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Let p be a fixed odd prime. In this paper, we study the integer solutions (z, y, a, b)
of the equation z* + 2% - p® = ¢*, ged(z,y) = 1,2 > 0,y > 0,a > 0,b > 0, and we
derive upper bounds for the number of such solutions.

AMS 2010 Subject Classification: 11D61.

Key words: exponential Diophantine equation, Lebesgue-Nagell equation, classi-
fication of solutions.

1. INTRODUCTION

Let Z,N be the sets of all integers and positive integers respectively. Let
p be a fixed odd prime. There are many recent papers related to the equation

(1.1)
22+ 29" =y 2y, n,a,b € Z,ged(z,y) = 1,2 > 0,y > 0,n > 2,a > 0,b> 0,
which has been solved for some small values of p (see [2, 4, 810, 13]).

Since n > 2, for a general p, (1.1) can be classified into the following two
equations:

(1.2) 2?2 +2%° =y* 2, y,a,b € Z,ged(x,y) = 1,2 > 0,y > 0,a > 0,b> 0
and
(1.3) 2?2 +2%" =y x,y,a,b € Z,ged(x,y) = 1,2 > 0,y > 0,a > 0,b > 0,

where ¢ is an odd prime.
Obviously, (1.2) has only the solution (z,y,a,b) = (7,3,5,0) with b =0
(see [3]). Thus it can be seen that we only need to solve the equations

(1.4) 2 +p’ =yt zybeN, ged(z,y) =1
and
(1.5) 22+ 29" =t z,y,a,b €N, ged(x,y) = 1.

In [15], H. Zhu, G. Soydan and W. Qin gave all solutions of the equations
(1.4) and (1.5) under the assumption that the famous equation
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(1.6) 2 —2=y", x>1y>1n>3gd(z,y) =1

has no solutions. Recently, in [14], H. Zhu, M. Le, G. Soydan and A.Toghé
restudied the equations (1.4) and (1.5) and firstly, they gave all solutions of
the equation (1.4) without using the assumption that equation (1.6) has no
solutions, in the following theorem:

THEOREM A ([14]). All solutions of (1.4) are given as follows:
(i) p = 23, (z,y,b) = (6083, 78,3).
(i) p = ugg41, (z,y,b) = (v§k+1—1, Vok+1, 2), where k is a positive integer,

Uk+1 = %((1 + \/§)Zk+1 + (1 - \/§)Qk+1)7 V2k+1 = ((1 + ﬁ)2k+1 -
(1- \/§)2k+1)'

(iii) p = 21*> — 1, (z,y,b) = (I* — 1,1,1), where | is a positive integer with
[>1.

2v/2

Secondly, they gave all solutions of the equation (1.5) for a general prime
p with p Z 7 (mod 8) without using the assumption that equation (1.6) has
no solutions, in the following theorem:

THEOREM B ([14]). Ifp # 7 (mod 8), then equation (1.5) has only the
following solutions:

(i) p=3, (z,y,a,b) = (7,5,6,2).

(ii)) p=3, (z,y,a,b) = (47,7,6,1).

(iii) p = 3, (z,y,a,b) = (287,17,7,2).

(iv) p=17, (x,y,a,b) = (4785,71,9,3).

() p=22"41, (z,y,a,b) = (22 T2422 7 "+2_1 92"+l 1 or—144 1),
where r € N, and if 22" +1 is a prime.

(vi)p=2"4+1, (z,y,a,b) = (|22 722" —1[,2" "1 +1,2r, 1), where r € N,
and if 2" + 1 is a prime.

(vii) p = f2 = 2%~ (2,y,a,b) = (|f?> — 27|, f,2r + 1,1), where r € N,
21 f, and if f? — 22"~ is a prime.

In this paper, we give partial classification of integer solutions (z,y, a,b)
of the equations (1.4) and (1.5), and we obtain some upper bounds for the
number of such solutions.

THEOREM 1. (1.4) has at most one solution (xz,y,b) except (x,y,b) =
(3,2,1) and (24,5,2) forp=1T1.

THEOREM 2. If p = 3 (mod 8), then (1.5) has no solution except for
(z,y,a,b) = (23,5,5,1),(47,7,6,1),(7,5,6,2) and (287,17,7,2) when p = 3.
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THEOREM 3. If p = 5 (mod 8), then (1.5) has no solution except for
(x,y,a,b) = (1,3,4,1) and (79,9,6,1) when p = 5.

THEOREM 4. If p = 1 (mod 4), then (1.5) has at most one solution
(x,y,a,b) except for the following cases:

(i) (z,y,a,b) = (9,5,5,1), (15,7,7,1), (47,9,8,1), (1087,33,8,1),
(4785,71,9,3) and (495,23,11,1) when p = 17.

