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We provide iterative procedures for numerical computation of some stabilizing solu-
tions of two type of coupled matrix Riccati differential equations arising in connection
with Nash differential games. The procedures proposed are based on solutions of un-
coupled symmetric or nonsymmetric Lyapunov equations.
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1. INTRODUCTION AND PROBLEM FORMULATION

In this paper we study the existence of stabilizing solutions of two pairs of
coupled matrix Riccati differential equations associated with linear-quadratic
games of the form

T =A(t)x(t) + B1(t)ui(t) + B2(t)ua(t); x(0) = mo,

where z € R", u; € R", 1 = 1,2, and the cost functionals associated with the
two players are

1 1[4
Ji=gupXuprp+ g / (@1 Qu(t)a + ui Rix(t)ur + uy Ria(t)up)dt
to

and

1

I
Jo = §$}[‘X2fl‘f + —/ (I‘TQQ(t)l‘ + ulTRgl(t)ul + UQTRQQ(t)UQ)dt,
t

2 0
with -y = x(ty). All weighting matrices are assumed to be real and symmetric
with @); non-negative definite and R;;, ¢ = 1,2, positive definite.
The Riccati equations examined in this paper are associated with two
types of strategies of the two players: the feedback Nash strategies and the
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open-loop Nash strategies. It is known (see [1, 3, 5] for precise definitions and
further details on this topic) that the optimal feedback and open-loop Nash
strategies have the form

ur(t) = =Ry (OB1 (O X1(t) 2(t),  ua(t) = —Ray (t) By (£) Xa(t) a(t),
where x(t) can be determined from the initial value problem
&= [A(t) = S1() X1 (t) — Sa2(t) Xo(t)]a(t),  2(0) = o,

provided it is possible to determine for all ¢ € [to, ¢ f] the solutions (X (¢), X2 (%))
of the coupled matrix Riccati differential equations (1) and (2), respectively,
with terminal values X;(t5) = X;¢, i = 1,2 . Using the notation

Si(t) = Bi(t)R;;*()BF (1), 1<i<2,

and

Sij(t) = Bj(t)Ry; () Rij () Ry} (1) B] (1), 1<i,5<2,
in the case of feedback Nash strategies we have to determine the solution
(X1, X2) of the system

(1) %Xl + AT X1 + X1 A(t) — X151(6) X1 — X192(t) Xo—
— X2S53(t) X1 + X2S12(t) X2 + Q1(t) = 0,

% Xy + AT(H) X 4+ XoA(t) — X285(8) Xo — X251 (¢) X1 —
— X151(t) X2 + X1 821 () X1 + Q2(t) =0,

and in the case of open-loop Nash strategies the solution (X7, X2) of the system

2) SX0+ATOXs + X0 AT() - XaSi (00— XS0 Xz + Qi(1) =0,

d
&Xg + AT (1) X5 + XoA(t) — X281 (1) X1 — X255(t) Xa + Qa(t) = 0,

where we assume for convenience that A : R — R™"; Q;,S; : R — S,,
i=12; 8 : R — S, (ij) € {(1,2),(2,1)} are bounded and continuous
matrix valued functions; here, as usual, S,, € R™*" is the linear subspace of
all symmetric n X n matrices.

If the differential game is considered on an infinite time horizon (i.e., ty =
+00), then the optimal strategy is constructed using a special global solution
of equations (1) and (2), respectively. Such solutions have to achieve the
exponentially stable behavior of the trajectories of the closed-loop system. In
this paper we are interested in deriving procedures for numerical computation
of such global solutions of (1) and (2), respectively.

Systems (1) and (2) were investigated either as mathematical objects
with interest in themselves in [1], Chapter 6, or in connection with several
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aspects of two-player Nash differential games (see [2, 3, 5, 10, 11, 12] and
references therein).
We mention that system (2) can be rewritten as a non-symmetric (rec-

tangular) matrix Riccati differential equation for the block matrix ( ?1 )
2

Therefore we can use for its solution all results and methods known for this
type of equations (see [1], Chapter 6, [7] and [9]) — it is known that the global
existence of the solutions of such differential equations is only guaranteed
under rather restrictive conditions.

Existence results for the nonlinear system (1) are also rare; although the
solutions X, 1 < j <2, of (1) are symmetric if the terminal (or initial) values
Xr, 1 <7 <2, are symmetric, the existence of the corresponding solutions
can frequently only be guaranteed locally (see [8]).

The situation is better if one confines to differential systems (1) or (2)
under assumptions leading to positive systems; in particular, (1) and (2) were
studied under these restrictions in [2], [4] and in [10], respectively.

