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Quantum Walk: Particle with spin hopping on Z?

Setup: K=C*®I1*Z%
{|T>}T€I:|: ) I:l: = {Z':].,:':2} for (C4 ,
{|2)}oepe for 12(Z%)
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Quantum Walk: Particle with spin hopping on Z?

Setup: K=C*"®I*(7Z% o
{7V Yrery , I+ = {£1,4£2} for C* , I Z
{|x)}peze for 1*(Z2)

2

-1 +1
Ingredients:

—— >

e Spin dep. shift:  Let P, the proj. "on" |7) € C*
Si= e 2orer, Pr®lz4sign(r)e,)(z| on C* @ 1*(Z?)

-2
e Spinevol.: For C € U(4) a unitary op. on C* Y
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Quantum Walk: Particle with spin hopping on Z?

Setup: K=C*"®I*(7Z% o
{7V Yrery , I+ = {£1,4£2} for C* , I Z
{|x)}peze for 1*(Z2)

2

-1 +1
Ingredients:

—— >

e Spin dep. shift:  Let P, the proj. "on" |7) € C*
Si= e 2orer, Pr®lz4sign(r)e,)(z| on C* @ 1*(Z?)

-2
e Spinevol.: For C € U(4) a unitary op. on C* Y

Time one dynamics of a QW:

U(C):=S(CR) =2 peze 2irery, (PrC) @ |z +sign(T)eyr ) (x|
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Quantum Walk: Particle with spin hopping on Z?

Setup: K=C*"®I*(7Z%

4 +2 ?
(™) Yrer, , I = {+1,+2) for C* Z
{l)}aez2 for 1*(Z?)
-1 +1
Ingredients:
—— >
e Spin dep. shift:  Let P, the proj. "on" |7) € C*
S =3 em Yorer, Pr® |z +sign(r)e ) (x| on C* ® 1*(Z?) a
e Spinevol.: For C € U(4) a unitary op. on C* Y
Time one dynamics of a random QW:
U, (C) := Z Z (PrCu(x)) ® |z + sign(T)e;-|)(z]
x€Z2 TElL
Our choice: C,(x)r, = exp(iw” )Cr o JM’10,J°12, HJ 14

z+SIgN(7)e|,|

Set D, = diag(exp(iwy)),then |U,(C)=D,U(C)
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Dynamics <> Spectral Properties of RQW

Special case:

Let C =

Dynamics:

O +

in the ordered spin basis {|+ 1),|+2),| —1),| —2)}

B0
0

o 0

0 o)

c U(4), where C = c U(3).

ﬁ
S . ®

2 e O
~+~

® Spin | — 2) decoupled and travels Southwards ~ H* < (U, (C))
® Spin |+ 1),|+2),| — 1) travel East-, North-, West-wards.
® \Vector |+ 2) ® o cannot come backto | +2) R xzp ~ H* (U, (C))

Using: > x(T®zlU"TQ@z)|? <oco =>717@x€ H*(U).
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Dynamics <> Spectral Properties of RQW

Special case: in the ordered spin basis {|+1),|+2),| —1),| —2)}
0
/oz r B \ o r 8
q g s O ~
Let C' = L s 0 cU(4), where C=|q g s | €U(3).
Y
. t o
\0 0 0 &) !

Dynamics:

® Spin | — 2) decoupled and travels Southwards ~ H* < (U, (C))

® Spin |+ 1),|+2),| — 1) travel East-, North-, West-wards.

® \Vector |+ 2) ® o cannot come backto | +2) R xzp ~ H* (U, (C))
Using: > x(T®zlU"TQ@z)|? <oco =>717@x€ H*(U).

Proposition: Let H =span{r® z |7 € {+1,—1},x = (21,0),x1 € Z},
Py projectoron H and T, := PoU,,(C)Py| , a contraction op.

Then POUZZ(C)PO|’}-L = Tﬁ V neN.

Corollary: spr(7.,) <1 = U,(C) is purely a.c.
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Non-Unitary Random Band Matrices

Setup: Hilbert space H = [°(Z), canonical basis {e;} ez
Random var. {w,};ez on T, iid, distrib. dv(0) =1(0)d0, | € L°>°(T).
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Non-Unitary Random Band Matrices

Setup: Hilbert space #H = [*(Z), canonical basis {e;};ez
Random var. {w;},ez on T,iid, distrib. dv(0) =1(0)d0, | € L*>(T).

