ON POLYHARMONIC UNIVALENT MAPPINGS

J. CHEN, A. RASILA and X. WANG

In this paper, we introduce a class of complex-valued polyharmonic mappings,
denoted by HS,()), and its subclass HSp(A), where A € [0,1] is a constant.
These classes are natural generalizations of a class of mappings studied by Good-
man in the 1950s. We generalize the main results of Avci and Zlotkiewicz from
the 1990s to the classes HS,(\) and HSp()), showing that the mappings in
HS,(\) are univalent and sense preserving. We also prove that the mappings
in HSS()\) are starlike with respect to the origin, and characterize the extremal
points of the above classes.
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1. INTRODUCTION

A complex-valued mapping F = wu + v, defined in a domain D C C,
is called polyharmonic (or p-harmonic) if F is 2p (p > 1) times continuously
differentiable, and it satisfies the polyharmonic equation APF = A(AP~1F) =
0, where A! := A is the standard complex Laplacian operator

0? 0? 0?
— =1+ -
020z~ 0x2  0y?

It is well known ([7, 20]) that for a simply connected domain D, a mapping
F' is polyharmonic if and only if F' has the following representation:

A=4

p
F(z) =Y |2 VGy(2),
k=1

where G} are complex-valued harmonic mappings in D for k € {1,---,p}.
Furthermore, the mappings Gy, can be expressed as the form

Gr = hi +ar

for k € {1,---,p}, where all hy and g are analytic in D ([11, 13]).
Obviously, for p = 1 (resp. p = 2), F' is a harmonic (resp. biharmonic)
mapping. The biharmonic model arises from numerous problems in science and

MATH. REPORTS 15(65), / (2013), 343-357



344 J. Chen, A. Rasila and X. Wang 2

engineering ([16, 18, 19]). However, the investigation of biharmonic mappings
in the context of the geometric function theory has started only recently ([1-3,
5, 6, 8-10]). The reader is referred to [7, 20] for discussion on polyharmonic
mappings, and [11, 13] for the properties of harmonic mappings.

In [4], Avci and Zlotkiewicz introduced the class HS of univalent har-
monic mappings F' with the series expansion:

o0 o0
(1.1) F(z):h(z)+@:z+2anz"+zaﬁ
n=2 n=1
such that
> nllan] + 1ba]) 1= [br] (0 < |bu] < 1),
n=2

and the subclass HC of HS, where

> ¥ (lan] + [ba]) < 1 —Jba] (0 < [ba] <1).

n=2

The corresponding subclasses of HS and HC' with b; = 0 are denoted by
HSY and HCY, respectively. These two classes constitute a harmonic coun-
terpart of classes introduced by Goodman [15]. They are useful in studying
questions of the so-called d-neighborhoods (Ruscheweyh [22], see also [20]) and
in constructing explicit k-quasiconformal extensions (Fait et al. [14]). In this
paper, we define polyharmonic analogues H.S,(\) and H Sg()\), where A € [0, 1],
to the above classes of mappings. Our aim is to generalize the main results of
[4] to the mappings of the classes HS,(A) and HS)(X).

This paper is organized as follows. In Section 3, we discuss the starlike-
ness and convexity of polyharmonic mappings in H Sg (A). Our main result,
Theorem 1, is a generalization of ([4], Theorem 4). In Section 4, we find the
extremal points of the class H Sg (A). The main result of this section is The-
orem 2, which is a generalization of ([4], Theorem 6). Finally, we consider
convolutions and existence of neighborhoods. The main results in this section
are Theorems 3 and 4 which are generalizations of ([4], Theorems 7 (i) and 8)
respectively. Note that the bounds for convexity and starlikeness for harmonic
mappings given in [4] have been recently improved by Kalaj et al. [17].

2. PRELIMINARIES

For r > 0, write D, = {z : |2| < r}, and let D := Dy, i.e., the unit disk.
We use H), to denote the set of all polyharmonic mappings F' in D with a series
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expansion of the following form:

o0
Z\zlg(’“ Y (hi(2) + 91(2) le!“ DD (k2" + by 2"
n=1

with a1 =1 and |by 1] < 1. Let Hg denote the subclass of H,, for b1 ;1 = 0 and
aip=0b1=0for ke{2---,p}

In [20], J. Qiao and X. Wang introduced the class HS, of polyharmonic
mappings F with the form (2.1) satisfying the conditions