In the present paper we assume that (1), (2) are also in the case of
positive systems. Therefore, according to the assumptions from [10, 2, 4] we
make the following hypothesis concerning the coefficients of (1) and (2):

H;) (i) For each t € R, A(t) = (a;;(t)) is a Metzler matrix, i.e., a;;(t) > 0
for i # j.
(i) S;(t) 20,i=1,2, Vt € R.
(111) Sz(t) = 0, (’57]) € {(172)7 (27 1)}a VieR.
(iv) Qi(t) =0, teR, I =1,2.
Here and below < and > denote the corresponding componentwise ordering.

Our aim is to construct sequences of iterates which converge towards the
stabilizing solution of (1) and (2), respectively.

At each step we will have to solve two uncoupled symmetric Lyapunov
differential equations or uncoupled nonsymmetric Lyapunov equations (Syl-
vester equations), respectively.

2. STABILIZING SOLUTIONS

Since (1) and (2) are nonstandard (coupled) Riccati differential equa-
tions, we consider that the results obtained could be useful to clarify the
concept of stabilizing solutions of such equations.

To this end, we regard these equations as nonlinear differential equations
on a Hilbert space X. For equation (1) we take X = S,, ®S,, while for equation
(2) we take X = R™*"™ @ R™*™. The usual inner product is given by

(3) (X.)=Tr[ V" X1 |+Tr[ V5" X |
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for all X = (X1, X3),Y = (Y1,Y3) in X.
On X, (1) and (2) may be written in a compact form as

(4) %X +R(LX) +Q(t) =

where Q(t) = ( Qi(t) Q2(t) ) and R(¢, X) = ( R1(t, X) Ra(t,X) ), with
Rl(t,X):AT(t)Xl—l-XlA(t)—XlSl(t)Xl—Xlsg(t)XQ—XQSQ(t)Xl—I-XQSlg(t)XQ,

Ro(t, X)= AT (t) Xot-Xo A(t)—X2So (t) Xo—X2.51 (t) X1—X1.51 (t) Xo+-X 1 So1 (1) X1,
in case of (1), and

Ri(t, X) = AT (1) X1 + X1A(t) — X151 () X1 — X155(t) Xo,

Ro(t, X) = AT ()Xo + XoA(t) — X251 (t) X1 — X2S5(t) Xo,
in case of (2).

For each solution X (t) = (Xy(t), X2(t)) of equation (4) we may con-
struct the operator valued function Lx : R — B[X] defined by Lx(t)U =
(L1x (U, Lox (t)U) where
(5) Lox (U= (A(1) ~ 10X (1) ~ $2(0) Xa (1)U + Ua(A(1)~
— S1(1)X1(t) = Sa(t)Xa ()" = (S1(£) X2(t) = Sa1 (£) X1 (1)) Ua—
Ua(X2(t)S1(t) — X1 (t)S21(¢)),

Lox (1)U =—(S2() X1 (t) =S12(t) X2 () Ur U (X1 (£) S2(t) —X2(£) S12(£) H
+ (A(t) = S1 (1) X1(t) — Sa2(t) X2(t)) Ua+
(

+ Uz (A(t) = S1()X1(t) — Sa(t) Xa(1))

in case of (1) and

(6)  Lix()U = (A(t) — Sa(t)XT (£))Ur + Ur(A(t) — S1(8) X1 (t) —
—S5(t) X2 (1)) " — S1(t)Xq (1)U,

Lox (U = (A(t) — S2(t) X5 () Uz + Ua(A(t) — S1(t) X1 (t) —
—Sa(t) X2 (t))" — Sa(t) X (1)U,

in case of (2). It is easy to see that
(7) RI(t, X (1) = Lx (1),

where R/(t,-) is the Fréchet derivative of the function X — R(t,X) while
L% (t) is the adjoint operator of Lx(t) with respect to the inner product (3).

Definition 2.1. We say that a solution X (t) = (X1(t), Xa(t)) of (4) is



5 Lyapunov iterations for coupled Riccati differential equations 39

a) a stabilizing solution if the zero state equilibrium of the linear differ-
ential equation

d
8 —Z=Lyt)Z
(5) 7= Ly(t)
on X is exponentially stable;
b) a closed-loop stabilizing solution if the zero state equilibrium of the

linear differential equation

(9) %x = Ay(t)x

on R™ is exponentially stable, where Ay (t) = A(t) — S1(t) X1 (t) — Sa(t) Xo(t).