CMV Type Random Operator: T, : 1*(Z) — 1*(Z) s.t.
( e'2i-lny  '2i-1§ \
0 0
T — | 0 | 0 ' 2itly e'™2it1)
et e*2it23 0 0
0 0
K e'2itig  e'W2it43 )

Gheorghe’s 70’'th, Bucharest, 2/7 /2014 —p.4/14



Non-Unitary Random Band Matrices

Setup: Hilbert space #H = [*(Z), canonical basis {e;};ez
Random var. {w;},ez on T,iid, distrib. dv(0) =1(0)d0, | € L*>(T).

CMV Type Random Operator: T, : 1*(Z) — 1*(Z) s.t.
( e'ing_l,y eing_lcs \
0 0
T 0 0 e'2i+ly  e"2it1§
N e'“2it2q  e'2it2 (3 0 0
0 0
K e'2itig  e'W2it43 )
Constraint:

unitary, with 0 < g <1.

S
Il
7
=2 O
> ®
N~
wn
@)

Il
=2 < Q9
~ o =
S D
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Non-Unitary Random Band Matrices

Setup: Hilbert space H = [°(Z), canonical basis {e;} ez

Random var. {w;},ez on T,iid, distrib. dv(0) =1(0)d0, | € L*>(T).

CMV Type Random Operator: T, : 1*(Z) — 1*(Z) s.t.
( e'ing_l,y eing_lcs \
0 0
T 0 0 e'2i+ly  e"2it1§
N e'“2it2q  e'2it2 (3 0 0
0 0
K e'2itig  e'W2it43 )
Constraint:
a r B
a f ~ . .
(10:( )st C=1q g s| untary,with 0<g<1.
v 0
v ot 0

Note: |7, =D,T

, D, = diag(e*“) is unitary, and T is characterized by Cj
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Polar Decompositionof 7, =D,T

S}
|
TN

=29 Q
+Q 3

S @
N

Thm: T, = V,K | with

® 1V, unitary and 0 < K < I deterministic
® K=P +gP, o(K)=1{1,g},tri-diagonal and dim P; = oo, 5 =1, 2.

® V, =D,V with

[

7T 11y
V = ar
@~ 17y

0 —

5_

st
1+g

ST

1+g

qt
1+g

qr
1+g

o —

5_

st
1+g

sT )
1+g
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Polar Decomposition of 7,, = DT C (

S @
N

2 Q
+Q 3

Thm: T, = V,K | with

® 1V, unitary and 0 < K < I deterministic
® K=P +gP, oK)={1,g}, tri-diagonal and dim P; = o0, j =1,2.
® V,=D,V with

( T % 0 — 1?9 \
t st
V = ar . B 13—_9 5 o 149
@ 1+g B  14g
K @ 1?9 B — 1i:g )
V., is a 1-D Random Quantum Walk JM 10

o(V,) =04 (Vo) =S Yo &  B(l+g)=sr

T, s.t. |T.|| =1, spr(T,)<1, T, unitary & g=1, Vw.
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Infos on ¢(VK) from (V) and ¢(K)

Notation:  B.(r) open ball of center c, radius r

Thm: Let V', K bounded, normal, invertible. Then

U, oy Nico iy Brre(IEldist(r,o(1))) € p(VK) — also "V ¢+ K7
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Infos on ¢(VK) from (V) and ¢(K)

Notation:  B.(r) open ball of center ¢, radius r

Thm: Let V', K bounded, normal, invertible. Then

U, oy Nico iy Brre(IEldist(r,o(1))) € p(VK) — also "V ¢+ K7

Pictorially: o(V) A B (|k|dist(T, o(V)))

By (dist(0, o(V))dist(0, o (K))) C p(VK)
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Infos on ¢(VK) from (V) and ¢(K)

Thm:
Ureov) Nieoxy Bre(lkldist(T,o(V))) C p(V K)
In our case
o(K)=1{1,9} and o(V) CS so

® Bo(g) C p(VK)
® Forany 7 € p(V), intersection on o(K) reduces to
B (dist(m,0(V))) N By (g dist(r,0(V))),
® B, (gdist(r,0(V))) is adilation by g of B, (dist(r,c(V)))
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2

T=0

: !‘ x
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2

O0<7<yg
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2

g<T1T<I1
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2

g<T1T<I1
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2

T>1
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2

T>1
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Urepvy Br(dist(T, (V) N By (g dist(7,0(V))) C p(V K)

Further assume
o(K)={1,9},1>g>0,and (V) ={e” |0 <v<2r -0}, 0< 0 < 7/2

T>>1

4 -
N
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Subset of p(V K)

Thm: ) U0 Mierigy () = Urepv) NMiefrgy ()

ii) Bo(g)UDU{Re z > cos(0)} C p(VK), where

2 x(z?—x(14g) cos(0)+9g)
oD = {y - (1+9) ch(Q)—x - }
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Subset of p(V K)

