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We consider the the 1−d heat equation

∂w
∂t

(t,x) =
∂2w
∂x2 (t,x) t > 0, x ∈ (0,π),

w(t,0) = u0(t), w (t,π) = uπ(t) t ∈ [0,∞),

w(0,x) = 0 x ∈ (0,π) ,

(1)

For τ > 0, the input-to-state maps (Φτ)τ>0 is given by

Φτ

[
u0
uπ

]
= w(τ, ·) (τ > 0, u0, uπ ∈ L2[0,τ]),

Describe the reachable set

RanΦτ =
{

w(τ, ·) : w solving the heat equation with u0, uπ ∈ L2[0,τ]
}
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Known results
I (Fattorini, Seidman) RanΦτ does not depend on time

I RanΦτ ⊂ Hol(D) where

D = {s = x + iy ∈ C : |y |< x and |y |< π− x}

I Fattorini–Russel 1971 & Ervedoza-Zuazua 2012{
∑cn sin(nx) : ∑

n
|cn|2nenπ < ∞

}
⊂ RanΦτ

So {
ψ ∈ Hol(Sε) : ψ

(2k)(0) = ψ
(2k)(π) = 0

}
⊂ RanΦτ

where Sε is an ε–neighbourhood of S

S = {s = x + iy ∈ C : |y |< π}

I Martin-Rossier-Rouchon 2016
Hol(B)⊂ RanΦτ

where
B = {s ∈ C : |s− π

2
|< π

2
e(2e)−1

}

I Dardé-Ervedoza 2016
Hol(Dε)⊂ RanΦτ

where Dε an ε–neighbourhood of D .
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Main results

Let
D = {s = x + iy ∈ C : |y |< x and |y |< π− x}

A2(D) :=
{

f ∈ Hol(D) :
∫

D
|f (x + iy)|2dxdy < ∞

}
E2(D) :=

{
f ∈ Hol(D) :

∫
D
|f (ζ)|2|dζ|< ∞

}

Proposition
For every τ > 0 we have

RanΦτ ⊂ A2(D).

Theorem
For every τ > 0 we have

E2(D) ( RanΦτ
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Fourier series expansion

Using the decomposition of the solution w in the standard Fourier basis (sin(nx))n>1
of L2[0,π], we get

(Φτu)(x) =
2
π

∑
n>1

n

[∫
τ

0
en2(σ−τ)u0(σ)dσ

]
sin(nx)

+
2
π

∑
n>1

n(−1)n+1
[∫

τ

0
en2(σ−τ)uπ(σ)dσ

]
sin(nx) (τ > 0, x ∈ (0,π)),

Lemma

(Φτu)(x) =
∫

τ

0

∂K0

∂x
(τ−σ,x)u0(σ)dσ +

∫
τ

0

∂Kπ

∂x
(τ−σ,x)uπ(σ)dσ,

where

K0(σ,x) =−
√

1
πσ

∑
m∈Z

e−
(x+2mπ)2

4σ and Kπ(σ,x) =−K0(σ,π−x) (σ> 0,x ∈R),

Proof.
Poisson summation formula
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Proof of the Proposition : RanΦτ ⊂ A2(D)

(Φτu)(x) =
∫

τ

0

∂K0

∂x
(τ−σ,x)u0(σ)dσ +

∫
τ

0

∂Kπ

∂x
(τ−σ,x)uπ(σ)dσ,

where

K0(σ,x) =−
√

1
πσ

e−
x2

4σ −
√

1
πσ

∑
m 6=0

e−
(x+2mπ)2

4σ

︸ ︷︷ ︸
K̃0(σ,x)

and Kπ(σ,x) =−K0(σ,x−π)

Φτu(x) = (φ
0
τu)(x)+

∫
τ

0

∂K̃0

∂x
(τ−σ,x)u0(σ)dσ+(φ

π
τ u)(x)+

∫
τ

0

∂K̃π

∂x
(τ−σ,x)uπ(σ)dσ

where

(φ
0
τu)(s) :=

1
2
√

π

∫
τ

0

se−
s2

4(τ−σ)

(τ−σ)
3
2

f (σ)σdσ and (φ
π
τ u)(s) = (φ

0
τu)(π− s)

Since there exist a, b > 0 such that for every k ∈ Z\{−1,0} we have∣∣(s + kπ)e−
(s+kπ)2

4(τ−σ)
∣∣2 6 ak2e

−bk2

(τ−σ) (s ∈ D).

It suffices to show that φ0
τu and φπ

τ u can be be extended to a function in A2(D)
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A result of Aikawa, Hayashi and Saitoh

Let
∆ =

{
s ∈ C | − π

4
< args <

π

4

}
.