(2. 2)
p
ZZ k= 1) +n)(|an k] + [bor]) < 1T—[b11]| =D (2k = 1) (lar k| + [bril),
k=1n=2 k=2
k) <1
k=2
and the subclass HC), of HS,, where
(2. 3)
P
ZZ 1) (Jan ] + [nkl) ST = [bra| =Y (2k = 1)(lax k] + b1 &),
k=1n=2 k=2
k) <1
k=2

The classess of all mappings F' in Hg which are of the form (2.1), and
subject to the conditions (2.2), (2.3), are denoted by HSI?, HCS, respectively.
Now, we introduce a new class of polyharmonic mappings, denoted by
HS,()), as follows: A mapping F' € H, with the form (2.1) is said to be in

HS,(\) if
(2.4)
DD k=1 +n(nt1-N)) (Jans| + [bui) <2=) 2k =1)(lar k| + [brl),
k=1n=2 k=1
1<) 2k = 1)(Jayk] + [brgl) < 2
k=1

where A € [0,1]. We denote by HSJ()) the class consisting of all mappings F
in HY, with the form (2.1), and subject to the condition (2.4). Obviously, if
A =0 or A =1, then the class HSy(\) reduces to HS, or HC), respectively.
Similarly, if p—1=A=0o0r p= X =1, then HS,(\) reduces to HS or HC.

If
D 00
= 2PEDN (a2 + b i)
k=1 n=1
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and

Z || 2k—1) Z k2" + By ")
then the convolution F G of F and G is defined to be the mapping

F * G Z |Z’2 (k1) Z an,kAmkz" + bn,an,kzin) ,

n=1

while the integral convolution is defined by

an k- An k bk Bk —
FOG 2 k— 1 n, ) n ) ) n .
E B nE 1 p— + 7

See [12] for similar operators defined on the class of analytic functions.
Following the notation of J. Qiao and X. Wang [20], we denote the o-
neighborhood of F' the set by

Njs(F(2)) { ZZ k—1)+n)(lank — Ang| + [bog — Bukl)

k=1n=2

p
+> 2k = 1)(Jare — Avgl + b1 — Bigl) + [bra — Bia| < 5} ,
k=2
where G(2) = YF_, [2[2k-D 30 (Appz™ + By p2™) and A1y = 1 (see also
Ruscheweyh [22]).

3. STARLIKENESS AND CONVEXITY

We say that a univalent polyharmonic mapping F' with F'(0) = 0 is star-
like with respect to the origin if the curve F(re) is starlike with respect to
the origin for each 0 < r < 1.

PRrROPOSITION 1 ([21]). If F' is univalent, F(0) = 0 and d%(arg F(reia)) >
0 for z =re'® #£ 0, then F is starlike with respect to the origin.

A univalent polyharmonic mapping F' with F(0) = 0 and & F(re®) # 0
whenever 0 < r < 1, is said to be convez if the curve F(re) is convex for each
0<r<1.

PROPOSITION 2 ([21]). If F is univalent, F'(0) = 0 and % larg (%F(T@ie))] >
0 for z =re"? #0, then F is convez.

Let X be a topological vector space over the field of complex numbers,
and let D be a set of X. A point x € D is called an extremal point of D if it
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has no representation of the form =z =ty + (1 —¢)z (0 < ¢t < 1) as a proper
convex combination of two distinct points y and z in D.

Now, we are ready to prove results concerning the geometric properties
of mappings in HSp(X).

THEOREM A ([20], Theorems 3.1, 3.2 and 3.3). Suppose that F' € HS,,.
Then F is univalent and sense preserving in ID. In particular, each member of
HSI? (or HC’I?) maps D onto a domain starlike w.r.t. the origin, and a convex
domain, respectively.

THEOREM 1. Each mapping in HS’S()\) maps the disk D, where r <
max{3,\}, onto a convex domain.

Proof. Let F' € HS)()), and let r € (0,1) be fixed. Then r~'F(rz) €
HS)(X) by (2.4), and we have

> (2 1) (Jan k] + [og e )r2e

n

ZZ —1 —|—TL(>\’I’L+1_ ))(|an,k|+’bn,k|) <1
k=1n=2

provided that
(2(k — 1) +n?)r2P =3 <2(k — 1) + n(An+1— \)

for ke {1,--- ,p}, n>2and 0 <X <1, which is true if r < max{%,A}. Then
the result follows from Theorem A. [

[l
¥

bl
%”M@
=

8

Immediately from Theorem A, we get the following.

COROLLARY 1. Let F' € HSp(\). Then F' is a univalent, sense preserving
polyharmonic mapping. In particular, if ' € HSS()\), then F' maps D onto a
domain starlike w.r.t. the origin.