Remark 2.2. a) On account of (7), in the time invariant case, the concept
of a stabilizing solution introduced above can be characterized by the fact that
the eigenvalues of the operator R'(X) are located in the open left half-plane
ReA < 0.

b) It was shown in [4] that if X(t) = 0 is a stabilizing solution of (1),
then it also is a closed-loop stabilizing solution of the same equation.

Reasoning as in Lemma 8.1 (ii), (iii) in [4], we deduce that if X (¢) > 0 is
a stabilizing solution of (2), then the solution Z; = 0 of the linear differential
equations

d

is exponentially stable, where
(11) Ay x ()21 = (A(t) = Sp(t) Xy (1) 2y + Zi(A(t) —

—S1(t) X1 (t) — Sa(t) X (t))"

is a nonsymmetric Lyapunov operator (i.e., a Sylvester operator).

Unfortunately, we are unable to show that the exponential stability of
the evolution generated by the Sylvester operator (11) implies the exponential
stability of the corresponding closed-loop matrix A (t) defined by (9).

¢) Necessary and sufficient conditions under which a closed-loop stabi-
lizing solution of (4) is also a stabilizing solution can be derived using the
developments from Section 6 in [4].

In [10, 2, 4] sequences of iterates X/ = (X3, X3) converging towards
the stabilizing solution were provided. At each step X7 is obtained either as
solution of the linear differential equations
(12) %Xﬂ + L% ()X + Q' (t) =0
on X in the time-varying case or as solution of the algebraic linear equations
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on X in the time invariant case.

In this paper we replace equations (12) and (13) respectively, by uncou-
pled Lyapunov differential equations or uncoupled algebraic Lyapunov equa-
tions, respectively.

At the end of this section we introduce the set of functions

(14) Q(R,Q)= {P ‘R — X | P()>=0 and %P(t)JrR(t, P()+Q(t) < o}.

related to equation (4).

We recall that for H : R — X we write H(t) >> 0 if there exists a
positive constant 0 such that H(t) = 6 1, = 0, where 1,, is the n X n matrix
with all entries equal to 1 (for details see Ex. 2.5 (ii) in [4]). We shall write
H(t) << 0if —H(t) == 0.

Remark 2.3. In (14), the operator R(-,-) takes different forms according
to whether the set Q(R, Q) is associated either with (1) or with (2).

3. LYAPUNOV TYPE ITERATIONS FOR EQUATION (1)

Let {X7(t)};>0 be the sequence of functions X7 : R — X, XJ(t) =
(X{(t), X3(t)) with Xj(¢) being the unique solution bounded on R of the
Lyapunov differential equation

(15)  SX)0) + AW - SiOX] (0 - S0X3 O X ()4

+X](O[A®) — SiOX] () = S0 X3 ]+ Q1) =0,
with I = 1,2, XP(t) =0, t € R, where
(16) Q') =Qi(t) + XIS ()X + XTI () S () X3,

(17) Q47 '(1) = Q2(t) + X3 ()S2() X3 (1) + X{ ™ (1) () X{ ' (1)
Before stating the main result of this section we make the assumption

H>) (i) The zero state equilibrium of the linear differential equation

d
Za(t) = A (t)

on R" is exponentially stable.

(ii) The set (R, Q) is not empty.

Now, we prove:

THEOREM 3.1. Under assumptions Hy and Ha, the sequence {X7(t)};>0
defined by (15)-(17) is well defined and convergent. If X (t) := lim;_,oc X7 (1)
then X (t) is the stabilizing solution of (1). Moreover, X (t) is the minimal
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solution of (1) with respect to the class of global bounded nonnegative solutions
of (1).

Proof. We shall show iteratively the following items:

aj) 0 =2 X7(t) < P(t) for all P(t) € Q(R,Q);

b;) the zero state equilibrium of the linear differential equation

d
() = A;(t)x(t)

is exponentially stable, where
(18) Aj() = A(t) = S1 ()X (£) — Sa(H) X3 (8);

¢j) XI(t) < XITL(t) for all t € R.

From assumption Ha together with X?(¢) = 0, we get that items a;) and
b;) are fulfilled for j = 0.

To check that cp) is also true, let us remark that X} (¢) is the unique
bounded solution of the Lyapunov differential equation

S X1+ AT X0 + XHOAW) + Q1) = 0.

Since @;(t) = 0, by Theorem 4.7 (iv) of [4] we have X}'(t) = 0 = X(¢), t € R.
This is just c).

Let us assume next that a;), b;), ¢;) are fulfilled for 0 < ¢ < j — 1 and
prove that then they also hold for ¢ = j.

