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Geometric modeling: an Eulerian approach
Conservation laws

Kinematics
Deformation

Continuum kinematics

B0 undeformed/reference configuration, Bt deformed/actual
configuration

Motion: x(t,X ) = X + u(t,X ) with x(t,B0) = Bt .

Material/Lagrangian coordinates: X = (X1,X2,X3) ∈ B0

Spatial/Eulerian coordinates: x = (x1, x2, x3) ∈ Bt

u(t,X ) = x(t,X )− X the displacement field

Ioan R. IONESCU LSPM, University Paris 13 (Sorbonne-Paris-Cité) Introduction to continuum mechanics-II
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Velocity-acceleration

velocity (in Lagrange variables) v(t,X ) =
∂x
∂t

(t,X )

Suppose X → x(t,X ) one to one function, then ∃ x → X (t, x)

velocity (in Euler variables) v(t, x) = v(t,X (t, x)).

acceleration (in Lagrange variables) a(t,X ) =
∂2x
∂2t

(t,X )

acceleration (in Euler variables) a(t, x) = a(t,X (t, x)).

Example. Dilatation:
x1 = X1 + α1tX1, x1 = X2 + α2tX2, x3 = X3 + α3tX3

velocity (in Lagrange variables) v(t,X ) = (α1X1, α2X2, α3X3)

velocity (in Euler variables) v(t, x) = ( α1

1+α1t
x1,

α2

1+α2t
x2,

α3

1+α3t
x3).
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Particular (material, total) derivative

Particular (total) derivative of field K (the particle is followed in its
movement) : K (t,X ) in Lagrange description, K (t, x) = K (t,X (t, x)) in
Eulerian description

if K is in Lagrange variables
dK

dt
(t,X ) =

∂K

∂t
(t,X )

if K is in Euler variables
dK

dt
(t, x) =

∂K

∂t
(t, x) + v(t, x) · ∇xK (t, x)

Examples

K = x :
dx
dt

(t, x) = v(t, x)

K = v(t, x):
dv
dt

(t, x) = a(t, x) =
∂v
∂t

(t, x) + v(t, x) · ∇xv(t, x)
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Reynolds’s transport theorem

Particular (material, total) derivative of a volume integral
Let ω0 ⊂ B0 and ωt = x(t, ω0) ⊂ Bt (the subset ω0 ⊂ B0 is followed in
its movement) and K (t, x) a field in Eulerian description

d

dt

∫

ωt

K (t, x) dx =

∫

ωt

(
∂K

∂t
(t, x) + divx(K (t, x)v(t, x))

)
dx

=

∫

ωt

dK

dt
(t, x)+K (t, x)divxv(t, x) dx =

∫

ωt

∂K

∂t
(t, x)+

∫

∂ωt

K (t, x)v(t, x)·n dS

Examples

K ≡ 1:
d

dt
Vol(ωt) =

∫

ωt

divxv(t, x) dx =

∫

∂ωt

v(t, x) · n dS

if divxv(t, x) = 0 then the volume is incompressible
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Deformation of a continuous body

infinitesimal element of a continuous body dX = (dX1, dX2, dX3)

It is possible to show that (using Taylor expansion around a point of
deformation)

dx = F (t,X )dX = (I +∇u(t, x))dX

dxi = FikdXk = (δik +
∂ui
∂Xk

)dXk
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Volume change

Consider a differential material volume dV at some material point
that goes to dv after deformation
How to measure the volume change ?
Reference volume: dV0 = dZ · (dX× dY)
Deformed volume: dv = dW · (dR× dV)
J(t,X ) = det(F (t,X )) Jacobien of the trasformation
It is easy to show that the volume change: dv = JdV
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Deformation

Polar decomposition theorem

A rotation matrix: R such that RRT = RTR=I (detR = I ).

Polar decomposition theorem: For any matrix F with detF > 0,
there exists an unique rotation R and an unique positive-definite
symmetric matrix U such that

F = RU

how to calculate it ? Calculate the Cauhy-Green strain tensor
C = FTF and then U =

√
C , i.e. Find the eigenvalues {γ1, γ2, γ3}

and eigenvectors {u1,u2,u3} of C calculate µi =
√
γi and then U

is the matrix with eigenvalues {µ1, µ2, µ3} and the corresponding
eigenvectors such that

U = µ1u1 ⊗ u1 + µ2u2 ⊗ u2 + µ3u3 ⊗ u3

R = FU−1
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Polar decomposition theorem

~I3

~I2

~I1

~i3

~i2~i1

~X

U

R

F

R

V ~x

d ~X d~x

Figure 1.3. Polar decomposition of the deformation gradient.

