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Plan: Introduction to continuum mechanics

@ Motivation

@ Review of linear algebra

@ Lagrangian description of deformation

@ Eulerian description of deformation (lonescu)
@ Strain

@ Small strain approximation

@ Continuum Theory of Crystalline Solids

9 Plasticity and Dislocations
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Scale of continuum mechanics

Mésoscopique
(Microstructures)

@ In classical continuum mechanics, the world is idealized as a three
dimensional Euclidean space

@ A point in space is identified by a unique set of three real numbers
(x1, %2, x3)

@ A Euclidean space is endowed with a metric, which defines the
distance between points: d = \/xix;

@ Matter is idealized as a continuum, which has two properties: (i) it
is infinitely divisible (you can subdivide some region of the solid as
many times as you wish); and (ii) it is locally homogeneous
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Vector and Matrices

@ vector: a = (a1, a2, as)

@ inner product : @a-b = ajb; + axb + azbs

@ Einstein summation on repeated indices: a- b = Zf’:l a;b; = a;b;
@ Matrix representation: @ = aje; + axer + aze3 = ) ; aje; = aje;
@ Components: a; = a.e;
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Matrices

9 In any fixed rectangular cartesian coordinates a matrix defines a
linear transformation

A1 Az oo A

A1 Ap - Ao
o Am,n = . . . .

Am,l Am,2 e Am,n

@ matrix-vector product b = Aa = b; = Aja;

@ tensorial product
a®b: (a®b)c=(b-c)a, Yc, (a®b);=ab;
@ matrix inner product A: B = A;Bj;
@ matrix product AB = C = Cjj = Ay Byj
@ We can also represent a second order tensor as: A = Aje; ® e;
@ Tranpose: switch rows and columns
@ Tranpose: (A-B)" =BT A"
@ Trace: ZiAﬁ = A,','
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Geometric modeling
Kinematics

Continuum kinematics

@ Lagrangian description of deformation x(X) = X + u(X)
@ Material coordinates: X = (X, X3, X3)

@ u(X) is the displacement vector

@ Deformation: x(X) = (x1(X),x2(X),x3(X))

- octomed
Xox(Ky)  Comormontet
L T®)

Reference Configuration

Undeformed
Configuration, £ = 0
xo(B)
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Geometric modeling
Kinematics

Continuum kinematics

@ Example of homogenous deformation: x; = %Xl —V1X, + 3,
Xp = %X1+\/IX2+3, x3 = X3

X5(Y,)

0 p) 3 o

Figure 2.2: Example of a homogeneous deformation. The reference configuration on the left deforms
to the deformed configuration on the right under the deformation described in Eq. (2.15).
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Geometric modeling
Kinematics

Continuum kinematics

@ Example of inhomogenous deformation:
x1 = X1 +0.1 sin(27rX2) +2, % =X24+0.1X1, x3 = X3

X5(y,)

2 S-S

Figure 2.3: Example of an inhomogeneous deformation. The reference configuration on the left
deforms to the deformed configuration on the right under the deformation described in Eq. (2.16).
Notice that under sufficient magnification, an inhomogeneous deformation can be approximated
locally by a homogeneous deformation.
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Geometric modeling
Kinematics

Continuum kinematics

@ Deformation gradient F = (Vx);; = g—;}; =1+ g—;’é
o F(x)=Vx(X)

1/vV2 —v2 0
9 eg. Fm,n: 1/\/5 \/§ 0

0 0 1
All homogenous deformation can be written as x = FX + ¢

©

F is a constant matrix

©

@ c is a translation vector
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Geometric modeling
Kinematics

Deformation of a continuous body

@ infinitesimal element of a continuous body dX = (dXi, dXz, dX3)

@ It is possible to show that (using Taylor expansion around a point of
deformation) dx = F(X) - dX = Fjy.dX

@ dx; = X +dX; + U(Xk + ka) — (X,' + u,~)

o u(Xi + dXi) ~ ui(Xe) + B4 dX,

@ Therefore dX; = dx; + 6 ka (o + 6 ka)

o F(X)=Vx(X)
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Geometric modeling
Kinematics

Non-linear strain tensor: Cauchy-Green

@ Consider two line elements in the reference configuration dX(l),
dX® — dx@), dx@

o dx . dx®@ = (FdXM) . (FdX?) = dXV(FTF)dx? =
dxWcdx®

The right Cauchy-Green strain: C = F'F

Cauchy-Green strain: Cj = FiFy;