Ezample 1. Let Fi(z) = z+ 152>+ 1 z2 Then Fy € HS)(2) is a univalent,
sense preserving polyharmonic mapplng In particular, F; maps D onto a
domain starlike w.r.t. the origin, and it maps the disk I,., where r < %, onto
a convex domain. See Figure 1.

This example shows that the class H Sg(/\) of polyharmonic mappings is
more general than the class HS? which is studied in [4] even in the case of
harmonic mappings (i.e. p=1).

Ezample 2. Let Fy(2) = z + 15722 + 1022 Then F, € HS)(755) is a
univalent, sense preserving polyharmonic mapping. In particular, F» maps D
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onto a domain starlike w.r.t. the origin, and it maps the disk D,., where r < %,

onto a convex domain. See Figure 1.
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Fig. 1. The images of D under the mappings Fi(z)
FQ(Z)
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4. EXTREMAL POINTS

First, we determine the distortion bounds for mappings in HS, ().

LEMMA 1. Suppose that F' € HS,(X). Then, the following statements
hold:

(1) For0 < A <

— |b11]
( + )

1 — b1

(1= [b1a])z] - 20+

|22 < |F(2)] < (14 [b1a |22,

)|zl +

Equalities are obtained by the mappings

L—[b11] 4 o

F(Z) =z 4+ |b1’1’€w§+ me z2°,

for properly chosen real p and v;
(2) For 1 <X <1,

L —[b11] = 3(lar 2| + [b12]) 122

[F(2) < (14 [bra])]z] + + (lavz] + [br2]) |2l

2(14+ M)
and
1—[b1a| = 3(lavz| + [br2l)| 2 3
F > 1 _ b _ 9 ) 9 _ .
F()] > (1 o))l Sy 2f? ~ ¢ e
Equalities are obtained by the mappings
, 1—1|b11|—3 b - -
F(Z) _ z—|—|b1,1\e”72+ ‘ 1,1‘ (|a172’ + | 1,2‘)€ch22+( ’ )eupz‘z|2’

2(1+ )
for properly chosen real n, ¢ and 1.
Proof. Let F' € HS,(\), where X € [0,1]. By (2.1), we have
S P
[F(2)] < (14 [bral)l2] + (Z > ankl + [br i) + > (a1l + b1l) ) |22,
k=1n=2 k=2
For0< A< %, we have
(4.1) 214+ X2) <2k —1,
where k € {2,---,p}, and

(4.2) 20+ M) <2(k—=1)+n(An+1-X),
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where k € {1,--- ,p} and n > 2. Then (4.1), (4.2) and (2.4) give

p o p
> nkl) + > (lave] + [bre))
k=1n=2 k=2
(1+)\ (1 \111—22 k—1)+n(An+1- )
k=1n=2
p
—2(1+ A)) (Jank| + [bagl) = D (2% = 1) = 2 1+A))(\a1,k1+ybl,k1)),
k=2
SO
1—1]bia|, 1—1|b1a|, o

1- Pl a1 R < (1 —— Pl
( RDIE TESY 2" < |F(2)] < ( +|b1,1)IZI+2(1+A)I |

By (2.1), we obtain

[F(2)] < (T4 [bral)lz] + (ZZ(|an,k|+|b )\ZI2

k=1n=2 k=3

+ (lara| + [br2))|2l.

For % < A <1, we have

(4.3) 21+ \) < 2k — 1,
where k € {3,--- ,p}, and
(4.4) 21+ A) <20k — 1) +n(An+1—\),
where k € {1,--- ,p}, n > 2. Then (4.3), (4.4) and (2.4) imply
P oo P
> D (langl + bukl)
k=1n=2 k=

=3
(1+>\ ( ]bll\—zz k—1)+n(n+1-2A)

k=1n=2
=2(1+A)) (lan k| + [bn,x])

2D)-

p
=3 (2k =1 =201+ X)) (|ar k| + [brg]) — 3(
k=3

Then

3(la1,2| + [b1,2]) 22 — (

F()] 2 (1= ) fz| - —— P s POIER
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and

1 —[b1a| = 3(|az2| + [br2]) 2|2
2(1+ )

The proof of this lemma is complete. [

Remark 1. Suppose that F' € HSp(\) is of the form

p p o)
2) =Y [2PENG(z) = D 1PFY Y (an sz + Do) -
k=1 k=1 n=1

Then for each k € {1,--- ,p},

[F(2)] < (14 [bra])l2] + 2=,

+(

1—1biaf, o
G < b DDV
|Gr(2)] < (Jak| + [b1x])]2] + 2(1+ \) 2]

LEMMA 2. The family HS,(\) is closed under convex combinations.