Equation d~x = F · d ~X shows that the deformation gradient F can be thought of as a mapping
of the infinitesimal vector d ~X of the reference configuration into the infinitesimal vector d~x of
the current configuration. The theorem of polar decomposition replaces the linear transformation
d~x = F · d ~X by two sequential transformations, by rotation and stretching, where the sequence
of these two steps may be interchanged, as illustrated in Figure 1.3. The combination of rotation
and stretching corresponds to the multiplication of two tensors, namely, R and U or V and R,

d~x = (R · U) · d ~X = (V · R) · d ~X . (1.51)

However, R should not be understood as a rigid body rotation since, in general case, it varies from
point to point. Thus the polar decomposition theorem reflects only a local property of motion.

1.7 Measures of deformation

Local changes in the geometry of continuous bodies can be described, as usual in di↵erential
geometry, by the changes in the metric tensor. In Euclidean space, it is particularly simple to
accomplish. Consider a material point ~X and an infinitesimal material vector d ~X. The changes in
the length of three such linearly independent vectors describe the local changes in the geometry.

The infinitesimal vector d ~X in 0 is mapped onto the infinitesimal vector d~x in t. The metric
properties of the present configuration t can be described by the square of the length of d~x:

ds2 = d~x · d~x = (F · d ~X) · (F · d ~X) = d ~X · C · d ~X = C .. (d ~X ⌦ d ~X) , (1.52)

where the Green deformation tensor C defined by

C( ~X, t) := F T · F , (1.53)

12
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Velocity gradient

Velocity gradient tensor L = L(t, x) = ∇xv(t, x), Lij =
∂vi
∂xj

L = ḞF−1 = (
d

dt
F )F−1

L = ṘRT + RU̇U−1RT

Strain rate (stretching, rate of deformation) tensor D = D(v)

D = D(t, x) =
1

2
(∇xv(t, x) +∇T

x v(t, x)), Dij =
1

2
(
∂vi
∂xj

+
∂vj
∂xi

)

Spin tensor W = W (v)

W = W (t, x) =
1

2
(∇xv(t, x)−∇T

x v(t, x)), Wij =
1

2
(
∂vi
∂xj
− ∂vj
∂xi

)

L = D + W , DT = D, W T = −W

ω(t, x) = curlxv(t, x), Wc =
1

2
ω × c , ∀c
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Rate of Change of Length and Orientation.

dx = FdX ,L = ḞF−1 =⇒ d

dt
(dx) = Ldx

Orientation and length of the infinitesimal vectors

dx = nds, dx1 = n1ds1, dx2 = n2ds2

Rate of change of orientation
d

dt
(n) = Ln − (Dn · n)n

d

dt
(dx1 · dx2) = 2Dx1 · dx2

Rate of change of length

dx1 = dx2 = nds =⇒ d

dt
(ln ds) =

1

ds

d

dt
(ds) = Dn · n

Rate of change of angles

d

dt
(n1 · n2) = 2Dn1 · n2 −

(
Dn1 · n1 + Dn2 · n2

)
n1 · n2
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Mass conservation law
Cauchy assumption and stress vectors
Momentum balance law

Mass conservation law

Let ρ0 : B0 → R+, and ρ(t, ·) : Bt → R+ be the mass density such that

mass(ω0) =

∫

ω0

ρ0(X ) dX , mass(ωt) =

∫

ωt

ρ(t, x) dx

for all ω0 ⊂ B0 and ωt = x(t, ω0) ⊂ Bt .

Mass conservation law: mass(ω0) = mass(ωt) for all ω0 ⊂ B0.

