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@ Convex body K = a compact convex set with interior points in
E =TR? (or in RY).
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Convex body K = a compact convex set with interior points in
E =TR? (or in RY).

|K| = the area (d-volume) of K;

OK = the boundary of K.

a €]0,1]

«a-section of K = an oriented line A C E cutting K in two parts,
K~ (to the right) of area |K~| = o|K]|, and
K™ (to the left) of area |KT| = (1 — a)|K];
K* = compact sets, so Kt "1 K~ = ANK.
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Convex body K = a compact convex set with interior points in
E =TR? (or in RY).

|K| = the area (d-volume) of K;

OK = the boundary of K.

a €]0,1]

«a-section of K = an oriented line A C E cutting K in two parts,
K~ (to the right) of area |K~| = o|K]|, and
K™ (to the left) of area |KT| = (1 — a)|K];
K* = compact sets, so Kt "1 K~ = ANK.

K, is the a-core of K = the intersection of all K.

m, = the envelope of all a-sections of K.
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Two examples

If K is a disk then m, = 0K, is a circle.
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Two examples

If K is a disk then m, = 0K, is a circle.

If K is a polygon then m, is made of arcs of hyperbolae, Vo €]0, 1].
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Related topic: (ir)reducibility theory of convex bodies

Study secants between parallel supporting lines to K, whose
distances to the corresponding lines make a ratio of o/(1 — «).
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Related topic: (ir)reducibility theory of convex bodies

Study secants between parallel supporting lines to K, whose
distances to the corresponding lines make a ratio of o/(1 — «).

Contributors:

e P.C. Hammer, 1951;
o V. Klee, 1953;
o T. Zamfirescu, 1967.
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Related topic: common tangents and transversals

Contributors:
o S.E. Cappell, J.E. Goodman, J. Pach, R. Pollack, M. Sharir, R.
Wenger, 1994;
e |. Bérdny, A. Hubard, J. Jeronimo, 2008;
o J. Kincses, 2008:

Costin Vilcu (IMAR) Envelopes of a-sections



Related topic: common tangents and transversals

Contributors:
o S.E. Cappell, J.E. Goodman, J. Pach, R. Pollack, M. Sharir, R.
Wenger, 1994;
e |. Bérdny, A. Hubard, J. Jeronimo, 2008;
o J. Kincses, 2008:

For any well-separated family of k strictly convex bodies in RY, k < d,
the space of all a-sections is diffeomorphic to ST,
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Related topic: outer billiards

Definitions
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Related topic: outer billiards

Definitions
@ a billiard table = a planar strictly convex body K;
o the billiard map T;
@ a caustic = a T-invariant curve.
Contributors:
o V. F. Lazutkin, 1973;
o J. Moser, 1973;
o E. Gutkin, A. Katok, 1995:
@ S. Tabachnikov, 1995;
@ D. Fuchs, S. Tabachnikov, 2007:
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Related topic: outer billiards

Definitions
@ a billiard table = a planar strictly convex body K;
o the billiard map T;
@ a caustic = a T-invariant curve.
Contributors:
o V. F. Lazutkin, 1973;
o J. Moser, 1973;
o E. Gutkin, A. Katok, 1995:
@ S. Tabachnikov, 1995;
@ D. Fuchs, S. Tabachnikov, 2007:

If £ is the envelope of ai-sections of a convex set bounded by a curve k, for
some «, then k is a caustic for the outer billiard of table L = conv/.
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Related topic: floating bodies

Definitions

o the floating body of K is the set K|,) bounded by m,;
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Related topic: floating bodies

Definitions
o the floating body of K is the set K|,) bounded by m,;
@ the convex floating body of K = our a-core K,,.
Contributors:
o C. Dupin, 1822;

o C. Schiitt, E. Werner, 1990, 1994; E. Werner, 2004:
study estimates for vol,(K) — vol,(Kiq)), voln(K) — vol,(Ka),
in relation to the affine surface area and to polygonal approximations.
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Definitions
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Contributors:
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in relation to the affine surface area and to polygonal approximations.

