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Introduction

Introduction

A. Signorini (1933, 1959), G. Fichera (1964, 1972) , G. Duvaut and J.L. Lions
(1972) - static elastic problems with unilateral contact

J.J. Telega (1991) - variational formulation of quasistatic elastic problems with
unilateral contact and Coulomb friction

L.E. Andersson (2000), M.C. and Rocca (2000, 2001) - mathematical analysis of
quasistatic elastic problems with unilateral contact and local Coulomb friction

J. Martins and J. T. Oden (1985, 1987) dynamic problems with normal
compliance laws

G. Lebeau, M. Schatzman (1984), J. U. Kim (1989) - a wave equation with
unilateral boundary conditions.

J. Munoz-Rivera, R. Racke (1998) - dynamic frictionless problem in
thermoelasticity with radial symmetry and unilateral contact conditions.

J. Jarusek (1993) - dynamic unilateral contact problems with given friction, for
viscoelastic bodies.
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Introduction

@ K.L. Kuttler, M. Shillor (2001, 2004) - dynamic, bilateral or unilateral, contact with
nonlocal friction.

@ M. Sofonea and co-workers (1993,...) - contact problems with friction in
viscoplasticity and viscoelasticity.

@ PD. Panagiotopoulos and co-workers (1983-1999), S. Migérski and co-workers
(2005-...) - hemivariational inequalities and applications to contact problems.

@ A. Petrov, M. Schatzman (2002, 2009) - dynamic viscoelastic problems with
unilateral constraints.

@ M.C., M. Raous, M. Schryve, (2006-2009) - dynamic problems in viscoelasticity
coupling unilateral contact, friction and adhesion.

@ PJ. Rabier and O.V. Savin (2000) - an intermediate pointwise contact condition
in the static case.

@ M.C. (2014, 2015) - dynamic contact with intermediate contact conditions
between two viscoelastic bodies
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Classical and Variational Formulations ) .
Classical formulation

Variational formulation

Classical and Variational Formulations

We consider two viscoelastic bodies, characterized by a nonlinear constitutive law of
Kelvin-Voigt type, which occupy the open, bounded and connected sets Q“ of R? ,
d = 2 or 3, with Lipschitz boundaries I'* := 9Q%, a = 1, 2.

LetI'g, I'g, I'g C I'™ be relatively open, mutually disjoint sets and assume
meas(F'g)) > 0,a=1,2.

Notations:

ue, u® = (v, ..., ug) = (0%, ug) - the displacement field,
e, &% = (g (u%)) - the infinitesimal strain tensor,

o%, %= a,‘l)‘) - the stress tensor in Q%, o = 1,2,

f1 = (1, 2) - the given body forces in Q' U Q2,

fo = (f}, f3) - the tractions in TL U TZ,

ug, ug - the initial displacements and velocities,

U® = 0 - the prescribed displacement on '),

A%, B - the elasticity tensor and the viscosity tensor, respectively, corresponding to
QY a=1,2.
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Classical and Variational Formulations

Classical formulation
Variational formulation

Assume that the solids are in contact, with a (sufficiently small) gap between the
potential contact surfaces F‘C and FQC, described by an open, bounded subset = of

]Rdf‘ such that 'L and I can be parametrized by two C' functions, ¢!, ¢? : = — R,
satisfying
PlE) —¢P(€) >0 vEe =, TE={(& ¢ (¢)iée=}ha=1,2
We siill denote the unit outward normal vector to ' by n® : = — RY, a =1, 2 the
initial normalized gap by
1 2

v (&) — ¢ (€ _
w@)= 28O e 2
V1+ |Vl (€l
and we use the following notations for the normal and tangential components of v, of
the relative displacement and of o*n®:

ve = v, 1) = v(§ ¢ (§), t), V,f,‘ = vy (&) = ve(& ¢*(8), 1) - n*(8),
Vn = VN(ﬁ,Z‘) = Vl1\l + Vf/: [V [ 1(¢, t) = N(E t) — 90(§),

Ve = va(g ) = Ve —vent, vi= V(€ 1) = V1T - V2T,

of =0y, t) = (e*n*) - n*, o% :=0cF§t) =o*n* —oyn®,

forall ¢in=andforall t € [0, T].
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Classical and Variational Formulations

Classical formulation
Variational formulation

The unilateral contact condition at time ¢ can be written as [u,](£,1) <0 V€€ =
The state variables are:

- the infinitesimal strain tensor e := (', €?) = (e(u'), e(u?)),

- the relative normal displacement [uy] = u}, + u3 — do,

- the relative tangential displacement ur = ul — u2.

