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The de Branges—Rovnyak spaces

De Branges—Rovnyak spaces

Reproducing kernels

Definition

e Given b in the closed unit ball of H*, the associated de
Branges—Rovnyak space H, consists of the range of the
operator (I — Tp Tg)l/2 equipped with the range norm. (For
¢ € L(T), by T, : H> — H? we have denoted the Toeplitz
operator defined by T,,(f) = Py (¢f), where P, : L?(T) — H?
is the standard Riesz projection onto the closed subspace H?
of L2(T).) The range norm induces an inner product on H,
which makes (/ — T, T5)Y/2 an isometry from H? onto H.
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o H,, consists of those f € H? satisfying

2. 2 2
I£]5 = squ(Hf + bgllre — llgllhe) < oo
ge
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The de Branges—Rovnyak spaces

De Branges—Rovnyak spaces

Reproducing kernels

Reproducing kernels for the de Branges—Rovnyak spaces

e One can easily check that H}, is a reproducing kernel Hilbert
space: the reproducing kernels can be computed explicitly and
have a natural form,

Kp(z,\) = Zl—lbf)\/ilz)(z) (z; A e D).
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Dirichlet spaces Dirichlet spaces

Continuity for the evaluation functionals

Dirichlet spaces

e For a finite, positive Borel measure y on the unit circle, let P,
denote its Poisson integral. The corresponding generalized
Dirichlet space D,, is defined to be the set of all holomorphic
functions f on D such that the Dirichlet integral with respect
to u satisfies

D,.(f) :—/D]f’(z)FPM (z) dA(z) < oo,

where dA is the normalized area measure on the unit disc.
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Continuity for the evaluation functionals

Dirichlet spaces

e For a finite, positive Borel measure y on the unit circle, let P,
denote its Poisson integral. The corresponding generalized
Dirichlet space D,, is defined to be the set of all holomorphic
functions f on D such that the Dirichlet integral with respect
to u satisfies

D,.(f) :—/D]f’(z)FPM (z) dA(z) < oo,

where dA is the normalized area measure on the unit disc.

e If 1 is the normalized Lebesgue measure on the unit circle,
then D,, coincides with the classical Dirichlet space D. In the
general case, D, is always a subspace of the classical Hardy
space H?, and we may define a norm on it by putting

IF12 == lIfll5+ Du(f)  (f € D),
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Dirichlet spaces Dhirialilet greess

Continuity for the evaluation functionals

Dirichlet spaces

e S. Richter, A representation theorem for cyclic analytic
two-isometries, Trans. Amer. Math. Soc. 328 (1991),
325-349.
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Not easy to work with the standard norm /inner product of D,,,
mainly because of the way the Dirichlet integral is defined.
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Dirichlet spaces Dirichlet spaces

Continuity for the evaluation functionals

Evaluation functionals

e For A € D, the evaluation functional at A is continuous on D,,.
e How to compute the corresponding reproducing kernels?

e If £ €T and p({£}) > 0, the evaluation functional at £ is
well-defined and continuous on D,,.
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De Branges—Rovnyak and Dirichlet spaces Local Dirichlet spaces as de Branges—Rovnyak spaces

Dirichlet spaces as de Branges—Rovnyak spaces: equality of sets

Local Dirichlet spaces as de Branges—Rovnyak spaces

e The connection between the spaces D, and H} was first
noticed by S. Richter and C. Sundberg.
(A formula for the local Dirichlet integral, Michigan Math. J.
38 (1991), 355-379.)
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Local Dirichlet spaces as de Branges—Rovnyak spaces

e The connection between the spaces D, and H} was first
noticed by S. Richter and C. Sundberg.
(A formula for the local Dirichlet integral, Michigan Math. J.
38 (1991), 355-379.)

e Improving their observation, D. Sarason proved that by taking
p = d¢, the point mass measure at § € T, then Ds, = Hp,
with equality of norms, where

_ (VB-1)/2E 146z
1—((3-v5)/2)éz 2 z-w

where wg = (3 +1/5)¢/2.
(Local Dirichlet spaces as de Branges-Rovnyak spaces, Proc.

Amer. Math. Soc. 125 (1997), 2133-2139.)

be (2) (z € D),
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De Branges—Rovnyak and Dirichlet spaces Local Dirichlet spaces as de Branges—Rovnyak spaces

Dirichlet spaces as de Branges—Rovnyak spaces: equality of sets

Reproducing kernels for local Dirichlet spaces

e We have
1— b (Nbe (2) _ 3+ V5 —z(A\(VBE—1)/2+8) — (A — Wo)é
1-2z 2 (A —Wo)(z — wo)(1 — Az2) ‘
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Reproducing kernels for local Dirichlet spaces

e We have
1— b (Nbe (2) _ 3+ V5 —z(A\(VBE—1)/2+8) — (A — Wo)é
1-2z 2 (A —Wo)(z — wo)(1 — Az2) ‘

e For any fixed £ € T, for z, \ € D we have

1+ Vhz(A+ (VB +1)€/2) + (A — o) (V5 + 1)¢/2
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e The converse for Sarason’s result also holds: the local
Dirichlet space is the only case when D, arises as a de
Branges—Rovnyak space, with equality of norms.

