions in separable variable

m(or)

Z Zin ¢nl )

neN [=1

the time coefficients g, ; satisfy
qn,l - O—nqn,l = 07 qn,l(T) = dn,l-

Then, we obtain

qt,x) = TG, 16, 1(x),

neN
and therefore
m(oy)
(54) sz t L Z Z = Tth)Unq l¢nlzz( )
neN =1

Plugging (54) and (B2)) in the controllability condition ([@J) we obtain that the
existence of a function w satisfying the moment problem (B3] suffices to prove the
null-controllability property. (|

2.5. Proof of Theorem [l We show that a control acting on N — 1 nodes is
sufficient to obtain the null-controllability of system (2])-(I)

According to Lemma we have to solve the moment problem (B3]) by con-
structing a control u. In order to do that we settle one of the components of
u = (u¥)g=1 n to be identically zero. For simplicity, we assume u” = 0. Then the
problem of moments (B3]) becomes
(55)

T
Yonie 1" = Z (bn Lo / uF(T —t)e7'ondt, VneN, Vi=1,m(o,).

In fact, in view of the analysis done in the proof of Lemma 27 we may have
m(oy) € {1, N — 1}. More precisely, if o, is simple (i.e. m(c,,) = 1) then, in view
of Lemma 2.5 we may choose ¢, 1 = (Vp,...,¥,) where (o, ¥,) is an eigenpair
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of problem (@) such that ||¢,,1([z2(ry = 1. On the other hand, if m(o,) = N — 1
we may choose for any [ € {1,...,N — 1}

(56) ¢n,l =P,e — (I)nel+1;

where {e;};—1 v is the canonical basis of the euclidian space RY and (o, ®,,) is an
eigenpair of problem ([I7). Then {¢,;}i=1,n—1 form an orthonormal basis of the
eigenspace of o,,. If m(o,,) =1 then (BH) becomes

N—-1 T
(57) yO,n,leiTgn = \I]n,mw(L) Z / uk(T — t)e_tan dt, Vn € N.
k=170

Therefore, it suffices that the control inputs u* € L2(0,7), k € {1,...,N — 1}
satisfy the following moment problems

Ton

T —ton o n,1e
58) Jo v (T —t)e~tordt = 7?’0‘1,71’;@) , Vn
uR (T — t)e~tondt = 0, ifk=2,N—1, vn,

where by convention the second line in (B8] is not taken into account when N = 2.
On the other hand, if o, is a multiple eigenvalue (i.e. m(o,) = N — 1) then (B3]
becomes
(59)
Yo~ T = By, 4u(L) ( Cul(T —t)emton dt — [T ultH (T — t)e~ton dt)
VneN, Vi=1,N -2

Yo N—16" 77" = @y o (L) [ uN YT — t)e~ton, Wn € N,

where we make the convection that when N = 2 the first relation in (BJ) does not
appear. Equivalently we can write

Yo.n,1 fOT ul(T —t)e~ton dt
(60) e Ton = &, . (L)A
Yo.n. N1 S uN=HT — tye~ton at
where
1 -1 0 ... 0
0o 1 -1 0 0
A =(aij)ij=1,N-1 = 0
0 0 1 -1
0 0 1

Let us denote by A=! = (a%/); j_1 n_1 the inverse of matrix A. Then we get

fOT ul (T —t)e~ton dt Yo,n,1
. 1 .
61 : = A7t ' —Ton
( ) . (I)n,zz(L) . ¢
fOT uN YT —t)e~ton dt Yo,n,N—1

To summarize, the moment problems to be solved are

T
(62) / uF (T —t)e " dt = ¢, p, n €N
0
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for each k =1, N — 1, where ¢, are given by

Tonp

73’"\;;15;( ) if m(o,) =1
Cn,1 = - ij . —Ton
S st i m(o,) = N =1,
respectively
0 if m(o,) =1
k Z 2: Cn,k = _ ij . —Ton .
T S S (o) =N -1

Due to the asymptotic behavior of the distinct eigenvalues {0, }, given in Lemma
2.7 with the asymptotic properties of the corresponding eigenfunctions {¢,}, in
Lemma we are able to show that the series

e [ Z2EE vk=1,N-1,

n>1 j=1,n 0 %3
is absolutely convergent. Indeed, this is true since {oy, }» fulfill condition (3.10) in
[13] and we can apply both Lemma 3.1 in [I3] and our asymptotic results above
to guarantee the convergence. More exactly, in view of (3.3) and (3.9) in [13] we
can employ the method of moments to construct a so-called bona fide solution for
each one of the moment problems ([62). Thus we are able to build the controls
(uk)kzl, ~N—1 verifying (B8) and finalize the proof.

Optimality of N —1 controls. For the proof of the second statement in Theorem
let us assume without losing the generality that ic = 1 and jo = 2. Then
we consider as the initial datum yo = (¢, ¢,0,...,0), where ¢ is a normalized
eigenfunction (i.e. ||¢||L2 = 1) of system (64]) corresponding to some eigenvalue o.
Then system (B3]) becomes

T
(63) =, (1) [Tt~ )

Therefore, such yy cannot be driven to zero by any control u = (uk)k:LN with the
first two components vanishing (u! = u? = 0). The proof of the theorem is finally

complete.