Let u = p(¢, ur) be the slip rate dependent coefficient of friction and assume that
pu:=xRY - Ry isabounded function such that for a.e. £ € = u(&, ) is Lipschitz
continuous with the Lipschitz constant, denoted by C,,, independent of &, and for every
v € RY pu(-,v) is measurable.

Consider also the following mappings:

- k, & : R2 = R such that x and % are lower semicontinuous and upper
semicontinuous, respectively, satisfying

r(8) < R(s) and 0 ¢ (x(s),R(S)) Vs € R?, 1)

31y > 0 such that max(|x(s)|, [R(s)]) < rp Vs € R2. 2)
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Classical and Variational Formulations . .
Classical formulation

Variational formulation

Classical formulation

Problem P¢: Find u = (u', u?) such that u(0) = up = (uj, u),
u(0) = uy = (ul,u?)in Q' x Q2 and, forall t € (0, T),

U —dive(u, i*) = in Q,
o.a(ua7ila):Aae(ua)+Bae(ba) in QO"
u*=0on Iy, oon* =13 on g, a=1,2,
o'n' +o2n? =0 in Z,
s([un], i) < on < E([un], dy) in Z,

lor| < p(ur)|on| in = and

. . ur

ur #0= o7 = —p(Ur)oy| =
lur|

where o = o%(u®, U%), a =1,2, oy :=0}, o7 := 0k
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Classical and Variational Formulations

Classical formulation
Variational formulation

Example 1. (Adhesion and friction conditions)
Let s > 0, M > 0 be two constants and kp : R — R be a continuous function such
that ko > 0 with ko(0) = 0. For s = (s, S») € R?, define

0 if sy <—sp, 0 if 51 < —sg,
K(S) = k(81) = kKo(s1) if —sp<s1 <0, R(s)=F(S1)=1 ko(s) if —sp<s <0
M i s >0, M if s > 0.

Example 2. (Friction condition)
In Example 1 we set ky = so = 0 and define

0 if s <0,

0 if s <0,
ﬁ(s):ﬁM(s‘):{ M if s >0 1

(S):EM(S”:{ M if 371>0'

=

The classical Signorini’s conditions correspond, formally, to M = +oo.

Example 3. (General normal compliance conditions)

Various normal compliance conditions, friction and adhesion laws can be obtained if
k=& = K, where k : R2 — R is some bounded Lipschitz continuous function with
x(0,0) = 0, so that o is given by the relation o = x([un], Un).
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Classical and Variational Formulations ) .
Classical formulation

Variational formulation

Variational formulation

We adopt the following notations:
HS(Q%) := HS(Q*;RY), a = 1,2, HS := H5(Q'") x H%(Q?),
(v,w)_ss = (V! W) s a1y« ms(at) + (V2 WP) s 02) x Hs(02)

vv=(v,v?) e H S, VYw=(w' w?) e HS, VscR.

Define the Hilbert spaces (H, |.|) with the associated inner product denoted by (., .),
(V, |I.]l) with the associated inner product (of H') denoted by (., .), and the closed
convex cones L2 (=), L2 (= x (0, T)) as follows:

H:= H® = [2(Q";RY) x [2(Q%RY), V := V' x V2 where

Ve ={ve e H'(Q*); v =0ae. onl3}, a=1,2,

L2(Z):={0 €L?(Z); 6 >0 ae.in =},

L2(=Zx(0,T)):={n € L2(0, T;L2(Z));n >0 ae. in =x (0, T)}.
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Classical and Variational Formulations ) .
Classical formulation

Variational formulation

Let A, B: H' — H' be two mappings defined by : Vv, w € H'

(Av,w) = (A'v! w') + (A%v2 w?), (Bv,w) = (B'v',w') + (B?v2, w?), where
(ACve, wo) = / A%(v®) - (W) dx, (B*vo, we) — / B(v®) - e(W™) dx.
Assume ¢ € Wgzo(o, T; L2(Q; RY)), fg € W'>°(0, T; LQ?F,%;R")), a=1,2,
ug,uy €V, g € Li(E), and define the following mappings:

