BRIOT-BOUQUET STRONG DIFFERENTIAL
SUPERORDINATIONS AND SANDWICH THEOREMS
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The notion of differential superordination was introduced by Miller and Mocanu
[3] as a dual concept of differential subordination [2] and was developed in [4].
The notion of strong differential subordination was introduced by Antonino and
Romaguera [1]. The notion was developed in [8], [9], [10]. In [5] the author intro-
duced the dual concept of strong differential superordinations. In this paper, a
Briot-Bouquet strong differential superordination is studied.
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1. INTRODUCTION AND PRELIMINARIES

Let the unit disc of the complex plane
U={2€C:|z|]<1} and U={z€C:|z| <1}

Let H(U x U) denote the space of holomorphic functions in U x U. For
n a positive integer and a € C, in [7] the authors introduced the classes

Ha,n, &) = {f e H(U x U) |
[(2,8) = a4 an(§)z" + an1 ()" + ..., z€U, £€U},
with ay(¢) holomorphic functions in U, k > n, and
Ho(U) ={f € H*[a,n, €] : £(-,&) univalent in U for all £ € U},
2f"(2,€)

K:{fEH*[a,n,g]:Rem+l>0, 2eUforall ¢ €T}

the class of convex functions.

Definition 1 ([6]). We denote by @ the set of function f(-,£) that are
analytic and injective on the set U \ E(f), where

E(f)z{CE@U:iLnéf(z,f):w, 2 el geU}
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and are such that f/(z,£) #0 for ( € OU \ E(f), € € U.
The subclass of @ for which f(0,&) = a is denoted by Q(a).

Definition 2 ([7]). Let f(z,€) and H(z,£) be analytic in U x U. The
function f(z,€) is said to be strongly subordinate to H(z,§), or H(z,§)
is said to be strongly superordinate to f(z,&), if there exists a function
w analytic in U, with w(0) = 0 and |w(z)| < 1, and such that f(z,§) =
H(w(z),&) for all £ € U. In such a case we write

f(z,6) == H(z,€), 2€U, £€U.
If H(-,¢) is univalent in U, for all £ € U, then f(z,£) << F(z,€) if and
only if f(0,€) = F(0,¢) and f(U x U) C F(U x U).

Remark 1. If H(z,£) = H(z), and f(z,£) = f(2), then the strong super-
ordination becomes the usual notion of superordination.

Let 3 and v be complex numbers, let (¢ and A¢ be sets in the complex
plane, and p(-, ) analytic in U x U.

In [6] the authors have determined conditions such that

2p'(2,€)
Bp(z,€) +

In this article we consider the dual problem of determining conditions
such that

@) %C{M%O+

(1) {p(z,£)+ }CQ§:>p(U><U)CA5, zeU, £eU.

2p'(2,€)
Bp(z,&) +

In particular, we are interested in determining the largest set A¢ in C for
which (2) holds.

If the sets €2¢ and A¢ in (1) and (2) are simply connected domains not
equal to C, then it is possible to rephrase these expressions very neatly in
terms of strong subordination and to obtain

B ACAIN
Bp(a6) 1o P58 = (58 << ax(=,0),

, zp'(2,€)
@) M=) ==pl= 8+ 5 50
The left side of (1’) is called a Briot-Bouquet strong differential subordi-
nation, and the function g is called a dominant of the differential subordi-
nation. The best dominant, which provides a sharp result, is the dominant
that is subordinate to all other dominant.
The left side of (2') is called a Briot-Bouquet strong differential super-
ordination, and the function q;(-,&) is called a subordinant of the strong

}:>A5Cp(U><U), zeU, €eU.

(1) p(z,§) +

= g1(2,§) << p(2,€), z€U, £€U.
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differential subordination. The best subordinant, which provides a sharp
result is the subordinant which is superordinate to all other subordinants.

Definition 3 ([5]). Let Q¢ be a set in C and ¢(-,§) € H*[a,n,&] with
q'(2,€) #0, z € U, £ € U. The class of admissible functions ¢, [, q(-,&)]
consists of those functions ¢ : C3 x U x U — C that satisfy the admissibility
condition:

(4) p(r,s,1;¢, &) € Qe

whenever

r=g(zg, s= L&
m

1 /!
’ Re§+1§—Re [zq (2,€)

+1:|’
m ¢ (z,¢)
where ¢ € OU, z € U, € € U and m > n > 1. When n = 1 we write

¢1 [Q& Q(' 75)] as ¢[Qf’ Q(' 75)]

In the special case when h(-,¢) is an analytic mapping of U x U onto

Q£ 7é C we denote this class (z)n[h(U X U)a Q( 75)] by d)n[h( 75)7 q( 75)]
If o :C?xU xU — C and q(-,&) € H*[a,n,&], then the admissibility
condition (A) reduces to

2q'(2,§)

m

(A" @ (q(%ﬁ), ;C,§> SRe%

_24(%,9)

whenever r=¢q(z,§), s ,where z € U, £ € U,( €U andm >n > 1.