@ M. Meyer, S. Reisner, 1991;
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Related topic: floating bodies

Definitions
o the floating body of K is the set K|,) bounded by m,;
@ the convex floating body of K = our a-core K,,.
Contributors:
o C. Dupin, 1822;
o C. Schiitt, E. Werner, 1990, 1994; E. Werner, 2004:
study estimates for vol,(K) — vol,(Kiq)), voln(K) — vol,(Ka),
in relation to the affine surface area and to polygonal approximations.
@ M. Meyer, S. Reisner, 1991;

@ A. Stancu, 2006:

K C RY with boundary of class C=*; Ks is homothetic to K,
for some sufficiently small § > 0, if and only if K is an ellipsoid.
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Related topic: fair partitioning of convex bodies

Fair / balanced / equi- partions of convex bodies (measures) by use of

@ k-fans;
@ hyperplanes;

@ orthogonal lines.
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Related topic: fair partitioning of convex bodies

Fair / balanced / equi- partions of convex bodies (measures) by use of
@ k-fans;
@ hyperplanes;

@ orthogonal lines.

Contributors:
o |. Barany, J. Matousek, 2001;
e T. Sakai, 2002;
e S. Bereg, 2009;
e |. Barany, P. Blagojevi¢, A. Szics, 2010;
e P. V. M. Blagojevi¢, G.M. Ziegler, 2014;
o R. N. Karasev, A. Hubard, B. Aronov, 2014;
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Fair partitioning of convex bodies Il

@ A. Fruchard, A. Magazinov, 2016:
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Fair partitioning of convex bodies Il

@ A. Fruchard, A. Magazinov, 2016:
For a pizza (K, L), with L C K C E, use a succession of double
operations:

@ a cut by a full straight line, followed by

@ a Euclidean move of one of the pieces.

The final partition is fair if each resulting slice has the same amount of K
and the same amount of L.
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Fair partitioning of convex bodies Il

@ A. Fruchard, A. Magazinov, 2016:
For a pizza (K, L), with L C K C E, use a succession of double
operations:

@ a cut by a full straight line, followed by

@ a Euclidean move of one of the pieces.

The final partition is fair if each resulting slice has the same amount of K
and the same amount of L.

Given an integer n > 2, there exists a fair partition of any pizza (K, L) into
n parts if and only if n is even.
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Main result: m, for symmetric K

If & > 1/2 then K, = 0.
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Main result: m, for symmetric K

If & > 1/2 then K, = 0.

If K is symmetric then
@ my, = 0K, for all o € ]0,%[;

@ m, is of class C* for all o € ]0, % [ if and only if K is strictly convex.
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Main result: m, for non-symmetric K

We cannot have m, = 9K, for all a € ]0, % [ because m,, exists for all «,
but K, = () for a close enough to %
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Main result: m, for non-symmetric K
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Theorem

If K is non-symmetric then there exists ag € [0, 5[ s.t.

e m, = 9K, for all a« €0, ag]
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but K, = () for a close enough to %

Theorem

If K is non-symmetric then there exists ag € [0, 5[ s.t.

e my = 0K, for all a €]0, ], and my, is of class C for all a €]0, ag|
iff OK doesn’t contain two parallel segments.
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iff OK doesn’t contain two parallel segments.
® my 2 0K, for all o € |ag, 3[, and m, is never C! for o € |ag, 3.

The case ag = 0 can occur, e.g., if there exists a triangle containing K
with an edge contained in OK.
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Main result: m, for non-symmetric K

We cannot have m, = 9K, for all a € ]O, % [ because m,, exists for all «,
but K, = ) for a close enough to %

Theorem

If K is non-symmetric then there exists ag € [0, 5[ s.t.

e my = 0K, for all a €]0, ], and my, is of class C for all a €]0, ag|
iff OK doesn’t contain two parallel segments.
® my 2 0K, for all o € |ag, 3[, and m, is never C! for o € |ag, 3.

The case ag = 0 can occur, e.g., if there exists a triangle containing K
with an edge contained in OK.

K is non-symmetric iff there exists a triangle containing more than half of
K (in area), with one side in K and the other two disjoint from intK.
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Main result for K,
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Main result for K,

There exists ak € [3,3] s.t.

o if0 < a < ak then K, is strictly convex with nonempty interior,
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Main result for K,

Theorem

There exists ak € [3,3] s.t.
o if0 < a < ak then K, is strictly convex with nonempty interior,
o if a« = ak then K, is reduced to one point, and

o ifak < a <1 then K, is empty.

Moreover, ax = % iff K is symmetric and ax = g iff K is a triangle.

If K, is a point, it is not necessarily the mass center of K.
Hint: G is the mid-point of at least three secants of K.
K non-symmetric = ag < ak, K symmetric = ag = ax = %
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Thank you for your attention!
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