J:L2(Z) x (H')2 = R, J(6,v,w) = /_u(vr) 6] lwr|dé V& el?(Z), Vv,weH,
fewh=(0,T;H'), (f,v) :Za:uz/m froveakr 3o [ fgveds

a=1,2 F
vv=(v',v®) e H', vte[o,T]
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Classical and Variational Formulations ) .
Classical formulation

Variational formulation

Assume the following compatibility conditions: [ugn] < 0, R([uon], u1n) =0 a.e. in =
and 3 p, € H such that

(Po, W) + (Aug, w) + (Buy, w) = (f(0),w) VweV.
For every ¢ = (¢4, () € L2(0, T; (L3(Z))?) define the following sets:

NC) = {n € L2(0, T; L2(Z));ko{ <n<Ko( ae.in =x (0,T)},
A(Q)={n€L2(=Ex(0,T))ir, 0(<n<Fro( ae.in =x(0,T)},
AQ)={nelB(Zx(0,T);F_o(<n<k_o( ae.in Zx(0,T)},

where, for each s € R, s; := max(0, s) and s_ := max(0, —s) denote the positive
and negative parts, respectively.
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Classical and Variational Formulations ) .
Classical formulation

Variational formulation

Problem P}: Find u € C'([0, T|; H=*)n W'-2(0, T; V), X € L?(0, T; L3(=)) such that
u(0) = ug, u(0) = uy, A € A([un], Un) and

.
((T), v(T) — u(T))—.,. — (u1, v(0) — p) — /0 (i1, v — ir) ot
T .
+/0 {(Au,v —u) + (Bi,v — ) — (O, vy — )z (o) } o 3)
T T
+/0 {J(/\,u,v+ku—u)—J(A,u,ku)}dtz/O (f,v—u)dt

1
Vv € L0, T;V)n W'2(0, T;H), where 1>:> > k> 0.

The Lagrange multiplier A\ satisfies the relation \ = oy.
Let ¢ : (L2 (2))? x (V)? — R be defined by

P(81,02, v, W) = —(51 — &2, W) 2z +/:AL(VT) (61 +02) [wr| d¢
v(51762) € (Li(z))zv Vv= (V17V2)7 ;V = (W17W2) ev.
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Classical and Variational Formulations

Classical formulation
Variational formulation

Since n € A(¢) if and only if (n4,n-) € AL({) x A_((), it follows that the variational
problem P} is clearly equivalent with the following problem.

Problem P2: Find u € C'([0, T|; H=*)n W'-2(0, T; V), X € L?(0, T; L?(=)) such that
u(0) = up, u(0) = uy, (A,2-) € A([un], in) x A—([un], in) and

(), v(T) = u(T))—.,. — (1, v(0) — o)

+/ {(—(i1, v — i) + (Au, v — u) + (Bit, v — u)} dt @)

T T
+f {¢(A+,Af,u,v+ku—u)—qﬁm,xf,u,ku)}dtz/ (f,v - u) ot
0 0

Vv €120, T; V)N W'2(0, T; H).
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Some auxiliary existence results

neral Existence Resul .
Genera stence Results A fixed point problem formulation

General Existence Results

Let Uy, (Mo, II-II, ¢, -)), (U, ||-]lu) and (Ho, |-], (-,.)) be four Hilbert spaces such that
Uy is a closed linear subspace of V; dense in Hy, Vy C U C Hy with continuous
embeddings and the embedding from V; into U is compact.

Let B/(=), B-(=7) denote the cIosed balls with center 0 and radius r in L>°(Z),
L*>(=71), respectively, where =1 := = x (0, T) and r > 0.

Let two functionals F; » : Vo — R differentiable on Vy and assume that their derivatives
F1’72 : Vo — V, are strongly monotone and Lipschitz continuous, that is

ajllu—vi? < (F/(u) = F(v),u=v), |F/(u) = F{ ()]l < Billu = v], (5)

forallu,v e Vp,i=1,2.
Let /: (Vp)? — (L3(Z))? and ¢y : [0, T] x (L2 (Z))? x (V) — R be two mappings
satisfying the following conditions:

I k; > 0suchthat vy, v € (Vp)?,

6

(1) = ()l 2=y < Kalln — V2||(U)2, (©)
Vte [Ov T]7 V1, Y2 € Li(E), Vv, Vo, VE V07

ot v1,72, Vo i + v2) < do(t, 71,72, Vs vi) + do(t, 11,72, Vs Vo), (7
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Some auxiliary existence results