Proof. Suppose F; € HS,(X\) and ¢; € [0,1] with > 2, t; = 1. Let

Zm“ 1>Z 2" + 60,77,

By Lemma 1, there exists a constant M such that |F;(z)| < M, for all
i = 1,---,p. It follows that > :°, ¢;F;(z) is absolutely and uniformly con-
vergent, and by Remark 1, the mapping » .7, ¢;F;(z) is polyharmonic. Since
Y2, tiFi(z) is absolutely and uniformly convergent, we have

NEED WD I PWOEED ey
i=1 - —

=1

:im“ 2 (ZZta z”+22tz nkz”)

n=1 i=1 n=1 i=1

By (2.4), we get

(4.5) zp:i E—1)+nMn+1- ))(

k=1n=1

itiag,)k + itibs,)k>
=1 =1
<Zt (ZZ k—1)+n(n+1- >)<|a,2’?k\+\bff?k\>) <2

=1 k=1n=1
><2

It follows from

ki%—l (Zta

and (4.5) that 3%, t;F; € HS,(\). O

+1y tlb%
=1
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From Lemma 1, we see that the class HS,(\) is uniformly bounded, and
hence, normal. Lemma 2 implies that HS)()) is also compact and convex.
Then there exists a non-empty set of extremal points in HS)(X).

THEOREM 2. The extremal points of HSI?()\) are the mappings of the
following form:

Fip(z) =z + |z|2(k_1)an7kz” or Fy(z) =2+ |z|2(k_1)bm7kz7m,

where

’ fornZQ, ke{lv"'ap}a

|an,k| =

2k =) +n(An+1-X)
and
1

2(k— 1) + m(Am + 1 — \)

Proof. Assume that F' is an extremal point of H SS(A), of the form (2.1).
Suppose that the coefficients of F' satisfy the following;:

ZZ E—1)+nn+1—\)(|ank] + bakl) < 1

k=1n=2

‘bm,k’: ; form22, ke{L 7p}

If all coefficients ay,, 1 (n > 2) and by, (n > 2) are equal to 0, we let

Fi(z) =z+ 2(11_1_)\)22 and Fy(z) = z — 2(114')\)22

Then Fy and F, are in HSp()\) and F = $(F1 + F). This is a contra-
diction, showing that there is a coefficient, say a,, x, or by, x,, of F' which is
nonzero. Without loss of generality, we may further assume that a,, i, # 0.

For v > 0 small enough, choosing x € C with |z|] = 1 properly and
replacing g ko BY Gngky — ¥ and apyk, + v, respectively, we obtain two
mappings F3 and Fy such that both F3 and Fy are in H Sg()\). Obviously,
F= %(Fg +Fy). Hence, the coefficients of F' must satisfy the following equality:

ZZ k—1)+nAn+1—=X)(Jank] + |bpk]) =
k=1n=2
Suppose that there exists at least two coefficients, say, aq, x, and by, 1, or

g,k and ag, g, Or by, x, and by, ,, which are not equal to 0, where q1, g2 > 2.
Without loss of generality, we assume the first case. Choosing v > 0 small
enough and x € C, y € C with || = |y| = 1 properly, leaving all coefficients of
F but ag, r, and by, r, unchanged and replacing agq, i, bgy ko DY

7T 7Y
20k =D+ a(Aa +1-2) 2(k2 = 1) + 2(Ag2 + 1 = A)’

Qg ky T and b!I2,k2 -
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or

YT 7Y
2(k1—1)+q1()\Q1+1—)\) <k2—1)+q2()\QQ+1—)\)7
respectively, we obtain two mappings Fy and Fg such that F5 and Fg are in
HSS()\). Obviously, F' = (Fs + Fg). This shows that any extremal point
F € HS)(A\) must have the form Fy(z) = z + 2|2k, 12" or Fi(z) =
2+ |22V, 127, where

Aqy,k1 — and bQ2,k2 + 2

1
nk| = , f >2, k 1,---,p},
R T By vy g VL €{ P}
and
1
bk = , form>2 ke{l, - p}.

2k — 1) + m(Am +1— )

Now, we are ready to prove that for any F' € HSI?()\) with the above
form must be an extremal point of H 52()\). It suffices to prove the case of Fy,
since the proof for the case of Iy’ is similar.