I is the identity matrix

¢ e ¢ ¢

Properties: symmetric, positive and non-linear with
respect to F

o C'(FTRA)T=F(F")T=F'F=C
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Geometric modeling
Kinematics

Non-linear strain tensor: Green-Lagrange

o Variation of lengths: dX® = dX® = dX = dlyng —
dxW) = dx® = dx = din

lno| = [n| =1
di? — d/2 |dx|? — |dx|2 dX2EdX —dX - dX_2(dnoEdno)d/O
Green-Lagrange: E = %

2 2
I = 2dnoEdng
0
Relative length variation in direction of ng
The diagonal components of the Lagrangian finite strain tensor are

related length change of elements

¢ &6 6 ¢ ¢ ¢

9@ What is the physical meaning ?

@ Take a line element in the 1-direction dX; = [dX1,0,0]'

@ Define the stretch: A\ = ‘lj;llll = N\ = (llj;ll“ )2 =dX;CdX; = Cy
@ compression: A < 1, extension: A > 1 and unstretched : A =1

@ — Ellz%(Cll—l):%Az—l

@ The square of the stretch of this element is )\% then E;; = )&2_1
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Geometric modeling
Kinematics

Physical interpretation of the finite strain tensor

o Variation of angles: dX®) = di"ng; dX® = di¥’ my —
dx®) = dIWn; dx? = di®m

@ Let 6 denote the angle between the deformed elements which were
initially parallel to X; and X;

@ ng - mgy = cos(fy) and n- m = cos(f)

o dx(@ . dx@ — gxV . gdx® = gxV2EdX? — gxV) . dx? =
2(dnoE dmg)diiV dif?)

@ The angle between two vectors is given by: cos(f) = Tl T]

cos(0o)+2(Emo)-ng
\/(E+1)ng~ng\/(E+1)mg~bmo

[

e.g., cos(f) =
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Geometric modeling
Kinematics

Example: shear

©

Shear: F =1+ a(e; + e;) such that e; Ley

@ Let's choose el = (1,0) and €2 = (0,1) and « is the shear strength
@ x1 = X1 +aXy,x2=X2,x3=X3
1 a O 1 Q@ 0
9 Fnn=10 1 0| Cpn= |« 1+a? 0
0 0 1 0 0 1
0 a O
Emn= |« a? 0
0 0 O
o cos(l) = gl
@ The off-diagonal components of the Lagrangian finite strain tensor

are related to shear strain

al
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Geometric modeling

Kinematics

Volume change

@ Consider a differential material volume dV at some material point
that goes to dv after deformation

@ How to measure the volume change ?

@ Reference volume: dVy = dZ.(dX x dY)

@ Deformed volume: dv = dW.(dR x dV)

@ It is easy to show that the volume change: J = dv = (detF(X))dVo

w

Defonr ad
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Geometric modeling
Kinematics

Polar decomposition theorem

@ A rotation matrix: R such that RR” = R R=I (detR = I).

@ Polar decomposition theorem: For any matrix F with detF > 0,
there exists an unique rotation R and an unique positive-definite
symmetric matrix U such that

F=RU

@ how to calculate it 7 Calculate the Cauhy-Green strain tensor
C = F'F and then U = V/C, i.e. Find the eigenvalues {71, 72,73}
and eigenvectors {uy, u2, u3} of C calculate y1; = \/7; and then U
is the matrix with eigenvalues {1, 112, 13} and the corresponding
eigenvectors such that

U= pu; @ up + paup @ up + psus @ us
R=FU!

@ Ajoute un example
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Geometric modeling

Kinematics

Polar decomposition example

@ Example of deformation: x; = 1.3X; — 0.375X; and
Xy = 075X1 + 065X2

1.3 —0.375 0
o Fpn=1075 065 0

0 0 1

-
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Geometric modeling
Kinematics

Polar decomposition example

@ Example of deformation: x; = 1.3X; — 0.375X; and
xo = 0.75X;1 + 0.65X>

1.3 —-0375 0 225 0 0
o Fron=1|[075 065 0| FTF=| 0 053 0|=U"U

0 0 1 0 0 1
Vv2.25 0 0
o Um,n = 0 Vv 0.563 0
0 0 1

086 —-05 0
e FU'=RUU'=R=[05 08 0] =
0 0 1
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Geometric modeling
Kinematics

Linear strain

[

The Green-Lagrange strain: E = FTF—1
How it looks in terms of displacement ?