LEMMA A ([6]). Let p(-,€) € Q(a), and let

q9(2,8) = a+an(§)z" + ans1(§)2" + ...

be analytic in U x U with q(z,€) # a and a > 1. If q(-,€) is not subordinate
to p(-,&), then there exist points zg = roel® € U and (s € OU \ E(p), and an
m >n > 1 for which q(Uy, x Uyy) Cp(U x U),

(i) 4(20,&) = (o, &),

(ii) 20¢'(20,&) = mlop' (o, &) and

209" (20,€) Gop""(Co,€)
(iii) Re =0y + 12 mRe | g +1].

2. MAIN RESULTS

THEOREM 1. Let Q¢ C C, q(-,&) € H*[a,n,&], ¢: C2xU xU — C, and
suppose that

(3) pla(z,€),t2¢'(2,€): ¢, €) € Q¢
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for z € U, ( € 0U, £ € U and 0 < t < % < 1. If p(-,€) € Q(a) and
o(p(2,8), 20/ (2,£); 2,€) is univalent in U, then

(4) Q¢ C {o(p(2,6),20'(2,€); 2, ) }

implies

q(z,8) << p(2,€), zeU £eU.

Proof. Assume q(z,&) 4 p(z,£). By Lemma A, there exist points zyp =
roel? € U and (y € U \ E(p), and an m > n > 1 that satisfy conditions
(i)—(iii) of Lemma A. Using these conditions with r = p({o, &), s = (op'(o,§)
and ¢ = (g in Definition 3 we obtain

(P05 €), Cor' (€0 €)3 C0: §) € e
Since this contradicts (4) we must have q(z,£) << p(2,£), 2 € U, (€ U. O

We next consider the special situation when h(z, ) is analytic on U x U
and h(U x U) = Q¢ # C. Then Theorem 1 becomes

THEOREM 2. Let h(-,§) be analytic in U x U, q(-,€) € H*a,n, €], ¢ :
C? x U x U — C, and suppose that
(5) p(q(2,6),t2q'(2,€);2,€) € HU x U),
forzeU,(€dU and0 <t <2 <1. Ifp(-,¢) € Qa) and o(p(z,€), 2p'(2,6);
2,€) is univalent in U for all £ € U, then

(6) h(z,&) << @o(p(2,€),20'(2,€);2,6), zeU €U
implies
q(2,8) << p(2,€), zeU £eU.

Furthermore, if

(7) 0(a(2,€),2q(2,€);2,§) =h(2,§), z€U, €U
has a univalent solution q(-,&) € Q(a), then q(-,§) is the best subordinant.

THEOREM 3. Let h(-,&) be convex in U, for all £ € U with h(0,§) = a,
and let 0 and 1 be analytic in a domain D C C. Let p(-,&) € H*[a,1,£] N Q
and suppose that O[p(z, &)] + zp'(z, ) [p(z, €)] is univalent in U for all ¢ € U.
If the differential equation

(8) 0la(z, )] + 24’ (2, )¥[a(2,§)] = h(2,€), z€U, (€U

has a univalent solution q(-,§) that satisfies q(0,¢) = a, q(U x U) C D, and
(9) 0la(z,8)] =< h(z,§), z€U, (€U,

then

(10) h(z,€) == 0[p(z,8)] + 2p' (2. )¢[p(z, €]
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implies B
q(2,8) =< p(z,¢), zeU £cU.

Function q is the best subordinant.

