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We prove the existence of positive continuous solutions to the nonlinear fractional
problem

(=Ap)2 u+Af(,u) =0,
in a bounded C*'-domain D in R™ (n > 2), subject to some Dirichlet condi-
tions, where 0 < o < 2 and ) is a positive number. The function f is nonneg-
ative continuous monotone with respect to the second variable and satisfying
some adequate hypotheses related to the Kato class. Our approach is based on
Schauder’s fixed point Theorem.
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1. INTRODUCTION

Let D be a bounded C!!'-domain in R” (n > 2) and 0 < a < 2. In
this paper, we deal with the existence of positive continuous solutions for the
following nonlinear fractional problem

o

(=Ap)2u+Af(,u)=0 in D, (in the sense of distributions)

(1) u>0 in D,
lim &) (2)
vssepp MP1(@ — P&

where A is a positive number, ¢ is a fixed positive continuous function on 9D.
Here the fractional power (—A| D) 2 of the negative Dirichlet Laplacian in D, is
the infinitesimal generator of the subordinate killed Brownian motion process
ZP. For more description of the process Z2 we refer to [12, 13, 16, 17].

The nonnegative function M1 is defined by the formula

(2) MDP1(z) = ;Zg%l /OOO 722 (1 — PP1(2))dt,

where (PP);¢ is the semi-group corresponding to the killed Brownian motion
upon exiting D.
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We recall that from ([12], Theorem 3.1), the function MP1 is harmonic
with respect to Z2 and by ([17], Remark 3.3), there exists a constant ¢ > 0
such that
3) C(0())* 7 < MP1() < e (3(2))" %, for all 2 € D,
where 0(x) denotes the Euclidian distance from z to the boundary of D.

When o = 2 and the nonlinearity f is negative, there exist a lot of
work related to the problem (1); see for example, the papers of Alves, Carriao
and Faria [1], Bandle [3], Bandle and M. Marcus [4], de Figueiredo, Girardi
and Matzeu [9], Cirstea, Ghergu and Radulescu [5], Cirstea and Radulescu
[6], Dumont, Dupaigne, Goubet and V. Radulescu [7], Ghergu and Radulescu
[10, 11], Lair and Wood [14], Radulescu [15], Zhang [18] and references therein.
In all these papers, the main tools used are Galerkin method, sub-supersolution
method and variational techniques. In a recent article [8], the authors studied
the problem (1) for A =1, ¢ = 0 and f is a non-trivial nonnegative measurable
function in D x (0, c0) which is continuous and nonincreasing with respect to
the second variable and satisfying some appropriate assumptions. Using a fixed
point theorem, they have proved (see [8], Theorem 3) that the problem (1) has
a positive continuous solution w in D.

In this paper, we aim to give two existence results for (1) as f is non-
decreasing or nonincreasing with respect to the second variable and satisfying
some appropriate conditions related to the Kato class K, (D) (see Definition 1.1
below).

Throughout this paper, we denote by M ¢ (see [12]) the unique positive
continuous solution of

@) (—A|D)% u=20 in D, (in the sense of distributions)
: w@)
WP — P

We also denote by G2 (z,y) the Green function of Z7.
To state our first existence result, we assume that f : D x [0, 00) — [0, 00)
is Borel measurable function satisfying

(Hy) f is continuous and nondecreasing with respect to the second variable.

(Hg) The function y — f(y, MPp(y)) belongs to the class K, (D),
defined below

1
MPo(y)

Definition 1.1. A Borel measurable function ¢ in D belongs to the Kato
class K, (D) if

. 6(y) ~p
lim sup/ —=G (z, dy) = 0.
lim(sup (omyierop 3(2) (z,y)la(y)|dy)
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As a typical example of functions in K, (D), we cite (see [8])
(5) q(z) = (6(x))™", for v < a.
Our first existence result is the following

THEOREM 1.2. Assume that (H1)—(H2) are satisfied. Then there exists
a constant Ao > 0 such that for each A\ € [0, \g), problem (1) has a positive
continuous solution u such that
A
(1= )MJp <u<MJp inD.
0
To state our second existence result, we consider the special nonlinearity

f(z,u) = p(x) g(u) and we fix ¢ a positive continuous functions on dD. Put
ho = MP$ and assume that

(H3) The function g : (0,00) — [0,00) is continuous and nonincreasing.