Let ω be a positive measurable function on ∆, then

A2(∆,ω) =
{

f ∈ Hol(D) :
∫

D
|f (x + iy)|2ω(x + iy)dxdy < ∞

}
Theorem
For s ∈∆, τ > 0 and f ∈ L2[0,τ] we set

(Pτf )(s) =
1

2
√

π

∫
τ

0

se−
s2

4(τ−σ)

(τ−σ)
3
2

f (σ)
√

σdσ.

Then Pτ defines an isometric isomorphism from L2[0,τ] onto A2(∆,ω0), where

ω0(s) = e
Re(s2)

2τ

τ
.

Corollary
φ0

τ ∈ L(L2[0,τ],A2(D))



A resul of Levin-Lyubarski

Theorem
Let Λ = {(2k + 1)(1± i) : k ∈ Z} and let

H(λ) =
π

2


Im λ if argλ ∈ (π/4,3π/4)

−Re λ if argλ ∈ (3π/4,5π/4),

−Im λ if argλ ∈ (5π/4,7π/4,

Re λ if argλ ∈ (5π/4,π/4).

then the family (eλ)λ∈Λ is a Riesz basis in E2(D) where

eλ(s) = eλse−λπ/2e−H(λ), λ ∈ Λ,s ∈ D.



Lemma
let τ > 0 and ϕ ∈ E2(D). Then there exists ϕ1 ∈ A2(∆,ω0) and ϕ2 ∈ A2(π−∆,ωπ)
such that

ϕ(s) = ϕ1(s) + ϕ2(s) (s ∈ D).

here ωπ(s) = ω0(π− s), for s ∈ π−∆.

Proof.
Let ϕ ∈ E2(D), ϕ = ∑λ∈Λ aλeλ

ϕ1(s) = F(s) ∑
λ∈Λ

Reλ<0

aλeλ(s) s ∈∆

ϕ2(s) = F(π− s) ∑
λ∈Λ

Reλ>0

aλeλ(s), s ∈ π−∆

we use Hilbert’s inequality to prove required estimates.



Proof of the main result

Let

K̃0(σ,x) =−
√

1
πσ

∑
m 6=0

e−
(x+2mπ)2

4σ and K̃π(σ,x) = K̃0(σ,π− x)

We decompose these functions as

K̃0(σ,s) = A(σ,s) + B(σ,s), and K̃π(σ,s) = C(σ,s) + D(σ,s),

where

A(σ,s) =−
√

1
πσ

∑
m>1

e−
(s+2mπ)2

4σ and C(σ,s) = A(σ,π− s)

Denote

RA,τu(s) =
∫

τ

0

∂A
∂s

(τ−σ,s)
√

σu(σ)dσ,

and similarly introduce RB,τ, RC,τ and RD,τ.

Lemma

lim
τ→0+

∥∥∥∥[RA,τ RC,τ

RB,τ RD,τ

]∥∥∥∥
L((L2([0,π]))2,A2(∆,ω0)×A2(π−∆,ωπ))

= 0 .
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Proof of the main result

Let f ∈ L2[0,τ] and let Qτf (s) = Pτf (π− s) for s ∈ π−∆. We have

Mτ :=

[
Pτ + RA,τ RC,τ

RB,τ Qτ + RD,τ

]
∈ L

(
(L2([0,π]))2,A2(∆,ω0)×A2(π−∆,ωπ)

)
.

Since [
Pτ 0
0 Qτ

]
∈ L

(
(L2([0,π]))2,A2(∆,ω0)×A2(π−∆,ωπ)

)
is invertible ∥∥∥∥[Pτ 0

0 Qτ

]∥∥∥∥= 1 and lim
τ→0+

∥∥∥∥[RA,τ RC,τ

RB,τ RD,τ

]∥∥∥∥= 0 .

Mτ is invertible for τ small. The result follows by applying Lemma of decomposition in
E2(D).
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Let ϕ ∈ E2(D). Then there exists a decomposition

ϕ(s) = ϕ1(s) + ϕ2(s) (s ∈ D).

where ϕ1 ∈ A2(∆,ω0) and ϕ2 ∈ A2(π−∆,ωπ). Since M−1
τ∗ is invertible for some

small τ∗ there exists u0,uπ ∈ L2[0,τ∗] sucth that

Mτ∗

[
u0
uπ

]
=

[
ϕ1
ϕ2

]
So E2(D)⊂ RanΦτ∗ and RanΦτ is independent of τ > 0.