Proof. We can assume that A(-,§),p(-,€) and q(-, &) satisfy the condi-
tions of this theorem on the closed U x U, and that ¢/(¢,€) # 0 for [¢] = 1. If
not, then we can replace h(-,§),p(-,€) and ¢(-,&) with h(pz, &), p(pz,€) and
q(pz, &), where 0 < p < 1. These new functions have the desired properties on
U x U, and we can use them in the proof of the theorem. Theorem 3 would
then follow by letting p — 1. We will use Lemma A to prove this result. If we
let @(r,s) = 0[r] + s[r], r = q(z,£), s = 2¢'(2,&), then (8) becomes

(q(2,6), 24 (2,€)) = h(z,9),
and we have
(q(2,€),t2q'(2,€)) = 0[p(¢, &)] + t¢p'(¢, )Y [p(¢, &)]
= (1 =1)0[p(C, ] +th(¢,§), 0<t<1
From (9) and the convexity of h(U x U) we conclude that
0(q(2,8),t2p'(2,6)) e (U x U) for 0 <t <1.

Hence condition (5) of Theorem 2 is satisfied and the conclusions of this the-
orem follow. O

In the special case when 0[q(z,£)] = q(z,&) and

1
9[(](2,6)] = W? ﬁ>’7 € Ca

we obtain the following result for the Briot-Bouquet strong differential super-
ordination.

COROLLARY 1. Let 3,y € C, and let h(-,£) be convex in U for all £ € U,
with h(0,€) = a. Suppose that the differential equation

2q(2,€) =
(11) q(z,f)—km—h(z,f), ZEU, §EU

has a univalent solution q(-, &) that satisfies q(0,£) = a and q(z,§) << h(z,§),
zeU,EeU.
If p(-,€) € Hla, 1] N Q and p(z,€) + 7~ =8 s univalent in U for all

_ Bp(z,8)+
£eU, then
2p'(2,€)
(12) (2. << p(e.§) + s
implies

q(2,6) << p(2,€), zeU £eU.
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The function q(-,&) is the best subordinant.

We can combine that result with Theorem 3 and we obtain the following
sandwich theorem.

THEOREM 4. Let hy(-,€) and ha(-,€) be convexr in U x U, for all € € U
with h1(0,€) = h2(0,€) = a, and let 8 and 1 be analytic in a domain D C C.

Let p(-,€) € Hla,1,§] N Q and suppose that b[p(z,£)] + 2p' (2, )Y [p(z,€)] is
univalent in U, for oll £ € U. If the differential equations

have univalent solutions q; that satisfy ¢;(0,€) = a, ¢;(U x U) C D, and
Olai(z,€)] <= hi(2, ),
fori=1,2, then
hi(z,€) <= 0[p(z,&)] + zp' (2, Y [p(2, §)] <= ha(z,€)
implies
Q1(27§) <= p(zaé) == Q2(Z7€)7 ZEU: é.EU
In the special case when 0[p(z,&)] = p(z,€) and

1
w p 27 5 - A N,
p(=-¢)] Bp(z,€) +
we obtain the following Briot-Bouquet sandwich result.
COROLLARY 2. Let 3,7 € C and let hi(-, &) be convex in U, for all¢ € U,
with hi(0,£) = a, for i =1,2. Suppose that the differential equations

2q;(2,€)

: = hz Z?é.
Bai(z,€) +v (4)
have univalent solutions g;(-,§) that satisfy ¢;(0,§) = a and ¢i(z,§) <<
hi(z,6), fori=1,2, z€ U, (€ U. If

p(’ 75) € H[a) 1’6] N Q

(13) qi(2,€) +

" (2,9)
2p/(z, —
p(z,&) + Bp(2,6) +1 € Hy(U) forall€ €U,
then /(.6)
2p/ (2,
hi(z,§) << p(2,§) + (6 + <= ha(z,§)
implies

01(2,6) == p(2,6) =< @(2,8), z€U, £€U.
The functions q1(-,&) and g2(-, &) are the best subordinant and best domi-
nant respectively.
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If =0 and v # 0 with Rey > 0, then (13) has univalent (convex)
solutions given by

z
(14) QZ(Zag) = 7/ hl(tvé-)t’y_ldta
27 0
for ¢ = 1,2. In this case we obtain the following sandwich corollary.

COROLLARY 3. Let hi(-,€) and ha(-,€) be convex in U, for all £ € U,
with h1(0,&) = h2(0,€) = a. Let v # 0 with Rey > 0, and let the functions
ql( 75) be deﬁned by (14) fO’f’i = 172 pr( 75) € H*[CL, 17§] N Q and p(zaf) +

% is univalent in U for all £ € U, then
/
M) << pe. ) + PO <, cev ceT
implies

01(2,§) << p(2,€) =< @2(2,€), z€U, ¢eU.
The functions q1(z,&) and q2(z, &) are the best subordinant and best dom-
inant respectively.
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