3. THE KS EQUATION OF TYPE (II)

The results obtained in this section are based on a careful analysis of the eigenval-
ues for the corresponding elliptic operator of system (2)-(II). In the previous section
we addressed this problem for system (2))-(I) by using specific spectral results done
by Cerpa [4]. In the present case such results are not applicable. Therefore, to take
advantage of the strategy implemented in the previous case an additional work has
to be done by determining explicitly the spectrum and the eigenfunctions for two
different eigenvalue problems as follows.

3.1. Preliminaries I. In this subsection we analyze the following eigenvalue prob-
lem

APrz + Prpze = 0O, HARS (0, L)

Again, we can employ spectral analysis tools to show that system (G4) has a se-
quence of eigenvalues which tends to infinity and is bounded from below by —\? /4.
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Making usage of the characteristic equation of the equation in (G4, i.e.,
Xt —0=0

in view of the notations in [I]) we distinguish several cases as follows.

Case I: 0 > 0. In this case, the general solution of the equation in (G4]) is given by
¢(x) = Cy cosh(ax) + Cy sinh(ax) + Cs cos(Bx) + Cy sin(Sz),

where C; are real constants, ¢ = 1,4. Imposing the boundary conditions at x = 0
we easily obtain that Co = Cy = 0. The boundary conditions at x = L provide a
nontrivial solution ¢ if sinh(aL)sin(5L) = 0. Since o > 0 this is equivalent to the
compatibility condition

sin(GL) = 0.

Then, we get a sequence {3, },>1 of positive solutions, /3, = n7/L. In view of (1)
we obtain that the sequence of positive simple eigenvalues is given by

nm\4 nm\ 2 LV

- () a2

In ( L ) L "= [ T *

where [] is the floor function. The corresponding eigenfunctions are
on(x) = Cy cos(Brx), Ch #0.
Case II: 0 = 0. The general solution for the equation in (G4 is
d(x) = C) + Com + Cs cos(VAz) + Cy sin(VAz).

From the boundary conditions at & = 0 we deduce that Cy = Cy = 0. According
to the boundary conditions at * = L we produce the following alternatives.

(1) If sin(v/AL) = 0 then ¢ = 0 is an eigenvalue with multiplicity 2 and the

eigenfunctions are
do(x) = C1 4+ Cscos(VAz), C?4+C2+#0.

(2) If sin(v/AL) # 0 then o = 0 is a simple eigenvalue and the eigenfunctions
are constant functions, i.e.,

po(x)=C, C#0.
Case ITI: —)\2/4 < o < 0. The general solution of the equation in (G4 is
o(x) = Cq cos(yx) + Co sin(yx) + Cs cos(Bz) + Cy sin(fx).

The boundary conditions at = = 0 lead to Co = Cy = 0. Defining the quantity

d := sin(BL)sin(yL), from the boundary conditions at = L we obtain that ¢ is

an eigenfunction if and only if 6 = 0. We distinguish the following cases for § = 0.

(1) The case sin(fL) = sin(yL) = 0. We obtain two sequences of solutions

Brn = nm/L and 7, = mn/L with n # m (since 8 # «), n,m > 1. From

@) this is equivalent to A € A7 and in this case the finite set of negative
eigenvalues is given by

y 2,2 4 N2
Onm () = =Bovm = ———F—; 1 <m<mn, nm<2—ﬂ_2.

The corresponding eigenfunctions are

bnm(@) = C1 cos(Bnx) + C3 cos(Bmz), CF+C5 #0.
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(2) The case § = 0, such that sin®(BL) + sin?(yL) > 0, i.e. A € N;. Then we
obtain the eigenvalues, i.e.

n= () () a=a< B

with the corresponding eigenfunctions

nmwx

¢n(x) = C cos (T) , C#£0.

From the spectral analysis developed above it is easy to check the following lemma
that will play an important role in the proof of Theorem

Lemma 3.1. Let A > 0 and (o, $) be an eigenpair of system (G4). The following
holds:

(1) If o > 0 then
(L) # 0 and A(L) + ¢zz(L) # 0.

(2) If o =0 and X\ € Ny then ¢(L) and Ap(L) + ¢ppu(L) cannot vanish simul-
taneously.

(8) If o =0 and X € Ny then ¢(L) # 0 and A(L) + ¢»z(L) # 0.

(4) If 0 <0 and X\ ¢ Ni then

®(L) # 0 and A$(L) + ¢zz(L) # 0.

(5) If 0 < 0 and A € Ny then ¢(L) and Ap(L) + ¢puz(L) cannot vanish simul-
taneously.

3.2. Preliminaries II. Secondly we analyze the following eigenvalue problem
)\stm + ¢zzrfb = U¢; HANS (07 L)v
Again, the spectrum of (GH) is pure discrete, bounded from below by —\?/4 and

tends to infinity. Making use of the notations ([I8) we distinguish the following
cases.

Case I: 0 > 0. The solution of the equation in (64 is
¢(z) = Cy cosh(ax) + Co sinh(ax) + Cs cos(fx) + Cy sin(Sz).

From the boundary conditions at & = 0 we easily obtain that C; = C3 = 0. The
conditions at x = L say that ¢ is an eigenfunction under the constraint

cos(BL) = 0.

We get a sequence {f,,}n>0 of positive solutions, 8, = (2n + 1)7/2L. In view of
(@8- (@) we obtain the sequence of simple eigenvalues o, = 32(3% — \), i.e.