Lagrangian description ρ(t, x)J(t,X ) = ρ0(X ) for all X ∈ B0

Eulerian description
d

dt
ρ(t, x) + ρ(t, x)divxv(t, x) = 0 for all x ∈ Bt

Eulerian description
∂

∂t
ρ(t, x) + divx(ρ(t, x)v(t, x)) = 0

Consequence:
d

dt

∫

ωt

ρ(t, x)K (t, x) dx =

∫

ωt

ρ(t, x)
d

dt
K (t, x) dx
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Forces acting on the body

4.3. FORCE. 105

A useful result: In what follows we shall be repeatedly using one of the transport equations

established in Section 3.7. However in each case the integrand will involve the mass density

⇢ multiplying a smooth scalar- or vector-valued field �. In this event the transport equations

simplify further and we make a note of this here before proceeding further. By using either

of the transport equations in (3.84)

d

dt

Z

Dt

⇢ � dVy =

Z

Dt

⇥
(⇢�)· + ⇢� div v

⇤
dVy =

Z

Dt

⇥
⇢�̇+ (⇢̇+ ⇢ div v)�

⇤
dVy. (4.7)

The term in parentheses on the right hand side vanishes by the balance of mass field equation

(4.6) and so we get
d

dt

Z

Dt

⇢ � dVy =

Z

Dt

⇢ �̇ dVy . (4.8)

Equation (4.8) will be used frequently in what follows. Note that in deriving it we have not

ignored the fact that Dt and ⇢ are time dependent even though the end result appears to

suggest this.

4.3 Force.
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Figure 4.1: Forces on the part P: the traction t is a force per unit area acting at points on the boundary

@Dt of the subregion, and the body force b is a force per unit mass acting at points in the interior of Dt.

We now turn our attention to the forces that act on an arbitrary part P of the body

at time t. For simplicity, we will sometimes refer to “the forces that act on the region Dt”

rather than (more correctly) the part P . These forces are most conveniently described in

terms of entities that act on the region Dt occupied by P in the current configuration. As
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D1

D2

A

D
1

D2

A

t1

t2

Figure 4.2: Regions D1 and D2 occupied by two di↵erent parts of the body with the point A common to

both boundaries @D1 and @D2. The figure on the left has isolated D1 while that on the right has isolated

D2. The traction t1 is applied on @D1 at A by the material outside D1. Similarly, the traction t2 is applied

on @D2 at A by the material outside D2.

Remark (a): In order for the formulae (4.11) - (4.13) to be useful, we must specify the

variables that these force densities depend on. We expect that in general the body force

density may depend on both position y and time t, and so we assume that

b = b(y, t). (4.14)

Remark (b): We now turn to the traction t. One might assume that the traction also

depends only on the same variables as the body force, i.e. t = t(y, t). However some

thought shows that this cannot be so. To see this, consider two parts of the body, P1 and

P2, which occupy regions D1 and D2 at time t as shown in Figure 4.2. Let yA be the

position of a point that is common to both boundaries @D1 and @D2 as shown. In general,

we expect that the contact force exerted on @D1 at yA (by the material outside D1), to be

di↵erent to the contact force exerted on @D2 at yA (by the material outside D2). However

if t is a function of y and t only, then it cannot capture this di↵erence since both of these

tractions would have the value t(yA, t). Thus the traction must depend on more than just

the position and time. It must also depend on the specific surface under consideration as

well: t = t(y, t, @Dt). To first order, a surface is described by its unit outward normal vector

n, and so we shall assume that

t = t(y, t,n). (4.15)

Remark (c): The assumption (4.15) is known as Cauchy’s hypothesis. In order to appreciate

its limitations, consider two parts P1 and P2 of the body and suppose that at some time t
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Figure 4.3: Regions D1 and D2 occupied by two distinct parts of the body. The point A is common to the

boundaries of both these regions. Moreover, the unit outward normal vector at A to both boundaries @D1

and @D2 is n.

they occupy regions D1 and D2 as shown in Figure 4.3. Note that the point A is common

to both boundaries @D1 and @D2. Moreover, note that the unit outward normal vectors to

@D1 and @D2 at A are the same. By Cauchy’s hypothesis t = t(y, t,n), and so the traction

on both surfaces @D1 and @D2 at A is the same; the traction does not, for example, depend

on the curvature of the boundary when the Cauchy hypothesis is invoked.

Remark (d): It is worth emphasizing that the traction t(y, t,n) denotes the force per unit

area on @Dt applied by the part of the body which is outside Dt on the material inside Dt.

