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Plasticité des cristaux: une description Eulérienne

loan R. Ionescu - Université Paris Nord

Le modele mécanique Eulerien de plasticité cristalline sera le point de départ et le but final. Pour arriver a faire
une résolution numérique d'un probleme simple (I’écoulement/déformation d'un cristal dans une filiere) on va
découvrir d'autres horizons, importants pour la culture générale d'un mathématicien, mais qui seront nos
"€tapes". On va passer ainsi en revue 1'équation de la chaleur, I'écoulement de Stokes et 1'équation de transport,
qui apres une formulation variationnelle seront "résolus" numériquement en utilisant les méthodes des
¢léments finis et de Galerkin discontinu. On va faire des nombreuses illustrations en s'appuyant sur une
programmation FreeFem++ et une visualisation Paraview (ordinateurs portables fortement recommandés) .

Seulement a la fin on va tout assembler pour pouvoir résoudre le probleme de départ.
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Continuum kinematics

By undeformed/reference configuration, B; deformed/actual
configuration

Motion: x(t, X) = X + u(t, X) with x(t, Bo) = B:.
Material/Lagrangian coordinates: X = (X1, X2, X3) € By
Spatial /Eulerian coordinates: x = (x1,x2,x3) € By

u(t, X) = x(t, X) — X the displacement field
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Velocity-acceleration

Ox
ot
Suppose X — x(t, X) one to one function, then 3 x — X(t, x)
velocity (in Euler variables) v(t, x) = v(t, X(t, x))

velocity (in Lagrange variables) v(t, X) = —(t, X)

@ acceleration (in Lagrange variables) a(t, X) = (t X)
@ acceleration (in Euler variables) a(t, x) = a(t,X(t,x)).

Example. Dilatation:
X1 :Xl—f—OéltXl, X1 :)<2—|—042t)<27 X3 :X3—|—a3tX3
o velocity (in Lagrange variables) v(t, X) = (a1 X1, a2 Xz, a3X3)

o velocity (in Euler variables) v(t,x) =

a1 az a3
(1+a1tX1’ Tront X2 1+a3tX3)'
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Particular (material, total) derivative

Particular (total) derivative of field K (the particle is followed in its
movement) : K(t, X) in Lagrange description, K(t, x) = K(t, X(t, x)) in
Eulerian description

e if K is in Lagrange variables d}:( X) = aK(t X)

o if K is in Euler variables (g:(t x) = 88 (t,x) + v(t,x) - ViK(t, x)
Examples

o K=x: %(t,x) = v(t, x)

o K=v(t,x): %(t, x) = a(t,x) = %(t,x) + v(t, x) - Vyv(t,x)
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Reynolds’s transport theorem

Particular (material, total) derivative of a volume integral
Let wp C Bp and wy = x(t,wp) C By (the subset wy C By is followed in
its movement) and K(t, x) a field in Eulerian description

i/wr K(t,x) dx = /wt <88}:(t,x) +diVx(K(t7X)v(t7x))) dx

/ %(t,x)—i—K(t,x)divxv(t,x) dx:/ %—}:(Lx)—i—/ K(t,x)v(t,x)-n d
we we Owy

Examples

e K=1: %Vo/(wt) = / divev(t, x) dx = / v(t,x)-ndS
wr Owy

o if divyv(t,x) = 0 then the volume is incompressible
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Deformation of a continuous body

F=Vy(X)
x=y(X,)

o infinitesimal element of a continuous body dX = (dXi, dXs, dX3)

o It is possible to show that (using Taylor expansion around a point of
deformation)

dx = F(t,X)dX = (I + Vu(t,x))dX

8U,‘
OXj

o dx; = FydXy = (di + )dXi
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Volume change

o Consider a differential material volume dV at some material point
that goes to dv after deformation

How to measure the volume change 7

Reference volume: dVy = dZ - (dX x dY)

Deformed volume: dv = dW - (dR x dV)

J(t, X) = det(F(t, X)) Jacobien of the trasformation

It is easy to show that the volume change: dv = JdV

e

dar dw

Defonr ad
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Polar decomposition theorem

o A rotation matrix: R such that RR™ = R"TR=I (detR = ).