. (2n + 1)272 ((2n+1)2ﬂ2 A), anaX{O, [% <2L\/X 1) +1},

412 412 T

with the corresponding family of eigenfunctions

d)n(x) =Yy Sin(ﬂn:c), sy 7& 0.
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Case II: o = 0. The general solution for the equation in (64 is
d(x) = C1 + Cox + Cs cos(VAz) + Cy sin(VAz).
From the boundary conditions at = 0 we deduce that C; = C3 = 0. Then, the

boundary conditions at x = L produce the following cases.
(1) If cos(vV/AL) # 0, which is equivalent to A ¢ N3, then o = 0 is not an

eigenvalue.
(2) On the contrary, if cos(v/AL) = 0, which is equivalent to A € N, then
o = 0 is a simple eigenvalue with the corresponding eigenfunctions

do(x) = Cysin(vVAz), Cy4#0.
Case ITI: —)\?/4 < o < 0. The general solution of the equation in (65 is
¢(x) = Cy cos(yx) + Cysin(yx) + Cs cos(Bx) + Cysin(Bz).

The boundary conditions at z = 0 give C7; = C3 = 0. Then, from the conditions at
x = L we obtain that ¢ is an eigenfunction if and only if

cos(BL) cos(yL) = 0.
We distinguish the following cases.

(1) The case cos(BL) = cos(yL) = 0. We obtain 3, = (2n + 1)7/2L and
Ym = (2m 4+ 1)7/2L, with n # m (since 8 # 7). From [IX)-[Td) this is
equivalent to A € NMyqq. In this case the eigenvalues have multiplicity 2 and
they are given by

2AL2

Onm(®) = —Bofa; 0<m<m, (2n+1)(2m+1) < —-.

m
The corresponding eigenfunctions are

() = Cysin(Bnz) + Cysin(Byz), CF+C: #0.

(2) The case cos®(BL) + cos?(yL) > 0, i.e. A & Noqa. We obtain a finite
number of simple eigenvalues such as

(2n+1)27% [ (2n +1)%72 1 [ 2LV
= = <n< — — .
On 1’ 7 A, 0<n<max 5 - 1 ,0

The corresponding eigenfunctions are given by

i cun(B21)

2L

Combining the spectral results of this section we conclude

Lemma 3.2. Let A > 0 and (0, ¢) be an eigenpair of system (G3).
(1) If o > 0 then
B(L) # 0 and AD(L) + bya(L) 0.

(2) If X\ & N3 then o =0 is not an eigenvalue.
(3) If X € N3 then o =0 is an eigenvalue and

P(L) = Ap(L) + hza(L) = 0.

(4) If 0 < 0 and X € Noga then ¢(L) and AG(L) + ¢ro(L) cannot vanish
simultaneously.
(5) If o < 0 and X\ € Noqa then

(L) # 0 and AD(L) + dua(L) # 0.
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3.3. Spectral analysis. In this section we aim to discuss some general properties
of the following spectral problem

#'(0) = ¢7(0), i,7€{1,...,N},
o" (L) =k (L)=0, ke{l,...,N},

S 0k (0) =0,

Z;cvzl Qﬁgzz(o) =0,

which governs our control system (2)-(IT). This is equivalent to study the spectral
properties of the fourth order operator

A:D(A) c L*(T) — L*(I)

given by
(67)
Agt =gk + ok ., ke{l,...,N}

¢ = (¢")i—1nv € HY(T) | ¢5(L) = ¢, (L) =0, ke{l,....N},
D(4) = ¢'(0) = ¢(0), ¢5,(0) = ¢3,(0), i,j€{l,....N},
D 95(0) = 0, 4Ly 9 (0) =0,
Similar to the operator induced by the model ([2)-(I) we obtain
Proposition 3.3. For any pu > \?/4 the operator
A+ pl : D(A) C L*(T) — L*(T),

is a non-negative self-adjoint operator with compact inverse. In particular, it has a
pure discrete spectrum consisted by a sequence of nonnegative eigenvalues {0, n }nen
satisfying lim, o 0, = 00. Moreover, up to a normalization, the corresponding
eigenfunctions {¢, n }nen form an orthonormal basis of L*(T').

Moreover,

Proposition 3.4. The spectrum {oy,}nen of problem ([G8) verifies

2
(68) —Z<0n,Vn€N, Op —> 00, as n — oo.

The details of the proof of Propositions and B4 are quite similar as in the
model [2)-(I), therefore they will be omitted here.

3.4. Qualitative properties of the eigenvalues. In this section we apply the
preliminary results shown in subsections Bl and to obtain useful properties
of the eigenvalues of (B6) which will play a crucial role for proving the null-
controllability of problem (@2))-(II). In particular we obtain the asymptotic behavior
of the eigenvalues of system (GO and useful asymptotic properties of the corre-
sponding eigenfunctions.
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For any fixed A > 0 let us firstly consider the following two eigenvalue problems
which have been already analyzed in subsections Bl and

Aoy + Vagge = 0V, x e (0,L),
(69) B, Ye(0) =0, ¥upr(0) =0,
U, (L) = Vppe(L) =0,
and
Ay + Pppps = 0@, € (0,L),
(70) B, . ®0)=0,2:.(0)=0,

respectively. Recall that Lemma Bl applies for ([G3) whereas Lemma applies
for ({0). Coming back to our spectral problem (G8]), we introduce the functions

N
(71) §=3 ¢,
k=1
S
k. 4k 2
(72) D*:=¢F— =, ke{l,..., N}

The motivation for analyzing systems ([G9) and (70) is due to the fact that S verifies
@) whereas D* satisfies ([0) for all k € {1,..., N}.
Next we state and prove some preliminary lemmas.