Often we speak of the side into which n points as the positive side of the surface (which is

the outside of Dt) and the side that n points away from as the negative side of the surface

(which is the inside of Dt). Then t(y, t,n) is the force density applied by the positive side

on the negative side. Consider for example a body which at some time t occupies the region

Rt = D1 [ D2 shown in Figure 4.4: the cubic subregion D1 is occupied by part of the body

and the rest of the body occupies D2. The figure on the left in Figure 4.4 has isolated D1

while that on the right has isolated D2. Consider the particle A whose position vector at

time t is yA. Then in order to calculate the traction applied by D2 on D1 at A, we draw the

unit normal to @D1 that points outward from D1. This is denoted by n in the figure on the

left. Thus this traction is t(yA, t,n). On the other hand if we want to calculate the traction

applied by D1 on D2 at A, we must draw the unit normal to @D2 that points outward from

D2 which is �n in the figure on the right. Thus this traction is t(yA, t,�n).

Remark (e): The traction acts in a direction that is determined by the internal forces within

the body and need not be normal to the surface. The component of traction that is normal

Assumptions

Body forces ρbdx : b = b(t, x)

Surface forces tdS acting on ∂Dt : the action of Bt \ Dt on Dt can
be replaced by the distribution of the Cauchy stress vector t
Cauchy’s hypothesis: t = t(t, x ,n)
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The Balance of Momentum Principles

Balance principle for linear momentum (Newton’s law):

d

dt

∫

ωt

ρ(t, x)v(t, x) dx =

∫

ωt

ρ(t, x)b(t, x) dx +

∫

∂ωt

t(t, x ,n) dS

Balance principle for angular momentum (Newton’s law):

d

dt

∫

ωt

ρ(t, x)x∧v(t, x) dx =

∫

ωt

ρ(t, x)x∧b(t, x) dx+

∫

∂ωt

x∧t(t, x ,n) dS

for all ωt ⊂ Bt .
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Consequences of balance principles and stress tensor

Consequences of linear momentum balance principle + Cauchy’s
hypothesis

n → t(t, x ,n) is linear and there exists σ(t, x) Cauchy stress
tensor such that

t(t, x ,n) = σ(t, x)n

Equation of motion

ρ(t, x)
d

dt
v(t, x) = divxσ(t, x) + ρ(t, x)b(t, x)

Consequence of angular momentum balance principle

Cauchy stress tensor is symetric

σT (t, x) = σ(t, x)

Ioan R. IONESCU LSPM, University Paris 13 (Sorbonne-Paris-Cité) Introduction to continuum mechanics-II
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Equation of motion in Lagrange formulation

First Piola-Kirchhoff stress tensor (non-symmetric !)

Π(t,X ) = J(t,X )σ(t, x(t,X ))F−T (t,X )

120 CHAPTER 4. MECHANICAL BALANCE LAWS AND FIELD EQUATIONS

but, if written in terms of some other suitable stress tensor S(x, t) has a simple form.

We set ourself the task for finding such a stress tensor S.
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Figure 4.10: Surface St and surface element �St in current configuration, and their images S0 and �S0

in the reference configuration. Di↵erent (equivalent) ways for characterizing the contact force are shown.

Note that the contact force acts on the current configuration.

Consider some fixed instant during the motion. Let St be a surface in Rt and let S0 be

its image in the reference configuration; let y be a point on St and let x be its image on S0;

let n be a unit normal vector to St at y, and let n0 be the corresponding unit normal vector

to S0 at x; and finally, let �St be an infinitesimal surface element on St at y whose area

is dAy, and let �S0 be its image in the reference configuration whose area is dAx. This is

illustrated in Figure 4.10.

If t is the traction at y on St, then the contact force on the surface element �St is the

product of this traction with the area dAy:

The contact force on �St = t dAy = Tn dAy. (4.51)

Next, recall from (2.34) the geometric relation

dAy n = dAx J F�T n0 (4.52)

relating the area dAy to the area dAx, and the unit normal n to the unit normal n0. Com-

bining (4.52) with (4.51) gives

The contact force on �St = (J T F�T ) n0 dAx (4.53)

Nanson’s formula ndS = JF−Tn0dS0 =⇒ σ(t, x)ndS = Π(t,X )n0dS0

ρ0(X )
d

dt
v(t,X ) = divX Π(t,X ) + ρ0(X )b(t,X )

Equilibrium equation divX Π(t,X ) + ρ0(X )b(t,X ) = 0
Second Piola-Kirchhoff tensor (symmetric !) S = F−1Π
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Examples of stress tensors
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