Thm: ) U0 Mierigy () = Urepv) NMiefrgy ()

ii) Bo(g)UDU{Re z > cos(0)} C p(VK), where
oD — {yz _ z(z®—z(1+g) Cos(0)+g)}

(14g) cos(0)—=x

GheorThe’ 70'th,

Bucharest, 2/7 /2014 —p.9/14



Subset of p(V K)

Thm: ) U0 Mierigy () = Urepv) NMiefrgy ()

ii) Bo(g)UDU{Re z > cos(0)} C p(VK), where
oD — {yz _ z(z®—z(1+g) Cos(0)+g)}

(14g) cos(0)—=x
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Subset of p(V K)

Thm: ) U0 Mierigy () = Urepv) NMiefrgy ()

ii) Bo(g)UDU{Re z > cos(0)} C p(VK), where

2 x(z?—x(14g) cos(0)+9g)
oD = {y - (1+9) cgs(Q)—rL’ - }

T

X

I
N~
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Subset of p(V K)

Thm: ) U0 Mierigy () = Urepv) NMiefrgy ()

ii) Bo(g)UDU{Re z > cos(0)} C p(VK), where

2 x(z?—x(14g) cos(0)+9g)
oD = {y - (1+9) ch(Q)—x - }

Remarks:

@ If o(V) C {e”]0 <v <21 — 0}, ii) still holds =
Several similar sets if o(1/) displays several gaps.

® [0,1] Cp(VK) & cos’(0) < g3y , cf matrix case.

® The set corresponding to 7V «+ K” is contained in ii).
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Example: T, = DT with T > Cj = (COS(H) —sin(§) Sm(n)>

sin(n)  sin(&) cos(n)

Where n,§ €10, 7/2],

cos(n)  cos(&)sin(n)  —sin(&)sin(n)
C=1 o0 sin(€) cos(€) ,s0 that g = sin(¢) > 0.

sin(n) —cos(§)cos(n)  sin(&) cos(n)

Vo =D,V
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Example: T, = DT with T > Cj = (COS(H) —sin(§) Sm(n)>

sin(n)  sin(&) cos(n)

Where n,§ €10, 7/2],

cos(n)  cos(&)sin(n)  —sin(&)sin(n)
C=1 o0 sin (€) cos(€) ,s0 that g = sin(¢) > 0.

sin(n) —cos(§)cos(n)  sin(&) cos(n)
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Example: T, = DT with T > Cj = (COS(H) —sin(§) Sm(n)>

sin(n)  sin(&) cos(n)

Where n,§ €10, 7/2],

cos(n)  cos(&)sin(n)  —sin(&)sin(n)
C=1 o0 sin (€) cos(€) ,s0 that g = sin(¢) > 0.

sin(n) —cos(§)cos(n)  sin(&) cos(n)

Vo =DV If suppr = [—¢, €,

o(Vy) :
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Example: T7,, =D, T with T + Cy = (COSO?) —sin(¢) sm(n))

sin(n)  sin(&) cos(n)

Where n, & €]0,7/2],

cos(n)  cos(&)sin(n)  —sin(&)sin(n)
C=1 o0 sin (€) cos(€) ,s0 that g = sin(¢) > 0.

sin(n) —cos(§)cos(n)  sin(&) cos(n)

Vo =D,V If suppr = [—«, €/,

o(T,) :
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About Eigenvalues of 7, =V, (P, + gP)

ForO<g<1: If T,o= Ap,then
AN =1 = =Py and V,po =P V,Pip = Ay,

AM=g = ¢=Py and V,p = PV,Pxp = (\/g)p-

Consequence, ker P,V,P, = {0} = o,(T.)NS =10,
ker PV, Py, = {0} — 0'p<Tw) M gS = @
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About Eigenvalues of 7, =V, (P, + gP)

ForO<g<1: If T,o= Ap,then
AN =1 = =Py and V,po =P V,Pip = Ay,
A=9 = =Py and Vop=RV.Pp=(\g)e

Consequence, ker P,V,P, = {0} = o,(T.)NS =10,
ker PV, Py, = {0} — Jp(Tw) M gS = @

More on PiV.P;lp,% : 3 ONB’s {v”,}=)% of P/H sit.

pPEZL

® PV, Pj|p,« is tri-diagonal and off-diagonal w.r.t. these bases
® P.V.Pi|pu D(w)PxV P; , where D(w) is a random diagonal unitary op.
® ker P,V,P; ={0}, Vj,kel,2,

vV X eigenval. of T, = |\ € {1,g}.
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Feschbach-Schur Method 7, =D,V(P+gP),0<g<1