(N. Chevrot, D. Guillot, T. Ransford, De Branges—Rovnyak
spaces and Dirichlet spaces, J. Funct. Anal. 259 (2010),
2366-2383.)
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.. Local Dirichlet spaces as de Branges—Rovnyak spaces
De Branges—Rovnyak and Dirichlet spaces ¥ one - ;

Dirichlet spaces as de Branges—Rovnyak spaces: equality of sets

Necessary conditions

e (C. Costara, T. Ransford, Which de Branges—Rovnyak spaces
are Dirichlet spaces (and vice versa)?, J. Funct. Anal. 265
(2013), 3204-3218.)
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We have 1+ V, < 1/|a|? m-a.e. on T.

e 1 and m are mutually singular.
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If bis a rational function, then the corresponding function a is

also rational, all its zeros on T are simple, and the support of
1 is exactly equal to this set of zeros.
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.. Local Dirichlet spaces as de Branges—Rovnyak spaces
De Branges—Rovnyak and Dirichlet spaces ¥ one - ;

Dirichlet spaces as de Branges—Rovnyak spaces: equality of sets

The case of finitely supported measures

e If p is finitely supported, then D, is a de Branges—Rovnyak
space, but this time we have only equality as sets.
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The case of finitely supported measures

e If p is finitely supported, then D, is a de Branges—Rovnyak
space, but this time we have only equality as sets.

e Of course, unlike the case ;1 = ¢, the inner products from the
Dirichlet and de Branges—Rovnyak spaces (which, in fact,
define the reproducing kernels) do not coincide, so we cannot
use the above result to compute directly the reproducing
kernels of D,,.
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The subspace of functions which are zero on the support
roducing k for O, H

) @ : . e or al complement of 0, H?
Reproducing kernels for Dirichlet spaces associated to finitely suppc e S EIlCIENS CIFC,

Zero on the support of p

o Let c1,...,ch > 0 and &1, ..., &, pairwise distinct on the unit
circle, and consider 1 = > 7, ¢jdg;.
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Reproduc

Reproducing kernels for Dirichlet spaces associated to finitely suppc

Zero on the support of p
o Let c1,...,ch > 0 and &1, ..., &, pairwise distinct on the unit
circle, and consider 1 = > 7, ¢jdg;.
e Then V, : C — [0, +00] is given by

n

) — du(k)_ G
IS Areprcied D
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The subspace of functions which are zero on the support
Reprod nels for O, H?

Reproduc Is for tln orthogonal complement of Oy, H?
Reprod nels for D,

Reproducing kernels for Dirichlet spaces associated to finitely suppc

Zero on the support of p
o Let c1,...,ch > 0 and &1, ..., &, pairwise distinct on the unit
circle, and consider 1 = > 7, ¢jdg;.
e Then V, : C — [0, +00] is given by

n

) — du(k)_ G
IS Areprcied D

e Construct the unlque outer function O, € H? such that
0,(0)>0and [0, =1/(1+ V,) on T.
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of functlons which are zero on the support

) > : - the orthogonal complement of O, H2
Reproducing kernels for Dirichlet spaces associated to finitely suppc or the orthogonal complement of ©y,

Re
Reproduci els for D,

Zero on the support of p

o Let c1,...,ch > 0 and &1, ..., &, pairwise distinct on the unit
circle, and consider 1 = > 7, ¢jdg;.

e Then V, : C — [0, +00] is given by
du (M) u G
V,(z2)= | ——5 = — .
g T |\ -z Jz_;m,-zrz
e Construct the unlque outer function O, € H? such that
0,(0) >0 and |0, —1/(1+V)onT.
o Apply Riesz—Fejér theorem to the trigonometric polynomial

H |27§/ +Zk 1 kH#k 5] )7

which is positive on T.
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The subspace of functions which are zero on the support
Reprodu rnels for _
Reprodu r rthogonal complement of O, H?
Reproduc

Reproducing kernels for Dirichlet spaces associated to finitely suppc

Zero on the support of p

e There exist ay,...,a, € C, all of modulus strictly bigger than
one, and ¢ > 0 such that, on T,

n 2 n _ 2 - n _ 2
I 2 -6PP+> -, (Il lz—a) =c]]_, lz— .
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The subspace of functions which are zero on the support
Reproduci nels for O, H