Lemma 3.5. For any A > 0 the eigenvalue problems [G9) and ([{Q) have no any
common positive eigenvalues. The value o = 0 is a common eigenvalue if and only
if X belongs to N3. Moreover, problems ([69) and ([[Q) have no common negative
eigenvalues if and only if X & Nj.

Proof. Assume that o > 0 is a common eigenvalue for ([@3) and ([0). Then, accord-
ing to the precise analysis in subsections B.1] and we must necessary have

sin(BL) = cos(BL),
which never may happen. Again, in view of the subsections above we obtain that

o = 0 is an eigenvalue for (69) but it cannot be an eigenvalue for ([[0) unless A € Afs.
Moreover, if some o < 0 was a common eigenvalue we should have

sin(BL) sin(yL) = cos(BL) cos(yL) = 0,
which is equivalent to the alternatives
sin(BL) = cos(yL) = 0 or sin(yL) = cos(BL) = 0.
This is impossible unless A € Nj. O

In consequence we have the following partition for the set of eigenvalues of system
©q).
Lemma 3.6. Assume X\ € Nzt then
(73) op(A) = 0p(E1) Uop(Ea);  0p(E1) Nop(Er) =0,
where a,(A), 0,(E1) and o,(E2) denote the set of eigenvalues for the spectral prob-
lems (@6), @) and (@), respectively. In addition, we can precisely describe the

eigenpairs of (B8) as follows. If (o,¢ = (¢*)k=1.n) is an eigenpair of [BB) we have
the following possibilities:
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(1) If o > 0 then we have the alternative
a) either o is an eigenvalue o and there exists U and eigenfunction
ither o i igenval e BRsists U and eig ti
of o in [69) such that
o= (V,..., 7).
(In this case o is a simple eigenvalue of (GO (i.e. m(c) =1) and a
basis for its eigenpspace is given by
By ={(¥,...0)}.
or o is an eigenvalue o and there exists an eigenpair (o, ®) o
b . . . dth . . . >

[@Q) and there exist a nontrivial constant vector C' = (¢;)i=1,N with
Zivd ¢k = 0 such that

6= Co.

In this case o has multiplicity m(o) = N—1. A basis for the eigenspace
of o is given by
By = {Pe; — Pejy1}i—1,n-1-
(2) If o0 = 0 then o is an eigenvalue of [@9). We distinguish two cases

o If X & Na then o is has multiplicity m(c) = 1 and a basis for its

eigenspace in (GO) is
By, ={(1,...,1)}.

o If A € Ny then o has multiplicity m(c) = 2 and its eigenspace in (6]

is induced by the basis

Ba:{(lv'-'vl)v (\Ilv"'a\P>}a

where 1 and U are two linear independent eigenfunctions of o in (69).
(3) If o < 0 then we have the alternative
(a) either o is eigevalue of (©9). In this case o has multiplicity m(o) = 2
and a basis for the eigenspace of o is given by

By ={(¥,...,0), (T, ..., 0)},

where U and ¥ are two linear independent eigenfunctions of o in (GJ).
(b) or o is an eigenvalue of [IQ). In this case we distinguish two cases
o If X\ & Noqq there exists an eigenpair (o, ®) of ([[Q) and there ex-

ists the nontrivial constant vector C' = (¢;)i=1,n with Zszl =
0 such that
é—Co.

In this case o has multiplicity m(c) = N — 1 and a basis for its
eigenspace is given by

By = {<I>el - ‘I)el+1}l:1,N—1-

o If \ € ./\/'Odd~ then there exists two linear independent eigen-
functions ®,® of o in ([[A) and there exists two scalar vectors

= (Ci)izl,]v, B = (di)izl,]\[ such that sz\il C; = Eil dl =0

and
6=Cd+ Dd.

In this case o has multiplicity m(c) = 2(N — 1) and a basis for
its eigenspace is given by

B, = {Pe; — Pey1, Pe; — Depig}i—1 N1
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Remark 3.7. In fact the analysis in the preliminary sections [21 and [Z2 allow
us to say more about the eigenfunctions W, W, ®, ® in Lemma [T4 since they are
actually sinus or cosinus type functions.

Proof of Lemmal[Z 8 First we proof the partition of the eigenvalues (73]). Assume
(0,6 = (¢¥)k=1.n) is an eigenpair of ([@G) . Then o verifies [63) for ¥ = S in ([TI).
In addition, o verifies ({0) for any ® = DF in ([@@). If S # 0 then (o, S) is an
eigenpair for [6d). Otherwise, if S = 0, according to Lemma we have D¥ = ¢F
forall k € {1,..., N}. Consequently, there exists ko € {1,..., N} such that ¢¥° # 0
and therefore (o, ¢*0) is an eigenpair for (Z0).

Conversely, Let (o, U) be an eigenpair for [69). Then (0,¢ = (¥,..., ¥, ¥))is an
eigenpair for ([@0). Let (o, @) be an eigenpair for ([Z0)). Then (o, ¢ = (0,...,0, —D, D))
is an eigenpair for (G0]), which completes the first part of Lemma 3.6

The rest of the proof follows in each one of the cases ¢ > 0, 0 =0 and 0 < 0
from the preliminary analysis in sections [3.1] and O

The previous results allow us to conclude the following lemma.