Suppose there exist two mappings F; and Fg € H 5’2()\) such that Fy =
tFr + (1 —t)Fs (0 <t<1). For ¢q=17,8, let

P o0 -
Fy(z) = 37 2PFD 3 (0l 27 4 0 2m).
k=1 n=1
Then
1
4.6)  [tal) + (1~ 8)a®)| = Janul =

2k —1)+n(An+1-X)
Since all coefficients of I, (¢ = 7, 8) satisfy, forn > 2 and k € {1,--- ,p},
(@) « 1 (@ | < 1

il < 2k =) +n(An+1-X)’ bl = 2k —1) +n(An+1-X)’

(4.6) implies QSL = aflggq, and all other coefficients of F7 and Fg are equal to 0.

Thus, Fj, = F;=Fg, which shows that F}, is an extremal point of HSS(/\). O

5. CONVOLUTIONS AND NEIGHBORHOODS

Let C’% denote the class of harmonic univalent, convex mappings F' of
the form (1.1) with b; = 0. It is known [11] that the below sharp inequalities
hold:

20an| <n+1, 2|by| <n-—1.

It follows from ([11], Theorems 5.14) that if H and G are in C%, then
H « G (or H o @) is sometime not convex, but it may be univalent or even
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convex if one of the mappings H and F' satisfies some additional conditions.
In this section, we consider convolutions of harmonic mappings F € HSY()\)
and H € CY,.

THEOREM 3. Suppose that H(z) = z + Y o0 o(Ap2™ + Bpz™) € CY and
F € HSY)(\). Then for 3 < X\ < 1, the convolution F = H is univalent and
starlike, and the integral convolution F o H is convez.

Proof. If F(z) = z+ 502 5(anz" + by2™) € HSY(N), then for F x H, we
obtain

> = n+1 n—1
S el +B) <3 ("l + 75 r)

n=2

<Z (A +1 =N (Jan| + |ba]) <

Hence, (F * H) € HS®. The transformations
'F(2)«H
/ P A gy — (7o (2
0

now show that (F ¢ H) € HC?. By Theorem A, the result follows. [J

Remark 2. The proof of Theorem 3 does not generalize to polyharmonic
mappings, when p > 2. For example, let p = 2, and write

—z+le\“ Y Z An 2" + B 2"
n=2

and

= z+Z|Z!2 (k=1) Z an 2" + by 2™).
n=2
Suppose that |4, x| < "—H | B, k

= < 21 and F € HSI(A). Then for
A =1, the convolution F' * H is univalent and starlike but it is not clear if this
is true for % < A < 1. However, the integral convolution F' ¢ H is convex for
L<a<i
5 <AL

Ezample 3. Let H(z Re{ = Z}—Hlm{ } €CY. Then H(z) maps D

onto the half-plane Re{w} > 1, and let F(z) = z+ 1—10,22+%27 € HSY(2). Then
the convolution F' % H is univalent and starlike, and the integral convolution
F o H is convex (see Figure 2).
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Fig. 2. The images of D under the mappings (F * H)(z) = z + 22> — 522 (left) and
(FoH)(2z) =z+ 252> — 5522 (right).

Finally, we are going to prove the existence of neighborhoods for mappings
in the class HSp(A).
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THEOREM 4. Assume that A € (0,1] and F € HS,(X\). If

by p
§<——(2-) (2k—1 b))
Tp+A < ;( )(la k] + | 1,k\))
then Ns(F) C HS,.

Proof. Let H(z) = Y_F_, [2[2¢+~D ZZO,l(An k2" + By ;Z") € Ns(F). Then

Zp:i k—1)+n)(|An,

k) +Z 2k — 1)( &)+ [Bual
k=1n=2 k=2
p o0
Z + 1) (|Ank — ankl + [Bak — bnkl)
: ;,:
+) 2k = 1)(|Ark — a1 x| + [Brg — bixl)
k=2
p oo p
+ 20k = 1) +n)(Jank] + bokl) +Z 2k — 1)( &)+ (b1
k=1n=2
p o0 P
<6435 20k — 1) + ) (anel + Bul) + 32k = 1 (lavs] + brl) + bl
k= n:2p k=2
<5+p+)\zz_: E—1)4+n(An+1-—X )\an,kl+|b7 )
k=
P [ N
+> (2k—1)(lay k] +[bygl)+1bra| <5+—5 DA o5 2 k=) (ankl +[biel) <1
k=2 k=1

Hence, H € HS,. [0
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