Reproduc Is for the orthogonal complement of O,, H
Reprod nels for D,

Reproducing kernels for Dirichlet spaces associated to finitely suppc

Zero on the support of p

e There exist ay,...,a, € C, all of modulus strictly bigger than
one, and ¢ > 0 such that, on T,

n 2 n _ 2 - n _ 2
[[_ 2P+, (Il lz-6M =c]]_, lz— .

e Then N
0,(2) = n Itz —§)

B %Hf:l(z —aj)’
where 7 is a complex number of modulus one which gives
0, (0) > 0.
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The subspace of functions which are zero on the support
Reproduci nels for O, H

Reproduc Is for the orthogonal complement of O,, H
Reprod nels for D,

Reproducing kernels for Dirichlet spaces associated to finitely suppc

Zero on the support of p

e There exist ay,...,a, € C, all of modulus strictly bigger than
one, and ¢ > 0 such that, on T,

n 2 n _ 2 - n _ 2
[[_ 2P+, (Il lz-6M =c]]_, lz— .

e Then N
0, () = L LpAE 9]
Ve Hj:l(z - o))
where 7 is a complex number of modulus one which gives
0, (0) > 0.
e We have D, =P, _1® OHHz, an algebraic direct sum!
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The subsp of functions j)ch are zero on the support
Reproducing kernels for O, H*

Reproducing kernels for Dirichlet spaces associated to finitely suppc Rl mels for D,

On O, H?
e We have
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The subspace of functio hj)ch are zero on the support
Reproducing kernels for O,

Reprod Is for the orthogonal complement of O, H?
Reprod Is for D,

Reproducing kernels for Dirichlet spaces associated to finitely suppc

On O, H?
e We have

(Ouf,0,8), = (f.8), (g€ H).

e For A e D, let
~ Ou (M)
K 7)\ = “7*
(2, 0) 1-2
Then Ru (-,A) € D, and

<f, Ru(-,A)>“ —f(\)  (fe O,H).
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The subsp of functions 0 on the support
Reproducing kernels for O, H

Reproducing kernels for the orthogonal complement of O, H?

Reproducing kernels for Dirichlet spaces associated to finitely suppc Reneie nels for D,,

On (O,H?*)*

e For k=1,...,n, put

fi (2) = OH(Z) _ Ui Hjik(z_gj)
: 0 (&) (z— &)~ VO, (&) TI1y(z — o)
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The subsg functions which are zero on the support
Reproducing kernels for O,

Reproducing kernels for the orthogonal complement of O, H?
Reproduc ernels for D,

Reproducing kernels for Dirichlet spaces associated to finitely suppc

On (O,H?*)*

e For k=1,...,n, put

O, (2) n 1Laz-§)

= O (- 80 T VeOL(© Tz — o)

e Each £ is a rational function with poles outside the closed
unit disk, and therefore analytic on a neighborhood of it. In
particular, f, € D, for each k. Also, |fi| <1 on the closed
unit disk, and fx (&) equals 1 for k =/ and O for k # .
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The subsp: vhich are zero on the support
Reprodu

Reproducmg kernels for the orthogonal complement of O, H?
Reprodu ernels for D,

Reproducing kernels for Dirichlet spaces associated to finitely suppc

On (O,H?*)*

e We have
fi € (OuH?)"

for each k.
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The subsp of functions 0 on the support
Reproducing kernels for O, H

Reproducing kernels for the orthogonal complement of O, H?

Reproducing kernels for Dirichlet spaces associated to finitely suppc Reneie nels for D,,

2\.L
On (O,H?)
e We have
fi € (OuH?)*
for each k.
e For k=1,....n,
£k Oy, (&)

”kai = ckify (k) = Ckm.
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The subs functio hich are zero on the support

Reprod nels for O, H

Reproducing kernels for the orthogonal complement of O, H?
Reproduci ernels for D,

Reproducing kernels for Dirichlet spaces associated to finitely suppc

2\.L
On (O,H?)
e We have
fi € (OuH?)*
for each k.
e For k=1,....n,
£k Oy, (&)

”kai = ckify (k) = Ckm.

e For k # j, we have
1

A CAG )

<fk’ 6)#
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1

A CAG )
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nctions which are zero on the support
rnels for O, H

rnels for the orthogonal complement of O, H?

Reproducing kernels for Dirichlet spaces associated to finitely suppc mels for D,

2\.L
On (O,H?)
e Let A € D. Define

(a1 (N, eesan M) =B(A(A) .oy fn (V)

where B = [((fk, 6’>,)Z,j:1} ' € M,(C).