(i) (z,y,a,b) = (22 =22 *F141 92777 41 or—243 1) (22222 '
1,227 714 1,97 1) and (22712422142 1,227 L 11 271 44 1), where r
s a positive integer with r > 3 and p = 2271 4 1.

(iii) (x,y,a,b) = (|(201 +1)% — 2251|211 + 1,251 + 1,1) and (|(22 +1)% —
2252| 2l54+1,289+1,1), where r,11, I3, s1, 52 are positive integers with so > s1 >
Landp #2271, p= (20 +1)2 — 22171 = (2 + 1)2 — 225271,

We organize this paper as follows. In Section 2, we recall some useful
lemmas and prove Theorem 1, by using Theorem A. In Section 3, we prove
Theorems 2-3 by using Theorem B. In Section 4, by means of some lemmas at
the beginning of this section and Theorem B, we prove Theorem 4.

2. PROOF OF THEOREM 1

For any nonnegative integer ¢, let

(2.1) w=glat 48, = 2f< - 8,
where
(2.2) a=1+v2, B=1-+2

By the properties of Pell equations and related sequences (see, Chapter
8 of [12]), we have the following lemma:

LEMMA 1. (i) Every solution (u,v) of the equation
(2.3) u? =20 =1, u,v €N

can be expressed as (u,v) = (ugg, vor), where k is a positive integer.
(ii) Every solution (U,V') of the equation

(2.4) U?—2vi=—-1, UV eN

can be expressed as (U, V) = (ugg41,v2r+1), where k is a nonnegative integer.
(iii) For any nonnegative integer k, ged(ug, ugps1) = ged(vg, vgr1) = 1.

LEMMA 2 ([6]). The equation
(2.5) X*-2vy?=1, X, YeN
has no solution (X,Y).
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LEMMA 3 ([7]). The equation
(2.6) X?2_2vy*=-1, X, YeN
only has the solutions (X,Y) = (1,1) and (239,13).
LEMMA 4. The equation
(2.7) Ugpyr =212 =1, k,1eN
has only the solution (k,1) = (1,2).

Proof. Let (k,l) be a solution of (2.7). If 2|k, then k = 2s, where s is a
positive integer. By (2.1) and (2.2), we have

O/15+1 4 ﬁ4s+1

2.8 1= 1= s
(2.8) woky1 + Ugsy1 + P + (apB)
2s 2s 2s+1 2s+1
o + « + 3
= ( b )( ) = 2u25U2s+1-
a+p

By substituting (2.8) into (2.7), we get
(2.9) U25U254+1 = l2.

By (iii) of Lemma 1, we have gcd(ugs, u2s+1) = 1. Hence, we get from
(2.9) that

(210) U25:f27 u25+1:.927 l:fg7 fngN'

Further, by (i) of Lemma 1, we see from the first equality of (2.10) that
(2.5) has the solution (X,Y) = (f,v2s). But, by Lemma 2, it is impossible.

If 2 4 k, then k = 2s + 1, where s is a nonnegative integer. By (2.1) and
(2.2), we have

O[45+3 + /648+3

g1 +1=ugsy3+1= ot B — (aB)**!
2s5+1 2s5+1 25+2 2542
« - o —
(2.11) = ( B Oz)iﬁ ) = 4v2541V25+2.
By substituting (2.11) into (2.7), we get
(212) 2U23+1U23+2 == l2.

Further, since ged(vasy1, v2s1+2) = 1 and 2 1 ves41 by (2.4), we obtain from
(2.12) that

(2.13) Vast1 = f7, wasp2 =2¢%, 1=2fg, f.geN.

Furthermore, by (ii) of Lemma 1, we see from the first equality of (2.13)
that (2.6) has the solution (X,Y) = (ugs41, f). Therefore, by Lemma 3, we
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get either (s, f) = (0,1) or (3,13). Since v2 = 2 and vg = 408, by the second
and the third equality of (2.13), we determine that (2.7) has only the solution
(k,1) = (1,2) which completes the proof. [

2.1. PROOF OF THEOREM 1

We now assume that p is an odd prime such that (1.4) has two solutions.
Since 23 # uop41 and 23 # 212 — 1, by Theorem A, we have
(2.14) p=ugp1 =202-1, kleN.

Applying Lemma 4 to (2.14), we get k = 1,1 = 2 and p = 7. It implies
that (1.4) has at most one solution except for p = 7, (x,y,b) = (3,2,1) and
(24,5,2). This completes the proof of the Theorem.

3. PROOF OF THEOREMS 2 AND 3
3.1. PROOF OF THEOREM 2

We consider the case that p =3 (mod 8).