Lemma 3.8. For any A\ & Nzt any eigenfunction ¢ = (¢F)k—1 v of A in (@1
satisfies ¥ (L) # 0 for at least two indexes or \¢* (L) + ¢% (L) # 0 for at least two
indexes k € {1,...,N}.

Proof. With the same notations as above we have that S and D*, k€ {1,..., N},
satisfy (@9) and (0). We distinguish two cases as follows.

The case S # 0. Using Lemma the first part of 8.6l we must have D* = 0, for all
ke {1,...,N}. This means that ¢ = (S/N,...,S/N) where S is an eigenfunction
of problem (G9)). So, from Lemma [B1lit holds that S(L) # 0 or AS(L)+S.(L) # 0.
This gives the desired result.

The case S = 0. In this case we have D* = ¢* for all k € {1,..., N}. Assume
that for at least N — 1 indexes k € {1,..., N} we have ¢*(L) = 0 and also A¢* (L) +

k (L) = 0 for at least N — 1 indexes. Then we must have ¢*(L) = 0 for all
ke {1,...,N} and ¢¥, (L) = 0 for at least N — 1 indexes. Since S = 0 we also
get ¢* (L) = 0 for any k € {1,...,N}. On the other hand, from the hypothesis
we know that there exists kg € {1,..., N} such that ¢*© # 0. This implies that
@ is an eigenfunction for ([{0)). For any A > 0, applying Lemma 3.1 we must have
@ko (L) # 0 or A" (L) + ¢k (L) # 0, which leads to a contradiction.

Therefore, the proof is finished. O

We also have

Lemma 3.9. Let {o,}n>0 be the family of eigenvalues for the operator A in
©3) and let ¢, be a corresponding eigenfunction of the spectral problem (GO) with
|nll2ry = 1. Also, let {n n>n, be the set of positive eigenvalues. We claim

(1) The positive eigenvalues of problem (GH) satisfy the asymptotic property
4 LV
on:<%) <n—n0+2 VA

27
(2) For any fixed component k € {1,...,N} there exists a positive constant
Cn,1 depending only on N and L such that

|6 (L) = On.L.

or any A > 0 and any fived component k € {1,..., it holds
3) F A >0 and fized k 1 N hold
Lo POR(D) + 0 (D)
im 5

n—00 n

4
+ 1) +o(n®), n— oo

= CN,L,)U

where Cn. 1) 15 a positive constant depending only on N, L and \.
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Proof of Lemma 34 First let us make the notation ng(\) = [LQ—\{TX} +1. According
to sections B.IHZ.2 and Lemma 3.6 we have the partition of the positive eigenvalues

{on [n2>n0} = {010 [ n > no(N)} U{ozn | nZm0(A)};

where o1, are the positive eigenvalues of (64]) whereas o3 ,, are the positive eigen-
values of (G3l). Then we observe that

0< O1n <02 < 01n+1, Vn > no()\)

Let us now define the sequence

nm\2 [ nir?
o= | — y A >
On - (QL) ( e /\) , n > 2ng(N).

Therefore, 6, is the sequence obtained by concatenating {o1,} and o2, since
&Qn = 0O01,n, 6271—1—1 = 02,n, vn > nO()\)
Finally we remark that

On = 6-n7ng+2ng(/\)a n 2 ng,

and the asympotic formula is proved. The rest of the proof of Lemma is a
direct consequence of the analysis done in subsections Bl and We omit further
details here since both the eigenvalues and eigenfunctions are explicitly determined
in subsections and easy computations are just to be checked. O

3.5. Controllability problem. The control problem (@)-(IT) is reduced to solve
the following moment problem. Similarly as in Lemma [2.12] we can show

Lemma 3.10. Let {0, }nen be the set of distinct eigenvalues for system (GGl
and denote by m(o,) the multiplicity of o, whose eigenspace is generated by lin-
ear independent eigenfunctions normalized in L*(T'), say, {Oni}i=1,m(c,)- Since
{bn.1}i=1,m(on)nen form an orthonormal basis in L*(T) then system @)-(1I) is
null-controllable if for any initial data yo = (y&)r—1.n € L*(T),

m("'n)

Y=, D Yonibni

neN [=1

and any time T > 0, there exist controls u = (a*,b*),—1 vy € HY(T') x HY(T') such
that

" T
o 1e= 100 = 3200 (L) + 6h1,(L) [ 0T = e
k=1 0

N T
(74) + Z¢,’§(L)/ (T —t)etondt, WneN, 1=1,m(on).
k=1 0

3.6. Proof of Theorem In view of Lemma [B.10 it is sufficient to ensure the
existence of controls u = (ak, bk)k:L ~ satisfying ([[d). The construction of such
controls is again based on the strategy of Fattorini-Russell [I3] implemented also
in the proof of Theorem [[LT]

First, without losing the generality, we assume for simplicity that the control
does not act on the N-th component, i.e. u = (a,b") = (0,0). Then the
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moments problem ([74]) becomes