Put .
Ki(z,0) =Y a;j(Nfi(z) (zeD).
j=1

Then Ru (,A) € (O H?*)* C D, and

(FRN) =FO) (Fe(0HY).

m
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The subs functio hich are zero on the support

Reprod nels for O, H

Reproducing kernels for the orthogonal complement of O, H?
Reproduci ernels for D,

Reproducing kernels for Dirichlet spaces associated to finitely suppc

Evaluations at points from the unit circle

o Letj € {1,...,n}, and define (a1, ..., )" := Be;, where ¢; is
the column vector in C” having its jth entry equal to 1 and
zeros everywhere else. Then

£, aifiy =F(&)  (feDy).
I=1

m
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»gonal complement of O, H

Reproducing kernels for Dirichlet spaces associated to finitely suppc

0, (2) 0, () ,

K. (z,\) = i (A L E20 ,AeD

M(Z ) jZ:;aJ( )Oﬁ(fj)(z—fj)—i_l—)\z M(z) (Z A

where (a1 (N), ...,an (X)) is the solution for the system of
equations

5 ok (V) 501() 0, ()

kj O//L (¢x) O}’L (gj)(l - Ejfk)+€] 20/,1 (fj) “ )= O;/L (51)(X — Ej)’

forj=1,...,n.
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where (a1 (N), ...,an (X)) is the solution for the system of
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Dirac measures
Sum of two Dirac measures

Two examples

fo = 0g
e Put wp = (34 v/5)¢/2, and then we have

1+vV5 z—¢

2 z—wp

Ou(2) =
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Dirac measures
Sum of two Dirac measures

Two examples

fo = 0g
e Put wp = (34 v/5)¢/2, and then we have

1+vV5 z—¢

2 z—wp

Ou(2) =

e We have
1+v5 1

2 z—wy

f(z) = ¢
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Dirac measures
Sum of two Dirac measures

Two examples

b= O¢
e Put wp = (34 v/5)¢/2, and then we have
C1+VB z—¢

Ou(2) = > z—wo

e We have s
1+v5 1

)= 0
e Then
KN(Z,A):_1+\/§Z(X+(\/§+1)g/2)—(WO—X)(\/E_F]_)g/z‘

2 (A =wo) (z— wo)(1 — Az2)
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Dirac measures
Sum of two Dirac measures

Two examples

=0_1+ 01

e For yy = d_1 + 41, we have
(V2= 1)(z2 - (3+2v2))]°

1+V,(z2)=
(@) lz+ 17|z - 1)

(zeT).
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Dirac measures
Sum of two Dirac measures

Two examples

=0_1+ 01

e For yy = d_1 + 41, we have
(V2= 1)(z2 - (3+2v2))]°

1+V,(z)=
x(2) z+1P )z -1

(zeT).

e Put wp =3+ 2v/2, and then

72-1

722 —wy

0,(2) = (V2 +1)
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Dirac measures
Sum of two Dirac measures

Two examples

=0_1+ 01

e Then 1
z
f =(vV2+1
1(2) = (V24 D) 5
and i1
z
f- =—(v2+1 .
2 (2) = (V2 + 1)
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Dirac measures
Sum of two Dirac measures

Two examples
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Dirac measures
Sum of two Dirac measures

Two examples

n = 0_1+ 01
e For z, A € D we have
A+ (V2-1N)2 - A2+ V2)z+ (B3 +2vV2 - N
(1—-2z)(22 - (3+2V2))
_ o (1+v2p
N - (3+2v2)

K,(z,A) = C
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Dirac measures

Sum of two Dirac measures

Two examples

=0_1+ 01

e For z, A € D we have

p A+ (V2-1N)2 - A2+ V2)z+ (B3 +2vV2 - N
w (Z, /\) =C =
(1—-2z)(22 - (3+2V2))
_ (V2P
N - (3+2v2)
e The evaluation functional at —1 is given by
h(2) 1+v2v2z-2(1+/2)
BT 2 312v2)

(zeD).
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Dirac measures
Sum of two Dirac measures

Two examples

n = 0_1+ 01
e For z, A € D we have
A+ (V2-1N)2 - A2+ V2)z+ (B3 +2vV2 - N
(1—-2z)(22 - (3+2V2))
_ (1+V2)?
N - (3+2v2)
e The evaluation functional at —1 is given by

A (Z)_1+ﬂﬁz—2(1+ﬁ)
BT 2 312v2)

K,(z,\) = C

(zeD).

e (C.Costara, Reproducing kernels for Dirichlet spaces
associated to finitely supported measures, Complex Anal.
Oper. Theory 10 (2016), 1277-1293.)
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Dirac measures
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Two examples
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Thank You!
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