General Existence Resdlts A fixed point problem formulation

@o(t, Y1572, Vv, 0v1) = 0 do(t, 71,72, v, v1), VO >0, (8)
Vv e V07 ¢0(0,0,0,0, V) :O) (9)
(10)

d)O(t’ V1,72, V, W) =0, Vwe UO:

Vr>0, 3ko(r) >0 suchthat Vt,t € [0, T],
V1, Y2, 61, 62 € LE(Z) N Br(Z), YV vy, Vo, Wy, W € V,
(11
[0 (b, 71,725 Vi, Wi) — do(tr, 71,72, Vi, W) + ¢o(t2, 61, 62, Vo, Wa) — do(lz, 01, 02, Vo, w1))|
< k(N — |+ llv = d1ll2z) + vz — S2ll 2=y + v — vallu)llws — wallu,

it (+,48) € (L2(Z7))? forall n e N
and (vf,75) = (71,72) in (L2(0, T; L3(Z)))?, then (12)

T T
/ ¢0(s771nv’ngv7 W) ds — / ¢0(57’Y17’YZ7V7 W) ds VV7W€ L2(07 T; VO)
0 0
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. Some auxiliary existence results
General Existence Results auxiary

A fixed point problem formulation

Assume that fy € W'°°(0, T; V), u°, u' € V, are given, and that the following
compatibility conditions hold: &(/(u°, u1)) =0 and 3py € Hy such that

(Po, W) + (F{(u°), w) + (F3(u"), w) = (fo(0),w) Ywe V. (13)

Problem Q;: Find u € Wy, X € L?(0, T; L?(Z)) such that u(0) = u°, 4(0) = u',
(A, A=) € Ap(I(u, 1)) x A—(I(u, i) and

(U(T),v(T) = u(T))y x u — (U1, v(0) — up)
T
+/0 {=(U, v — ) + (F{(u), v — u) + (Fj(i), v —u) } dt (14)
T T
+/ (0(t, A A i v+ kit — 1) — ot sy A, i kid)} it > / (o, v — u) di
0 0
Vv € L0, T; Vo) N W'2(0, T; Hy),

where Wy := C'([0, T]; U") N W'2(0, T; Vo).
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. Some auxiliary existence results
General Existence Results auxiary

A fixed point problem formulation

We consider the following problem, which has the same solution u as the problem Qy,
and the solutions \q, X5 satisfy the relation A = Ay — X5, where X is a solution of Qy .
Problem Qy: Find u € Wy, Ay, A2 € L2(0, T; L2(Z)) such that u(0) = u°, i(0) = u',
(A1, he) € A (I(u, &) x A—(/(u, 1)) and

(@(T), v(T) = u(T) v x u — (1, v(0) — Wo)

+/OT {=(0,v =)+ (F{(u),v — u) + (F3(),v — u) } dt (15)

T T
[ 400t M Na, v+ i — ) = do(t e, kDYt > [ (o, v = ) o
0 0

YveL®0,T; VN W1‘2(0, T; Hp).
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Some auxiliary existence results

neral Existence Resul ) .
Genera stence Results A fixed point problem formulation

Some auxiliary existence results

Lemma

Assume that (5), (7)-(9), (11), and (13) hold. If r > 0O then, for each

(71,72) € (Wh(0, T; L3()))? N (L3 (=7))? N (Br(=7))? with 71 (0) = 72(0) = 0,
there exists a unique solution u = u(., ,) of the following evolution variational
inequality: find u € W22(0, T; Hy) N W'-2(0, T; V) such that u(0) = u®, u(0) = u',
and for almost all t € (0, T)

(U, v —0) + (F{(u), v — 0y + (F)(U), v — )

: . . (16)
+¢0(t’ Y1572, U, V) - ¢0(t7 Y1572, U, U) > <f0a v — U> Vv e VO'
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Some auxiliary existence results

neral Existence Resul ) .
Genera stence Results A fixed point problem formulation

Lemma

Letr > 0, (v1,7), (81,8) € (W'=(0, T; L2(2)))2 N (L2 (Z1)) N (Br(Z7))? such
that 1(0) = 72(0) = 41(0) = 62(0) = 0 and let (-, ), Uis,,s,) be the corresponding
solutions of (16). Then there exists a constant Cy > 0, independent of

("/1,’72), (61 9 52), such that for all t € [0, T]