(H4) The function pg := p%hg’) belongs to the class K, (D).

Using the Schauder fixed point theorem, we prove the following;:

THEOREM 1.3. Under the assumptions (Hs) and (Hy) , there exists a con-
stant ¢ > 1 such that if ¢ > cp on 0D, then problem

(=Ap) 2y +p(x)g(u) =0 in D, (in the sense of distributions)
(6) u >0 mn D,

A e = %)

has a positive continuous solution u satisfying for each x € D
ho(z) < u(z) < My o().

This result follows from the one of Athreya [2], who considered the fol-
lowing problem

Au = g(u), in
(*) u = @ on 012,
where € is a simply connected bounded C?-domain and g(u) < max(1,u %),
for 0 < B < 1. Then he proved that there exists a constant ¢ > 1 such that if
¢ > chy on 02, where hq is a fixed positive harmonic function in €2, problem
(*) has a positive continuous solution u such that u > hy.

Our paper is organized as follows. In Section 2, we collect some properties
of functions belonging to the Kato class K, (D), which are useful to establish
our main result. In Section 3, we prove Theorems 1.2 and 1.3.

As usual, let Cy(D) be the set of continuous functions in D vanishing

continuously on 9D. Note that Cy(D) is a Banach space with respect to the
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uniform norm |lul|, = sup |u(z)|. When two positive functions p and v are
€D

1
defined on a set S, we write p ~ 9 if the two sided inequality —¢ < p < cv
c

holds on S. Finally, we define the potential kernel GZ for a nonnegative Borel
measurable functions ¢ in D, by

GDw /G x,y)Y(y)dy, for x € D.

2. ON THE KATO CLASS K, (D)

First, we recall the following sharp estimates on the Green function
G (x,y).

PROPOSITION 2.1 (see [16]). For x,y in D, we have

1 . 0(x)d(y
(7) GE(z,y) ® ———— min <1, ()(2)> -
|z —yl [z =y

Next, we collect some properties of functions belonging to the Kato class
K.(D).

PROPOSITION 2.2 (see [8]). Let q be a function in K, (D), then we have

(i)

— [ CB@AGHE) N
0 @)= sup [ SREIEBE () dy < oo

(ii) Let h be a positive excessive function on D with respect to ZP. Then
there exists a constant Cy > 0 such that

(9 | GE @@l < au (@) h(z).
Furthermore, for each xo € D, we have
1
(10) tim(sup; [ GRGph()law)ldy) =0
r—0 IEDh( ) B(zo,r)ND

(iii) The function x — (8(x))* ' q(z) is in L' (D).
The next Lemma is crucial in the proof of Theorems 1.2 and 1.3.

LEMMA 2.3. Let q be a nonnegative function in K, (D), then the family
of functions

Ag= {MLGQ(w,y)Mfso(y)p(y)dy, 0| < q}
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is uniformly bounded and equicontinuous in D. Consequently A, is relatively
compact in Cy(D).