E=L(+0+25

©

[

For small deformation 8”’ < 1, we obtain

e=3(5% + %)

It works well up to 1 — 2% of deformation

[

©

[
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Geometric modeling
Kinematics

Linear strain (2)

@ Infinitesimal volume change: tr(e) =¢;;

on: w — Ll(ow _ 9y
@ rotation: w = 2(3X} ax,-)

@ additive decomposition of deformation gradient:

Ju;
) B_X; = €jj T Wjj
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Geometric modeling

Kinematics

Comparaison small-strain and large deformation (2)

@ Apply a pure rigid body rotation F — RF
@ Calculate non-linear strain:
E=F F=(RF)'RF=F'R'TRF=F'F
@ Calculate linear strain:
e=(FT+F-21)/2= (RF)T +RF #(FT+F - 2')/2

collision between needle bending, tapering and splitting
laminates in NigsAhs

Boullay et al., Phys. Rev. (2001), Acta.Mater., (2002)
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Geometric modeling
Kinematics

Comparaison small-strain and large deformation

@ Uniaxial loading: elongate a bar of length Ly by AL
o Lagrangian displacement: u(X) = £(L¢ — Lo)

o a= %

@ Uniaxial tension Fi; =1+ 2% =1+«

e Ci1=a+ "‘72

Qe =0

Groen Strain

1 05 0 os 1
Engineering Strain

«—Ly—> AL |«

Introduction to continuum mechanics



Geometric modeling
Kinematics

A brief recall: Eulerian coordinates

9@ We consider a ball thrown vertically under a gravity field g

@ Newton equation: F = mx = mg
@ Lagrangian coordinates: x(Xp,t) = Xo + Vot — %tz
@ Velocity at Lagrangian coordinates: V/(Xp,t) = % =Vy—gt

@ Now find the time t using the equation of coordinates x(Xg, t) —

f— Vo—+/—28x+2gXo+ V2

g

@ Insert the solution into velocity at Lagrangian coordinates V/(Xj, t)
@ Eulerian description (fixed frame): V(x) = —(Vo — [2g(X — Xo)]*/?)
o It implies VE(x, t) = VL(X, t)

dft _ off | 9fF ox DF _ off E
O & = 9r T oxar ~ @ — ot TV VFf
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Geometric modeling
Kinematics

Continuum kinematics

Eulerian description of deformation X(x) = x — U(x)
Spatial coordinates: x = (x1, %2, x3)

U(x) is the displacement vector

Deformation: X(x) = (X1(x),Xz2(x),X3(x))

One can show that U(x) = u(X)

¢ 6 ¢ ¢ ¢

- octomed
Xox(Ky)  Comormontet
L T®)

Reference Configuration

undetormed
o
()
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Geometric modeling
Kinematics

Continuum kinematics

]

What happens to deformation gradient F 7
F(x)=VX(x) = F}(X)

o Deformation gradient F~! = (Vx); = g—ii_" =1- %X(jx)

©

[

All homogenous deformation can be written as X = F'x + ¢

©

F~1is a constant matrix which is the inverse of F
@ c is a translation vector
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Geometric modeling
Kinematics

The Left Cauchy-Green Strain

/2

©

P
define strain as 7

©

Consider two line elements in the reference configuration dx),
dx® — dxW, dx®

dx®. dx<2 (Ftdx®W) . (F*dx( 2>) =
dXD(FTF1dx® = gxWp1dx®?

The left Cauchy—Green strain: b= FFT

The left Cauchy-Green strain: by = Fi Fj

How it is related to the the right Cauchy-Green strain ?
C=F 'bF,and b= FCF'

©

¢ €& ¢ ¢
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Geometric modeling
Kinematics

Non-linear strain tensor: Euler-Almansi

o loxP—iaxP

This time use dX = F'dx

dx-dx —dX-dX = dx-dx — (F *dx)(F 'dx) =

dx-(I —F TF').dx =dx-e-dx

Almansi-Euler: e = (I — F~TF™1)

The diagonal components of the Euler finite strain tensor are related
length change of elements (again!!)

©

[

[

[
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Geometric modeling
Kinematics

Uniaxial tension with the Almansi strain tensor

o Eulerian displacement: U(x) = 7 (L — Lo)

° dU(x) _ AL
dx - Lf
_ du(x) _ 1/du(x)y2 _ AL _ 1(ALY2
0 en =" — 3 =7 —3()
’ e
; " S
= I AL I"\l:
05 - aem 20z, 05 ——"1]
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Geometric modeling
Kinematics

Linear strain for Eulerian-Almansi

@ Almansi-Euler: e = (I — F—TF—l)

@ How it looks in terms of displacement ?