@ Polar decomposition theorem: For any matrix F with detF > 0,
there exists an unique rotation R and an unique positive-definite
symmetric matrix U such that

F=RU

@ how to calculate it 7 Calculate the Cauhy-Green strain tensor
C = F'F and then U = \/C, i.e. Find the eigenvalues {71,72,73}
and eigenvectors {uy, uz, us} of C calculate y1; = /77 and then U
is the matrix with eigenvalues {1, 112, 3} and the corresponding
eigenvectors such that

U= pyu; ® uy + poup @ up + pzus @ us
R=FU™'
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Polar decomposition theorem
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Velocity gradient

Velocity gradient tensor L = L(t,x) = V,v(t,x), L;

da

dt
L=RR" + RUU'RT

Strain rate (stretching, rate of deformation) tensor D = D(v)

1 0vi Oy

E(aXJ + 8x,-)

L=FF'=(.F)F

1
D = D(t,x) = E(va(t,x) + VxTv(t,x)), Dy =

Spin tensor W = W(v)

B 1 T o _Lloovi oy
W = W(t,X) = z(vxv(t,x) vx V(t,X)), VVU o 2(8)(1 8X,')

L=D+WwW, D'=D, W' =-w

1
w(t,x) = curlyv(t,x), Wec= SW X €, Ve
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Geometric modeling: an Eulerian approach Kinematics
Deformation

Rate of Change of Length and Orientation.

dx = FdX,L=FF ! = d(dx)_de
Orientation and length of the infinitesimal vectors

dx = nds, dx' = n'ds', dx*> = n?ds®
d
Rate of change of orientation E(n) =Ln—(Dn-n)n
i(dx1 -dx?) = 2Dx" - dx?
dt
Rate of change of length

Inds) = ii(ds) =Dn-n

d
dx! = dx® = nds =
x x° = nds dedt

p
Rate of change of angles
d 4

E(n n’) =2Dn' - n* — (Dn' - n* + Dn* - n*) n* - n*
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Mass conservation law
Cauchy assumption and stress vectors

Conservation laws
Momentum balance law

Mass conservation law

Let po : Bo — Ry, and p(t,-) : By — R, be the mass density such that

mass(wp) = /wo po(X) dX, mass(w) = /wt p(t, x) dx

for all wo C Bo and w; = x(t,wp) C Bs.
o Mass conservation law: mass(wg) = mass(w;) for all wy C By.

o Lagrangian description p(t, x)J(t, X) = po(X) for all X € By

d
o Eulerian description Ep(t,x) + p(t, x)divev(t, x) =0 for all x € B;

o Eulerian description ap(t,x) + divk(p(t, x)v(t,x)) =0
d d
Consequence: p p(t, x)K(t, x) dx :/ p(t,x)EK(t,x) dx
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Mass conservation law
Cauchy assumption and stress vectors

Conservation laws
Momentum balance law

Forces acting on the body

Assumptions
o Body forces pbdx: b = b(t,x)

o Surface forces tdS acting on 9D;: the action of B; \ D; on D; can
be replaced by the distribution of the Cauchy stress vector t

o Cauchy’s hypothesis: t = t(t, x, n)
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Mass conservation law
Cauchy assumption and stress vectors

Conservation laws
Momentum balance law

The Balance of Momentum Principles

Balance principle for linear momentum (Newton's law):

%/ p(t, x)v(t, x) dx:/ p(t, x)b(t, x) dx+/ t(t,x,n) dS

Owy

Balance principle for angular momentum (Newton's law):

d p(t, x)xAv(t,x) dx = / p(t, x)xAb(t, x) dx+/ xAt(t,x,n) dS
dt we we Owy
for all wy C Bs.
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Mass conservation law
Cauchy assumption and stress vectors

Conservation laws
Momentum balance law

Consequences of balance principles and stress tensor

Consequences of linear momentum balance principle + Cauchy's
hypothesis

e n — t(t,x,n) is linear and there exists o(t, x) Cauchy stress
tensor such that
t(t,x,n) =o(t,x)n

@ Equation of motion
d .
o(t, x)d—tv(t7 x) = divyo(t, x) + p(t, x)b(t, x)

Consequence of angular momentum balance principle

@ Cauchy stress tensor is symetric

o’ (t,x) =o(t,x)
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Mass conservation law
Cauchy assumption and stress vectors
Momentum balance law

Conservation laws

Equation of motion in Lagrange formulation

First Piola-Kirchhoff stress tensor (non-symmetric !)
At X) = J(t, X)o(t, x(t, X)F T (£, X)

Contact force

Nanson'’s formula ndS = JF~ " nydSy = o (t, x)ndS = N(t, X)nydS,
d .
PO(X)EV(L X) = divx[(t, X) + po(X)b(t, X)

Equilibrium equation divx[1(t, X) + po(X)b(t,X) =0
Second Piola-Kirchhoff tensor (symmetric 1) § = F'
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Mass conservation law
Cauchy assumption and stress vectors

Conservation laws
Momentum balance law

Examples of stress tensor
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