Proof. Taking h = MPy in (9), we deduce that for p such that |p| < g
and z € D, we have

D T
590(y)p(y)dy' < /D MMfw(y)q(y)dy < aa(q) < oo,

So the family A, is uniformly bounded.
Next, we aim at proving that the family A, is equicontinuous in D.
Let 79 € D and € > 0. By (10), there exists r > 0 such that

1 / D D
SUp —5—— Gy (2, y) My ¢(y)q(y)dy <
zEDM 90( ) B(zo,2r)ND ( ) QO( ) ( )

| ™

If zy € D and x,2’ € B(xg,7) N D, then for p such that |p| < ¢, we have
GZ(z,y) . p GR (=), p
oML eWp(y)dy — | 25— s My o(y)p(y)dy

D) Mo PPV = Gy any Me o0

GD(z,y GP(2 )y
( ( ;— MD( ( ; e(y)a(y)dy
< LD D
o 25161?) /;(a:o,%)ﬁD MaDg(Z> Ga (Z7yD)Mo¢ (P(y)q(y)dy
Gy (z,y) G ' y)| . .p
+ = - = Ma d
/(xoyZZT)ﬂD MaDSO(‘T) MCIBQO(SC/) Sp(y)Q(y) Y

GP(z,y) GRE W), D
s = i | Mo e(y)a(y)dy.
(lwo—y|z20)nD | MPp(x)  MPop(a') way)
On the other hand, using (7) and the fact that MP(z) ~ (5(z))* 2, for
every y € B¢(xo,2r) N D and z,2’ € B(zo,7) N D, we have
1 D 1 Dy D a—1
_ M <C($ .
| 2w) ~ 7 O0 )| M2plo) < € 60)

<e+

Now since x — M%MGQ (x,y) is continuous outside the diagonal and

q € Ku(D), we deduce by the dominated convergence theorem and Proposi-
tion 2.2 (iii), that

/ GP(z,y)  GR('y)
(leo—yl=2r)np | MEe(x)  MPp(a')
If xo € 9D and = € B(xg,r) N D, then we have

‘T y D E Gg(x’y) D
‘/ M e(y)p (y)dy’ <zt /(|xoy|>2r)mD MDo(x) My o(y)g(y)dy.

p(y)a(y)dy — 0 as |z — 2’| = 0.



70 Imed Bachar 6

Now, since ]C\T'/[D( (y)) — 0 as |z — x| — 0, for |zg — y| > 2r, then by the

same argument as above we get
GE(2,9) D
7M o(y)q(y)dy — 0 as |x — zo| — 0.
/(:vo —y|>2r)ND M SO( )

So the family A, is equicontinuous in D.
Therefore by Ascoli’s theorem, the family A, becomes relatively compact
in CO (D) O

3. PROOFS OF THEOREMS 1.2 AND 1.3

3.1. PROOF OF THEOREM 1.2

Put

_ M o(x)
(12) Ao = Il D L MPo) ()

Using (H2) and (9) we deduce that Ay > 0.
Let A € [0,)9) and A be the nonempty closed bounded convex set given

by
A={vec(D): (1—%)931}.
0
We define the operator T on A by
A
1 T =1—-—— D MP .
13 o) = 1= g [ R (o) MPelw) dy

We claim that the family T'A is relatively compact in C(D).

Indeed, using (H1), (H2) and Lemma 2.3 with ¢(y) = MDlgp(y)f( , MPop(y),

we deduce that the family

1
14 /ng,yf v, 0(y) ML e(y)) dy, v e A},
W) A [, OR @ ) Me(w) )
is relatively compact in Cp(D). Hence, the set T'A is relatively compact in
C(D).

On the other hand, since f is a nonnegative function, it is clear from (13),
(Hp) and (12) that TA C A. Next, we prove the continuity of the operator T’
in A in the supremum norm.

Let (vg)r be a sequence in A which converges uniformly to a function v
in A. Then we have

GE(x,y)

|Tvg(z)—Tv(x)| <A WMD)

|f (o) MEo(y) = f (v, v (y) MPo(y)) |dy.
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From the monotonicity of f, we have

|f (o) ME () — f (v, () MPo(y))| < 2MPo(y)a(y).

So we conclude by the continuity of f with respect to the second variable,
Proposition 2.2 and again the dominated convergence theorem, that

Vz € D, Tvg(x) = Tv(x) as k — oc.