— 19U 4 09U _ 9y, 9y
°e_2(6)<j_|_8><,~ Ox; Bx,')

BU,

@ For small deformation < 1, we obtain

Eulerian _ 1,9U; | 9U;
9 € - 2(8xj + Bx,')

@ clagrangian _ (Bu, 4 8”1)

@ Important conclusion: for small deformations, both Eulerian and
Lagrangian strains are equivalent

P U(X) — U(X) — 6Eulerian — 6Lagrangian
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Continuum Theory of Crystalline Solids

Crystalline solids

@ A solid is said to be crystal if atoms are arranged in a way that their
positions are exactly periodic

@ Crystalline solids are solids in which the atoms, ions, or molecules
are arranged in a definite repeating pattern

@ It is also possible for a liquid to freeze before its molecules become
arranged in an orderly pattern. The resulting materials are called
amorphous solids or noncrystalline solids (or, sometimes, glasses)

@ There is also quasi-crystals with no translation symmetry but with
order

Crystalline Amorphous
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Continuum Theory of Crystalline Solids

Bravais Lattices

o A Bravais lattice L(e, 0) is an infinite set of points in
three-dimensional space generated by the translation of a single
point o through three linearly independent lattice vectors
{e1,e3,e3}: = L(e,0) = {x: x = m'e;}, where m*, m>, m® are
integers.

@ The lattice vectors {e1, e3, es} define an a unit cell.

. . A
i S / i
o 23 D —
Lo,
L iy
= see,
) / F o v e
. . e . Simple Cubic Body-centered Cubic Simple Tetragonal
2
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Continuum Theory of Crystalline Solids

Bravais Lattices

@ All of the points in the lattice can be accessed by properly chosen
primitive translation vectors

@ The parallelepiped formed by the primitive translation vectors can be
used to tile all of space

@ A primitive unit cell (containing only one lattice point) can be
chosen

square hexagonal oblique
a=b 7=9 a=b y=126 akb oyt

rectangular
08800 e

etcoee a#b q=90°

rectangular
. . centred
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Continuum Theory of Crystalline Solids

Non-Bravais Lattices

@ More than 1 primitive translation vectors
@ We observe it graphene or in alloys with more than 1 atom
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Continuum Theory of Crystalline Solids

Same notions

e ¢

It is conventional to denote a direction in a lattice by

d = ue; + ves; + wes

A class of crystallographically equivalent directions is denoted by
<uvw>

The lattice vectors {e1, ez, e3} define an a unit cell.

For example, in a simple cubic lattice with lattice vectors chosen
parallel to the edges <100>{[100], [100],[010], [010], ...}.

A crystallographic plane with its normal (hkl); h, k and [ are
numbers are defined as normal plane to a direction

Reciprocal vectors{e!, e? €3} — e;- €/ =1ifi=j

Normal to the plane is given by n = he® + ke’ + /&3

{hkl} denotes a class of equivalent planes




Continuum Theory of Crystalline Solids

Deformation of Lattices and Symmetry

@ Consider two Bravais lattices L(e, 0) and L(f, 0) generated by
lattice vectors {e;} and {f;}

@ There is a matrix F with detF # 0 such that f; = Fe;

@ There are some deformations which map a Bravais lattice back to
itself. This is a consequence of the symmetry in a lattice
— e; = m\f; such that m has integer entries with detm = +1

1 00
of1:e1,f2:e1+e2,f3:e3mm7,,: 1 1 0
0 01

o He; = nrfej

@ Therefore, the set of deformations that map a lattice back into itself
is given by — G(e;) = {H : He; = m'e;}

o G(e;) is a symmetry group GL(2,Z) or GL(3,Z)
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Continuum Theory of Crystalline Solids

The Cauchy-Born hypothesis

@ Our goal is to obtain a continuum theory

@ The Cauchy-Born hypothesis says that the lattice vectors deform
according the deformation gradient: e; = F(x)e?

@ The lattice vectors behave like material filaments

Y \

T SN

/ e, =Fe$
{1es \ o
‘ 2 | e, =Fe3
“\ ef ’,/‘ ey =Feg

X 7

S F =Vy(x)

Figure 3.4: Lattice-continunm link nsing the Cauchy-Born Hypothesis. The lattice vectors deform
according to the deformation gradient.
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Continuum Theory of Crystalline Solids

)

The Cauchy-Born hypothesis (2

Introduction to continuum mechanics
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