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Describe the reachable set

Ran®; = {w(r, -) = w solving the heat equation with g, ux € L2[0,r]}
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Theorem
For every t > 0 we have
E?(D) C Ran®;
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Lemma
9Ky
@)= [ F2E-oxu(o d6+/ 9% (¢~ 6,x)ux(0) do,
where
(x+2mm)?
Ko(o,x) = Z e i and Ky(o,x)=—Ko(o,n—x) (6>0,x€R),
o
meZ
Proof.

Poisson summation formula O



Proof of the Proposition : Ran ®; C A?(D)

@) () = [ 22— 6. x)u(o d6+/ 9% (¢ — 6, x)un(0) do,
o ox
where

(x+2mm)?

3
Ko(0,x) = —y/ — e o Z e and  Kz(o,x) = —Ko(o,x —T)
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Proof of the Proposition : Ran ®; C A?(D)

(®eu)(x) = otaa"(r 6, X)uo(G d(H—/ 9K (1 — 6, x)ux(0) do,
where
Ko(G,X)=—\/g “Gnéoe bt and Kz(0,x) = —Ko(0, x — )
Ko(0.%)
0000 = ()0 + [ 52 (2-0,1u(0) o+ ()00 + [ B (20, )ue(o) o
where
©2u)(s) === [ 27 o)odo and  (§u)(s) = (62u)(n—s)

2\f 0 (t1—0):
Since there exist a, b > 0 such that for every k € Z\ {—1,0} we have

s+k1l

|(s+km)e” ) P < ke (se D).

It suffices to show that $2u and ¢ u can be be extended to a function in A%(D)



A result of Aikawa, Hayashi and Saitoh

Let
A:{se(C | —§<args<g}.

Let w be a positive measurable function on A, then
2(8,0) = {1 € Hol(D) / [#(x-+iy) 20 (x + iy ) dxay < oo}
D

Theorem
Forse€ A, >0 andf € L?[0,1] we set

(P)(9)= 5.7 /Tgf(c)ﬁdc.

(T 0)2

Then P; defines an isometric isomorphism from L2[0,7] onto A>(A, ), where

Re(s?)
2T
0.)0(5) =¢ T -
Corollary

9% € L(L?[0,7], A%(D))



A resul of Levin-Lyubarski

Theorem
LetA={(2k+1)(1£i) : k € Z} and let

ImA  if argh € (n/4,3n/4)
n ) —ReA if argh € (3n/4,5m/4),
2 | -ImA if argh € (5n/4,7m/4,

ReA  if argh € (5n/4,m/4).

then the family (€))ycp is a Riesz basis in E2(D) where

e(s) =eSe M2e MM LenseD.



Lemma

lett >0 and @ € E?(D). Then there exists g1 € A>(A, ) and @2 € A%(T— A, 0y)

such that
9(s) = ¢1(s) +92(s) (s€ D).

here wy(s) = wo(n—s), forse m— A.

Proof.
Let ¢ € E2(D), ¢ = Yacnaren

01(s)=F(s) ) aen(s) seA

AeA
ReA<0

02(s)=F(n—s) ) ae(s), sen—A
Aen
ReA>0

we use Hilbert’s inequality to prove required estimates.

O
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Proof of the main result
Let

K e and K, C, X =K o, T—X
Ko(o,x) = o Z e (0, X) = Ko( )

We decompose these functions as
Ko(o,s) = A(c,s)+ B(0,s), and Kg(c,s) = C(o,s)+ D(c,s),
where
(s+2mm)2

A(o,s) = — = Z e and  C(c,s) = A(c,t—s)
m21

Denote
T JA
Raru(s) :/ g(tfc, s)vou(o)do
0
and similarly introduce Rgr, Rc: and Rpz.
Lemma

lim
=0+

=0.
L((L2([0,x]))2,A2 (A, 00 ) x A2(T— A, 7))

RA,‘: HC,‘E
RB,T RD,r




Proof of the main result
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Proof of the main result

Let f € L2[0,7] and let Qf(s) = Pif(n— s) for s € T— A. We have

P‘c + RA,‘C RC,T

My =
' [ RBx Q.+ Rpx

} € L((L2([0,x]))?, A%(A, ) x A*(T— A\, 7)) -

Since
P: 0
&) e L (@om)R A ) < - ,00)
is invertible
P O . Rat Rcr
=1 | * *ll=o0.
H|:O Q‘c]‘ and T—I>r(r)1+ [RB.T RD;J‘ 0

M is invertible for T small. The result follows by applying Lemma of decomposition in
E?(D).



Let ¢ € E2(D). Then there exists a decomposition
9(s) = ¢1(s) +92(s) (se D).

where @1 € A%(A, ) and 92 € A%(n— A, ). Since M. is invertible for some
small T* there exists up, Uz € L2[0,7*] sucth that

[

So E2(D) C Ran® and Ran ®; is independent of T > 0.