PV, P gplvaZ

Structure: T, =
PV, P gPZVwPZ

) . Let V?ki = PjVPk : P]{H — Pj?’[

Thm: If ||[Vaii]| < 1,then, Vw

1 — |[Va||
| Var ||| Vaz]] + || Vaz|[(1 — [[Va1]|)

g < = spr(T,) <1
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Feschbach-Schur Method 7, =D,V(P+gP),0<g<1

PV, P gplvaZ

Structure: T, =
PV, P gPZVwPZ

) . Let V?ki = PjVPk : P]{H — Pj?’[

Thm: If ||[Vaii]| < 1,then, Vw

1 — |[Va||
| Var ||| Vaz]] + || Vaz|[(1 — [[Va1]|)

g < = spr(T,) <1

Actually, Bo(g)u{r(V) < |z| <1} C p(Ty) |, Vw, where

1
r(V) = 5 (IVaill + gl Vaz | + v/IVii T = gVaall 2 + 49 Vaa Va2l ) > o-

Y
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Feschbach-Schur Method 7, =D,V(P+gP),0<g<1

Structure: T, = <

Thm:

PV, P gplvaZ
. Let V?ki = PjVPk : P]{H — Pj?’[
PV, P gPZVwPZ

|f HV11H < 1,then, Vw

1 — ||V
= spr(7T,) <1
VorllTVaal £ [Vaal = Vil (L2)

g <

Actually, Bo(g)U{r(V) < |z| <1} C p(T.) |, Y w, where

1
r(V) = 5 (||V11|| + g||Vaz|| + /([Vii|| — g||Vaz]|)2 + 49||V21||||V12||||) > g.

Remarks:

N S 1 « .
|Viy || = 0=ageltla—dge™] \where det . geX
l—g ~ 5

Vik = Vjk(9)
F(Z) = (V11 — 211) — gV12(9V22 — ZIQ)_1V21 s.i.

z€ p(T)Np(gVaz) & 0 € p(F(2)) (for w =10)
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Feschbach-Schur Method 7, =D,V(P+gP),0<g<1

PV, P gplva2

Structure: T, =
PV, P gPZVwP2

> . Let V}k = PjVPk : P]fH — Pj?‘[

Thm: |f ||V11|| < 1,then, Vw

1 — |[Va||
| Var ||| Viz]] + || Vaz|[(1 = [[Va1]])

g < = spr(T,) <1

Actually, Bo(g)u{r(V) < |z| <1} C p(Ty) |, Vw, where

1
r(V) = 5 (||V11|| + g||Vaz|| + /([Vii|| — g||Vaz]|)2 + 49||V21||||V12||||) > g.

® There are cases where
both Theorems hold:
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Case =0 < T, =D,VP, C*:@ 0 g)
v ot
Thm: If ¢ =0, we have for all w
o(T,) =c(PiV,Pi|p,#)U{0}, Feschbach-Schur
o (1.)\ {0} < {[lal = |6] < |2] < |o| + 3]} Study of P1V..P;

Consequence: spr(1.,) <1 if |al+ 19| < 1.
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Case =0 < T, =D,VP, C*:@ 0 g)
v ot
Thm: If ¢ =0, we have for all w
o(T,) =c(PiV,Pi|p,#)U{0}, Feschbach-Schur
(1) \ {0}  {|laf = 61| < I2] < | + 61} Study of PLV..Py
Consequence: spr(T.,) < 1 if |a|+1d| < 1.
Ergodicity: In case dv(0) = df/2x Davies 01

o(T.) = {0} U {|la] — |8]] < |2] < || + 18]}, a.s.
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Case =0 < T, =D,VP, é:@ 0 g)
v ot
Thm: If ¢ =0, we have for all w
o(T,) =c(PiV,Pi|p,#)U{0}, Feschbach-Schur
(1) \ {0}  {|laf = 61| < I2] < | + 61} Study of PLV..Py
Consequence: spr(T.,) < 1 if |a|+1d| < 1.
Ergodicity: In case dv(0) = df/2x Davies 01

o(T.) = {0} U {|la] — |8]] < |2] < || + 18]}, a.s.

la| + 18] =1 =spr(T.):
The peripheral spectra coincide
o(T,)NS =oc(PiV,Pi|lu,) NS=0(V,) =8, a.s,,
their nature differs for v #£ gt

op(T,) NS =0,(T5) NS =0, whereas o.(V.,) = 0 a.s.
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Thank you and...

Happy Birthday Gheorghe!
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