If b;j_y) is fulfilled, then it follows from Theorem 4.7 (i) of [4] that equa-
tion (15) has unique bounded solution on R, so that X7(t) is well defined.

Seting P(t) = (P1(t), Pa(t)) € Q(R,Q), one can see that it verifies the
differential equation

d ~

(19) PO+ R P(t) + Q1) +Q(t) =0,

where Q(t) = (Q1(t), Q2(t)) == 0. It is easy to check that P,(t) verifies the
Lyapunov equations

(20) %Pl(t) + AT (OB + P)A () +H () =0, 1=1,2,

where A;_1(t) is as in (18) with le(t) replaced by le_l(t) and H/=(t) =
(H{~ (1), H 7' (1)), with
(21) H{7Ht) = =[P (t) = X{T @11 (0[P () — XM (0)]-
—[Po(t) — X371 (#)]Sa(t) PL(t) — Py(t)Sa(t)[Pa(t) — X371 ()]+
+Py(1)S12(t) Po(t) + XI 1) S1 () X1 () 4+ Qu(t) + Q1 (1),
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(22) H]7H (1) = = [Pa(t) — X371 (1)) Sa(6)[Pa(t) — X3 ()] -
—[Pi(t) = X{TH(O)S1(0) Pa(t) — Pa(t)Sa(D)[Pa() — X' (1)) +
+Py(t)So1 (1) Py (t) + X371 (#) S (6) X371 (t) + Qa(t) + Qa(t).
From (15) and (20) we get

(23) SR~ X7 (1) + AL (P - X () +
H(Bi(t) = X[ () Aj-a(8) + M7 (1) = 0,
where M7 (t) = HI 7' (1) — Q171 (1).

~ Since aj_1) is fulfilled, it follows from (16), (17) and (21)-(22) that

M}7Ht) =~ 0, t € R,

Applying Theorem 4.7 (iv) in [4] to equation (23), we conclude that
(24) P(t)— X/(t) = c1,, teR,
where ¢ is a positive constant. Thus, we deduce that a;) is fulfilled.

To check that b;) is fulfilled, we rewrite equation (20) in the form:

d

(25) SR + ATWR) + POAD) + B (1) =0,
where A;(t) is as in (18) and the matrices Hlj(t) are as in (21)—(22), with
Xl]_l(t) replaced by Xj (t).

Equation (20) can be rewritten as

(26) SXI(0)+ ATOX] (1) + X/ (0 A4;(0) + G (1) = 0,

where A;(t) is given by (18) and

(27) Gl = Q)+ XTSI (OX]H(0) + X3 (DS()X3 T (0)-
—(X{7H(1) = X{(0)S1 ()X (1) = X (£)S1()(X] 7 (8) = X{ (1)~

—X3()Xa(8) (X3 () — X5(t) — (X3 (1) — X5())S2 () X3(D),
(28)  Gy(t) = Qa(t) + X{ 1 ()Sar () X] 1 (1) + X371 (1) S (1) X5 () —

~X3(0)S ()X () = X{ (1) — (X171 () = X{ (1)) S1(8) X5 ()~

—X5(1)S2(8) (X3 (1) = XJ(1)) — (X3 (1) — X3(1))S2(8) X3(0).

Subtracting (26) from (25) and taking into account (24), we obtain that
the function t — P(t) — X l] (t) is a bounded and uniform positive solution of
the Lyapunov equation

d

(29) T

—Y(t) + AT (1)Yi(t) + Yi(t) A;(t) + ©](t) = 0
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with @{(t) = Hl](t) - G{(t). It is easy to see that @{(t) == 0.
Applying the implication (vi) — (i) of Theorem 4.5 in [4] to equation
(29), we conclude that the zero state equilibrium of the equation

SSalt) = A0t

is exponentially stable. Thus, we proved that item b;) is fulfilled.
To check the validity of item c;), we subtract equation (26) from equation

(15) written for leH (t) and obtain
(30) SO0 - X77@) = ATOG(0) - X () +
X7 () — X (1) A5 (1) + A (1),

where A{(t) = Q{(t) - G{ (t), l = 1,2. Combining (16)—(17) written for j + 1
instead of j with (27)—(28), one can see that AJ(t) > 0. Applying Theorem
4.7 (iv) of [4] to equation (30), we conclude that

X7 - X/ (t) >0, teR.

This shows that c;) is fulfilled.