Using the fact that TA becomes relatively compact in C(D), we obtain
the uniform convergence, namely

|Tv, — Tv||oo = 0 as k — oo.

Thus, we have proved that T is a compact operator mapping from A to
itself. Hence, by the Schauder’s fixed point theorem, there exists v € A such
that

A / D D
15 ve)=1— ——— | G (z,y)f (y,v(y) M o(y))dy.
19 @) =1- g [ GRE (1)MEew)

Let u(z) = v(z)MPp(z). Then u is a positive continuous function, satis-

fying for each x € D

(16) u() = MPo(z) — A / GP (2, 9)f (4, uly)) dy.
D

In addition, since for each 2 € D, f(y,u(y)) < C(y)* 2q(y), we
deduce by Proposition 2.2 (iii) that the map y — f (y,u(y)) € L}, (D) and
by (16), that G2 f (.,u) € L},.(D). Hence, applying (—Ap)? on both sides of
(16), we conclude by ([13], p. 230) that u is the required solution. [J

Ezample 3.1. Let 0 > 0 and r + (1 — 0)(a — 2) < «a. Let p be a positive
Borel measurable functions such that

p(z) < C(6(x))"", forallxz e D.

Let ¢ be positive continuous functions on 0D. Therefore by Theorem 1.2,
there exists a constant Ag > 0 such that for each A € [0, \g), problem

(—A|D)% u+ Ap(x)u® =0 in D, (in the sense of distributions)
u >0 in D,

: u(z)
z—llzrélaD i — #2)

has a positive continuous solution u such that

A
(1—/\—)M£cp§u§MaDcp in D.
0
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3.2. PROOF OF THEOREM 1.3

We recall that by (Hy), the function py := p%}?) belongs to K, (D). Let
¢ = 14aq(po). Observe that from Proposition 2.2 (), we have as(po) < co. Let
© be a positive continuous functions on 0D such that ¢ > c¢. It follows from
the integral representation of MY (z) (see [8] p. 265), that for each x € D we
have

(17) MPy (2) > cho (z) = cMPo.

Let S be the nonempty closed convex set given by

S:{wGC(D):thwgwgl}.

«

We define the operator F on S by
1 D D
~ 310, (pg (WM ¢)) -

We will prove that f has a fixed point. Since for w € S, we have w >
, then we deduce from hypotheses (Hs), (H4) and (9) that

(18) F(w)y=1

ho
MPy

G7 (pg (WM 9)) < GZ (pg (ho)) = GZ (poho) < aq(po)ho.
Using further (17), we deduce that

aa(po)ho ho
(19) Fw>1-— > .
MPe — MPe
Next by similar argument as in the proof of Theorem 1.2, we prove that £

is a compact operator mapping from S to itself. Hence, again by the Schauder’s
fixed point theorem, there exists w € S such that

(200 w(@)=1- m /D G (2, 9)p(y)g (w(y) M ¢ (y)) dy.
Let u(z) = w(x)MPp(z). Then u satisfies for each z € D

(21) u(r) = MPo(x) - /D G2 (2, y)p()g (u(y)) dy.

Finally, we verify that u is the required solution. [J

Ezxample 3.2. Let v > 0 and ¢ be a positive continuous functions on 9D.
Put hg = MP¢ and consider the problem

(—A|D)% u+p(x)u™? =0 in D, (in the sense of distributions)
(22) u >0 in D,

L i = 22
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where ¢ is a positive continuous function on 9D and p is a positive measurable
function satisfying

p(z) < ((S(S))T with r + (1 +7v)(a —2) < o,

where C' > 0. Using the fact that ho(z) ~ (6(z))* 2 and (5), we can verify that
hypothesis (Hy) is satisfied. Then by Theorem 1.3, there exists a constant ¢ > 1
such that if ¢ > ¢¢ on 0D, then problem (22) has a positive continuous solution
u satisfying for each x € D

(1]

[10]

[11]

[12]

ho(z) < u(z) < Mg ().
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