N-1

T
Yomie- T = 3 (6 (L) + 68 10 (D) / o (T t)e=ton d
0

k=1
N—-1 T
£y qﬁﬁ,l(L)/ BE(T — )é=ton dt, Vn € N.,Vi=1,...,m(on).
k=1 0

(75)

We explain now how we construct the sequences a”, b*, depending if ¢ is eigen-
value of problem (@9) or (). Let us consider the first type.
Case I. gy, is eigenvalue of (G3)).
(1) op > 0, m(o,) = 1, ¢§,1 =V, k=1,...,N. In view of Lemma [Z1] both
terms (L) and AV (L) 4+ ¥, (L) do not vanish so we can choose

1 Yon,16"Lm

T
(T —t)eton dt = . k=1,...,N—1,
/0 (T = t)e 2N — 1) NU(L) + Upo(L)

/Tbk(T t)e tm dt = L yonac '™ k=1 N-1
o ¢ ToN_—1) w@ = "Thre '

(2) on =0, X € Np, m(oy) = 2, ¢k, =W =1, ¢, = U = cos(V/Az).
Choosing fOT a¥(T — t)e~tondt = A, fOT V(T — t)e~ton dt = B, for all
k=1,...,N — 1, it remains to solve the system

NU(L) 4+ Wou (L) WD) (A e Ton
( ) ()

ANU(L) + WU, (L) W(L) Yo,n,2

B, N-1

Computing explicitly the determinant in the left hand side we find that
equals +1 and the system is compatible.

(3) o, <0, X € N7, m(op) = 2, (bfm = U = cos(fB,x), 2,2 = U = cos(Bmx).
With the same choice as in the previous case we obtain that the determinant
in the left hand side satisfies

AU(L) + Wou(L) W(L)| _ o oo _ (g2 _ P2 m+n
so the system is compatible.
Case II. o, is eigenvalue of ([Z0J).

(1) 0, >0, m(o,) = N — 1, and a basis for the associated eigenspace is given
by {(I)el - q)elJrl}l:LN_l where ® solves (m)
In this case our system becomes

(A®(L) + ®,,(L))Ad + ®(L)Ab = e~ Tony

where
T al(T — t)eton dt [TBYT — t)e~ton dt
0 iR 0 Yo,n,1
a= b= =
i aNTHT — t)eton dt SN — t)e~ton at Yo.nm(on)

In view of Lemma both terms ®(L) and AP(L) + ®, (L) do not
vanish so we choose
1 — —
i=—— A 'leTong b=0.
TNl r o) ¢ Y
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We remark that the following choice is also possible and

L o 1
a= b=——AleTony.
0 B(L) e y

(2) 0 <0, A ¢ Noga, m(o,) = N — 1. The construction is the same as in the
case IT (1) above.

(3) 0 <0, X € Nygg, m(o,,) = 2(N—1) and a basis for the associated eigenspace
is given by {®e;—Peji1}=1,n-1, {‘belfcbel“}l 1LN-1 where ® = sin(8,z),
& = sin(Bx) for some m # n. In this case & and b solve the system

= (82— B) sin(BuL)sin(Bm L) = (B — i) (=1)"™ " #0

and

a) 1 (L)AL (L)A™! i,

b) = (52— B2 (- D) \—(W(L) + W (L) AT (N(L) + W (1) AV
Summarizing, in order to finish the proof of the main part of Theorem it is
enough to solve a moment problem for each a®, b*, for any k = 1, N — 1, that is

T
/ a"(T ~t)e ' dt = ¢, 1, VYn €N,
0
respectively
T
/ V(T —t)e " dt =d,; VnecN,
0

for precised sequences {¢n k}n,{dnk}n determined in the analysis above. In con-
sequence, with the help of the asymptotic properties in Lemma for both the
eigenvalues and their eigenfunctions, as in the proof of Theorem [T we are able to
show absolute convergence of the series

> en ﬁ ZJJ_FZ" > du 10_0[ LI g1 N1,

neN  j=lj#n 7 neN  j=l,zn 04 7
Then, in view of [I3] we obtain the null-controllability for system (@2))-(II).

Step II. Optimality of (2N-2) controls. Let us suppose that we can control
with 2N — 3 controls distributed as in the following two cases. In both cases we
prove that for A € N,qq and o < 0 eigenvalue of (G8]) initial data of the type

Yo = yYo1(Pen_1 — Pen) + yoo(Pey_1 — Pey)

cannot be driven to the null state where ®(z) = sin(3,z), ®(z) = sin(Bnz), A =
B2 + 3%, We emphasize that, up to normalization, ®ey_; — ey and Pey_1 —
dey are elements of the orthonormal basis {qﬁn,l}l:l’m(gn)’neN in the hypothesis of
Lemma 3100

Case I. ¥ = aV~! = b = 0. In this case system (73 becomes

T
yore "7 = @(L)/ VNHT — t)e” " dt,
0

T
Yose 17 = é(L)/ BN T — t)e M dt.
0
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Explicit computations shows that ®(L) = (—1)", ®(L) = (—1)". Choosing yo; = 0
and ygo = 1 leads to a contradiction.
Case IL. a® = bY = bV =1 = 0. In this case system (T5) becomes

T
yore~ 17 = (A®(L) + <I>M(L))/ N UT — t)e 7 dt,
0

yore ™7 = (AD(L) + By (L)) / i oV HT — t)e 7 dt.
0

Explicit computations shows that A®(L)4+®,,(L) = (—1)"8% and A®(L)+®,,(L)(—1)™ 2.
Choosing yo1 = 0 and yg2 = 1 leads again to a contradiction.
Step III. Null-controllability with (2n — 3) controls. When X\ ¢ A,4q we

can easily adapt the proof given in the Step I in order to construct the controls.
The details are left to the reader.