It follows from a;) and c;), j > 0, that the sequences {Xl] (t)}jz0, 1 =1,2,
t € R, are convergent. Set Xl(t) = lim; . le (t),l =1,2,t € R. By standard
arguments we deduce that t — X (t) = (X1 (t), X»(t)) is a solution of (1). As
in [4], one can prove that X (t) is just the stabilizing solution of (1).

In the same way as in the proof of item a;), one shows that le (t) < Yi(t)
for arbitrary Y (t) = ( Y1(¢), Ya(t) ) which verifies

d

3V O+ R Y (1) + Q) = 0,Yi(t) = 0.

This allows us to conclude that X (t) is the minimal solution of (1), thus the
proof is complete. [

Remark 3.2. a) Using Theorem 4.7 (iii) in [4], we can deduce that in the
time invariant case the unique bounded solution of (15) is constant. Therefore,
in the time invariant case, for each iteration we have to solve two algebraic
Lyapunov equations, namely,

AT LX)+ X] A0+ Q] =0, 1=1,2

with A;_; = A — Sle_l - Sng_l and Qg_l as in (16)—(17).

b) If A(-),S;(:), Sk(-),Qi(-) are periodic functions with period 6 > 0,
then the unique bounded solution of (15) is a periodic function with the same
period 6.
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The initial value le (0) is obtained as a solution of the Stein equation:
. . 0 -
X7 (0) = ®F1(0,0)X7 (0)®;-1(0,0) + /0 7 1 (5.0)Q]) " ()81 (s, 0)ds,

where ®;_;(¢,7) is the fundamental matrix solution of Lz (t) = A;_1(t)z(t).
4. LYAPUNOV TYPE ITERATIONS FOR EQUATION (2)

Consider the sequence of functions {X7(t)};>0, X7(t) = (X](t), X3(t)),
where le : R — R"™™" is the unique bounded solution of the nonsymmetric
Lyapunov differential equations

(31) LX) + (A1) - X (St

= X7 )+
+X] (O)(A() = S1(6)X] (1) — Sa2() X3 (8)
+Qu(t) + X7 1 (1S X] (1) =0,
1=1,2,7>1, X)(t)=0, 1 =1,2.

o) ~—

The main result of this section is

THEOREM 4.1. Under assumptions Hy and Ha, the sequence {X7(t)};>0
s well defined and convergent. If

(32) X(t) = lim X’(t), teR,

j—00
then X (t) is the stabilizing and minimal solution of (2).

The proof follows the same line as in the case of Theorem 3.1, and it
is thus omitted. However we remark that instead of the item b;) we should
prove the new item

b%) The zero state equilibrium of the linear differential equation

%Zl(t)Z[A(t)—Sz(t)(ij () 1Z0(t)+ Zi (1) [A(t) = 81 (1) X7 (£) = S (£) X3 ()]

on R™*" is exponentially stable.

Remarks 4.2. a) If A(-), S;(-), @Qi(-) in (2) are constant, then one can
deduce inductively that the unique solution of (31) is constant. Therefore, in
the time invariant case, at each iteration we have to solve the nonsymmetric
algebraic Lyapunov equations

(AT — X7 0)S)X] + X) (A - S X]TT — S X))+ Q@+ X) 'S X = 0.

b) If A(-), S;(-), Qi(+) in (2) are periodic functions with period # > 0, then
one can deduce via Theorem 4.7 (ii) in [4] that the unique bounded solution
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of (31) is a periodic function with the same period 6. In this case, the initial
values X7 (0) are obtained as solutions of the nonsymmetric Stein equations

X7 (0) = 01| (8,0)X7(0)®;_1(0,0)+

0 . .
" /0 OF (5, 0)[Qi(s) + X{ ' (5)S1(5) X7~ (3)]®; 1 (s, 0)ds,

where ©;_1,(t,7) is the fundamental matrix solution of the differential equa-
tion
i—1
35 = [A0) - S ()" ](t)
while ®;_ (¢, 7) is the fundamental matrix solution of the differential equation

at) = [A() — 10X (1) ~ 52055 (D](r).

At the end of this section we give the time varying counterpart of Corol-
lary 1 from [10].

Corollary 4.3. If there exists P(t) = (Pi(t), P2(t)) € Q(R,Q) such that
the zero solution of the linear differential equation

C2(0) = [A() ~ S1OP() — S0P (1)]=(0)

is exponentially stable then X (t) = (X1(t), X2(t))defined by (32) is a closed-
loop stabilizing solution of system (2).

Proof. From Theorem 4.1 we have X;(t) < P;(t).The conclusion follows
from Proposition 4.1 (ii) in [4]. O
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