18071 72) (8) = 0(51,52)(t)|2 F Uy 2) (1) = u(51752)(t)||2
t
+/0 1871 72) = 0(51,52)H2 ds
t ) . . . (an
< CO/o {608,711, 72, Uy 12)» Usy.62)) = P08, 715725 Uiy 2) s Uy 1v2)

+60(S, 61502, U(5,,5,)» Uyy ) — P0(S: 015 02, Ugs, 5,)5 Usy,65)) } OIS
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Some auxiliary existence results

General Existence Results A fixed point problem formulation

A fixed point problem formulation

Theorem

For each (v1,72) € (L2 (=7))%N (By (Z7))2. let (v, v5)n be a sequence in

(Wh>2(0, T; L3(2)))2 N (L2.(Z7))2 N (Br(Z7))?, for some r > 0, such that

(4,98 = (31,72 in (L2(0, T; L2(2)))?, 7/(0) = ¥5(0) = 0, and et up .z) be the
solution of (16) corresponding to (v{,~3), for every n € N. Then (U(,hnﬁg))n is strongly

convergent in Wy, its limit, denoted by u = u., ..y, is independent of the chosen
sequence converging to (v1,v2) with the same properties as (v{,~5)n and is a solution
of the following evolution variational inequality: u(0) = u°, 4(0) = u’,

(@(T), v(T) = u(T))urx u — (u', v(0) — u°)

+ [ @i 0+ F@, v -0+ (F@LY - w) o 8)

T T
+/(; {¢)0(t,')/1,’}/2,[l,V*U“rkU)*¢0(t,71,’}’2,[l,kl:l)}dt2A <f07V—u> at

Vv e L0, T; Vo) N W12(0, T; Ho).

FMI 2018




. Some auxiliary existence results
General Existence Results auxiary

A fixed point problem formulation

Let & : (L2(Z7) N By (Z7))? — 2 (EENNB,(EN)* \ (0} be the set-valued mapping
defined by

®(m1,72) = MUy r2) Uy 2))) X A= Uy, 2 Uy )

19

forall (v1,72) € (L3(7) N By (Z7))% 1)
where u(, -,) is the solution of the variational inequality (18) which corresponds to
(71, 72) by the procedure described in the previous theorem.
Itis easily seen that if (A1, A2) is a fixed point of @, i.e. (A1, A2) € ®(A1, A2), then
(Uea, Ag)r M A2) is a solution of the Problem Q.
We shall consider a new problem, which consists in finding a fixed point of the
set-valued mapping @, called also multivalued function, which will provide a solution of
Problem Q.
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Some auxiliary existence results
A fixed point problem formulation

General Existence Results

Definition

Let Y be a reflexive Banach space, D a weakly closed setin Y, and F : D — 2¥ \ {#}
be a multivalued function. F is called sequentially weakly upper semicontinuous if
Zn — 2, Yn € F(zp) and yp — y imply y € F(2).

Proposition

(Ky Fan) Let Y be a reflexive Banach space, D a convex, closed and bounded setin Y,
and F : D — 2P\ {0} a sequentially weakly upper semicontinuous multivalued
function such that F(z) is convex for every z € D. Then F has a fixed point.

Theorem

Assume that (1), (2), (5)-(12) and (13) hold. Then there exists

(M, X2) € (L3(Z7) N By, (Z7))? such that (A, Ap) € P(\1, X2). For each fixed point
(M, A2) of the set-valued mapping ®, (Ucx, x,), A) With A = Xy — Xz is a solution of the
Problem Q.
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Existence of a Solution to the Contact Problem

Existence of a Solution to the Contact Problem

Under the above assumptions there exists a solution of the Problem P}.

We prove that there exists at least a solution (u, A+, A\_) of the Problem P2 which will
provide a solution (u, \) of the Problem P} with A = Ay — A_.

We apply the previous theorem to Uy = H} = H} (Q'; RY) x H} (2% RY), Vo =V,
U=H' Hy=H,F] =A F,=B,u’ =uy, u' = uy, ¢o = ¢, fy = f and to the
mapping / : V2 — (L2(=))? defined by (v, w) = ([vn], wn) Yv,w € V. O
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Perspectives

Perspectives

@ More complex contact interaction laws (in quasistatic or dynamic cases)
@ Nonlinear quasistatic and dynamic unilateral contact problems with friction
@ Hemivariational formulations

@ Numerical analysis and solution methods (parareal methods...)
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