4. FURTHER CONTROL AND STABILIZATION RESULTS

4.1. Null-controllability of systems ([@)-(I) and (II). In the fist part of the
paper we have been concerned with studying controllability problems acting with
a minimal number of control inputs. However, we have to mention that we can
also address the question for which values A > 0 systems [)-(I) and @)-(II) are
null-controllable for a maximal number of control inputs. In fact, we are able to
prove that system (2)-(II) is null-controllable for any A if we act with 2N nontrivial
controls. In contrast with that, system (2))-(I) is not null-controllable for any A
even if we impose to act with N nontrivial controls. More precisely we obtain

Theorem 4.1 (Null-controllability for model @)-(1)). Let be T > 0.

(1) Assume A & N1 U Nyaq Then for any initial state yo = (y&)k=1.n € L*(T),
there exist controls u = (u¥)g=1.n € (H'(0,T))Y such that the solution of
system @)-(1) satisfies

(76) y*(T,x) =0, for any x € (0,L), ke {l,...,N}.

(2) Assume N\ € N1 U Nopaa. There exist initial state yo = (y§)k=1.n € L*(T)
such that for any control u = (uF)g=1.n € (H'(0,T))N with the solution of
system @)-(1) satisfies

yko (Ta ) 5—'5 Oa

for some ko € {1,...,N}.
Theorem 4.2 (Null-controllability for model @)-(II)). Let T > 0 be fized and let
A &€ N3. Then
For any initial state yo = (y§) k=15 € L*(T') and any edge e;, i € {1,..., N}, there
exist controls a = (a*)p=1 n,b = (b5)k=1 v € (H'(0,T7))N such that the solution of
system [2)-(II) satisfies
(77) y*(T,z) =0, for any xz € (0,L), ke{l,...,N}.

Next we sketch the proofs of both Theorems Il and since they follow similar
ideas as in Theorems [[LJ] and
The main ingredients in the proof are the following propositions.

Proposition 4.3. Let A > 0 and (0,¢ = (¢*)1.n) be an eigenpair of problem ().
Then
o Ifo > 0 there exists at least one index k € {1,..., N} such that ¢* (L) # 0.
o Ifa < 0 there exists at least one index k € {1,..., N} such that ¢* (L) #0
Zf and only Zf/\ ¢N1 UNodd.
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Proposition 4.4. Let A\ ¢ N3 and (0,9 = (¢*)1,n) be an eigenpair of problem
@T). Then there exists at least one index k € {1,..., N} such that ¢*(L) # 0 or
AGH(L) + 0k, (L) # 0.

It is then obvious that Propositions and [£4] lead to the proof of theorems
above since we can apply the method of moments implemented in the proof of
Theorems [[LT] and taking into account that the study of controllability is based
on the relation (B3) and (7). Thus, to conclude it suffices to prove Propositions

3 and 4

Proof of Proposition [[.3 Assume by contradiction that there exist eigenpairs (o, ¢ =
(#F)k=1.n of (@) such that ¢* (L) =0 for any k € {1,..., N}. Then S in I sat-
isfies

)\Szz + Szzzz = USv T e (05 L)a

(78) S2(0) = Suz2(0) =0,

whereas D¥ in ([22) verifies

ADgz + Dygge = 0D, WS (0, L)7
(79) D(O) = Dzz(o) =0,
D(L) = D,(L) = D,.(L) =0,
for any k € {1,..., N}. Next we distinguish several cases in terms of the sign of o.

Case o > 0. As in section Bl the boundary conditions at x = 0 lead to
S(z) = Cy cosh(ax) + C; cos(fx).
Imposing the conditions at = L in (7)) we get
0
(80) m ( gl > =| o0
s 0

where
cosh(aL) cos(BL)
M = asinh(al) —pfsin(8L)
a?cosh(al) —p2sin(BL)
Observe that rank 9t = 2 since cos(SL) and sin(SL) cannot vanish simultaneously.

Therefore S = 0. This implies that ¢* satisfies (7). From section B2 imposing the
boundary conditions at the origin we have

D(z) = Cysinh(ax) + Cy sin(Bz).
The conditions at = L in ([[9) give

(81) m(gj) 0

where

o o

sinh(aL) sin(BL)
M= acosh(aL) Pcos(BL)
a?sinh(al) —B%sin(BL)
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Since rank M = 2 we obtain D = 0. Therefore ¢¥ =0 for all k € {1,..., N} which
is in contradiction with the fact that ¢ is an eigenfunction.
Case o = 0. From section 3] and the conditions at x = 0 we necessary have

S(x) = C1 + Cs cos(VAz).

From the conditions at z = L we get

(2) m<g;): §

where

1 cos(VAL)

= 0 —vAsin(v/AL)

0  —Xcos(vVAL)
Again rank 8 = 2 which implies C; = C'5 = 0 and therefore S = 0. This implies
that ¢ satisfy (). Going back to section [3.2] from the first conditions in () we
get that

D(z) = Cox + Cysin(vAx).

Applying the conditions at = L in (Z9) we obtain

0
Cy \
- a(e)- (0
where
L sin(vAL)

Q= 1 VAcos(vVAL)
0 —Asin(v/AL)

Since rank Q = 2 we obtain D = 0 and ¢* = 0 for any k. This is in contradiction
with the fact that ¢ is an eigenfunction.
The case o < 0. From section Bl and () we necessary have

S(xz) = Cy cos(yx) + C5 cos(yx).

Then from the conditions at © = L in ([T9) we obtain

0
Ci\
(84) m( o ) - 8
where
cos(vL) cos(BL)
R = —vsin(yL)  —psin(BL)

12 cos(yL) — B cos(AL)
It is easy to see that rank | = 1 if and only if cos(yL) = cos(SL) = 0. In other
words, rank R = 2 if and only if A &€ A,qq in which case we get S = 0. Then ¢*
solves ([[3)) for all k. Again, in view of section B2 we must have

D(z) = Cysin(yx) + Cy sin(Sz).
Imposing the conditions at = L in (79) we obtain

(85) e<gj) §
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where
sin(yL) sin(BL)
S = v cos(yL) B cos(BL)
—2sin(yL) —#sin(BL)

We easily deduce that rank & = 1 if and only if sin(yL) = sin(8L) = 0 which is
equivalent to A € ;. Therefore, rank & = 2 if and only if A € N7 in which case we
get D = 0. This implies ¢¥ = 0 for all k which is in contradiction with the election
of ¢ as an eigenfunction.

Finally, the proof of Proposition is finished. O

We avoid the details of the proof of Proposition 4] since it follows the same
steps and ideas as the proof of Proposition We let the rest of details to the
reader.

4.2. New control results for the linear KS on an interval. In this section we
present some new control results for a single linear KS equation which are direct
consequences of the spectral analysis developed in Section[Bl For the sake of clarity
we will not insist too much on the rigorousness of the technical details since we
already did it in the previous sections.

We consider the system

Yt + Maw + Yozaa =0, (t,2) € (0,T) x (0, L)
v (t,0) = ul(t), te (0,T)
(86) Yawa(t, 0) = u?(t), t€(0,7)
Yo (t, L) = Yuaa (&, L) =0, t€(0,T)
y(0,2) = yo(x), x € (0,L).

where u', u? are control inputs. We then obtain

Theorem 4.5. The system (BG)) is null-controllable for any X\ & N3: for any time
T > 0 and any initial data yo € L*(0, L) there exist two controls u*,u* € L*(0, L)
which steer the solution of (BB) to the zero state, i.e. y(T,x) =0, for allx € (0,L).

Roughly speaking, the null-controllability of (8] is given through the adjoint
problem (backward in time)

—q¢ + >\q:m + Qraze = 0, (t, 1') S (0, T) X (0, L)
qx (t, 0) = Qmm(t,(]) = 0, te (O,T)
qaf:(ta L) = Qmmm(ta L) = 0; te (OvT)

Q(Tv Zl?) -V qT(x)v T € (OvL)

As in subsection [24] the system (Bf]) is null-controllable if one ensures the exis-
tence of the control inputs u', u? such that

(88) / yo(2)q(0,2)dx + / W () (A(1,0) + as (1,0)) + / W2 (t)q(t,0)dt.

Note that the spectral problem corresponding to the adjoint system (87) is pre-
cisely the eigenvalue problem (64]) in subsection Bl
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Therefore, in view of the method of moments such controls u', u' satisfying (B8]
can be build if for any eigenfunction ¢ of system (64)) it is verifies that both terms
#(0) and Ap(0)+ dz. (0) cannot vanish simultaneously. This is true as a consequence
of Lemma Bl applied at the point 2z = 0 instead of x = L (we let the details to the
reader to check that Lemma Bl is also valid when replacing L with 0).

Another direct application of our spectral results in Section Bl regards the fol-
lowing system

y(t,0) = ul(t), te(0,7)
(89) Yeu (t,0) = u?(2), te(0,7)
Yu(t, L) = Yuua(t, L) =0, t€(0,T)

y(0,2) = yo(x), z €(0,L).

whose adjoint is given by

—qt + )‘q$z + Qrexze = 0, (t, ZC) S (0, T) X (0, L)
q(t,0) = ¢ (t,0) =0,  t€(0,7)

(%0) ¢z (t, L) = quaa(t, L) =0, t € (0,T)

(T, z) = qr(z), x € (0,L).

We easily observe that the spectral problem corresponding to system (@0) is nothing
else than the eigenvalue problem [65 in subsection

By the above considerations system (8J) is null-controllable if one can find u!, u
such that

(91) /O yo(ﬂc)q(O,w)der/0 ul(t)(/\qac(t,O)Jrqm(t,0))+/0 U () g (t,0)dt = 0.

This is equivalent to verify whether each eigenfunction ¢ of (63) satisfies that ¢, (0)
and A¢y(0) + ¢22.(0) do not vanish simultaneously. Indeed, as a consequence of
the complete determination of the eigenfunctions of (G8) in subsection B2] this is
true unless A € N3. Therefore, we obtain

Theorem 4.6. The system [B9) is null-controllable for any X\ & N3: for any time
T > 0 and any initial data yo € L*(0, L) there exist two controls u',u? € L*(0, L)
which steer the solution of [&9)) to the zero state, i.e. y(T,x) =0, for all x € (0, L).

2
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