When p = 3, since 3=2'+1 and 3 = 22" 4 1, by the solutions of types
(i), (ii), (iii), (v) and (vi) given in Theorem B, (1.5) has exactly four solutions
(23,5,5,1),(47,7,6,1),(7,5,6,2) and (287,17,7,2), respectively.

When p > 3, by Theorem B, (1.5) has no solution which completes the
proof.

3.2. PROOF OF THEOREM 3

When p = 5, since 5 = 22 +1, by the solution of type (v) and (vi) given in
Theorem B, then (1.5) has exactly two solutions (z,y,a,b) = (79,9,6,1) and
(4,3,4,1) respectively.

When p > 5, by Theorem B, (1.5) has no solution. This completes the
proof of the Theorem.

4. PROOF OF THEOREM 4

Let D be a positive odd integer.

LEMMA 5 ([12], Chapter 8). If D is an odd prime with D = 1 (mod 4),
then the equation

(4.1) U?-DVv?=1, UV eN
has solutions (U, V).
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LEMMA 6. If D is an odd prime and the equation
(4.2) X2_-D=2" XneN, n>2

has solutions (X,n) with 2|n, then D = 22" +1, where r is a positive integer
with r > 2.

Proof. Let (X, n) be a solution of (4.2) with 2|n. Since D is an odd prime,
by (4.2), we have

(4.3) X+27 =D, X—-235=1,
whence we get
(4.4) D=2t 41,

Therefore, we see from (4.4) that D = 22" ' + 1, where r is a positive
integer with r > 2 which completes the proof. [

LEMMA 7 ([5], Theorem 1 and 2). (i) If D = 22" —3-2"t!1 + 1, where r
is a positive integer with r > 2, then (4.2) has exactly four solutions (X,n) =
(2" —3,3),(2" — Lr +2), (2" + L,r +3) and (3-2" —1,2r + 3).

1 2
(i1) If D = (5(22“'1 - 17)) —32, where r is a positive integer with r > 2,
1 1
then (4.2) has exactly three solutions (X,n) = (5(22”1 —17), 5), <§(227"+1 +

1),2r + 3) and (é(w- o2+l _ 1) 4y + 7).

(i4) If D = 2%r14-22r2 _gritratl_om+l_oratl g wherery, ry are positive
integers with ro > 1 > 2, then (4.2) has exactly three solutions (X,n) =
(22 = 2" — 1,7 +2),(2"2 = 2" + 1,79+ 2) and (2 + 2™ — 1,7 +ro + 2).

(iv) If D is not of one of the above types and (5.1) has solutions (U, V),
then (4.2) has at most two solutions (X,n).

LEMMA 8. The equation
(4.5) 92 _3.0m 4 1 =92 11 rsEN, r>2, §>2
has only the solution (r,s) = (3,3).

Proof. Let (r,s) be a solution of (4.5). Then we have 2"~! —3 = 22"~"—1,
whence we get »r = 3 and s = 3. This completes the proof of the Lemma. [

1 2
LEMMA 9. If D = (5(22’"+l — 17)) — 32, where r is a positive integer
with r > 2, then D is not a prime.

Proof. Under the assumption, we have

D= %(247““ —17-222 4 1) = é((z%‘“ —1)2 - 2%10)
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(4.6) - é(?’"“ ports 1) (227"“ _or3 1).

Since 7 > 3, we have 22r+1 y 2r+3 _1 > 227+l _9r+3 _ 1 > 63. Therefore,
by (4.6), D is not a prime which completes the proof. O

LEMMA 10. The equation

(47) 22T1 4 221“2 _ 2T1+7‘2+1 _ 27‘1-‘1-]. _ 2T2+1 + 1= 225*1 + 1, 1,79, 8 c N,
ro>ri+1>2, s>3

has no solution (ri,r2,s).
Proof. Let (r1,r2,s) be a solution of (4.7). Then we have
(4.8) gri—1 + 92ra—ri—1 _gra _9ra—Ti | _ 225*1—r1—1'

But since 2ro—r;—1 > ro > max{r;—1,r9—r1} > min{ri—1,ro—r1} > 1,
(4.8) is impossible. This completes the proof of the Lemma. O

LEMMA 11. If D is an odd prime, then (4.2) has at most two solutions
except for

(i) D =17,(X,n) = (5,3),(7,5),(9,6) and (23,9). Further, if (4.2) has
exactly two solutions (X1,n1) and (Xa,n2) with ny < ng, then we have

(i) D = 27 4 1,(Xim) = (27 + 1,272 4+1) and (Xo,m) =

(22"*1—1 +1,2" — 2), where r is a positive integer with r > 2.

(iii) D # 22" +1,(X1,n1) = (21 4+ 1,2r1 + 1) and (X2, n2) = (2ls +
1,2r9 4+ 1), where ly,la, 1,72 are positive integers with r1 < ro.

Proof. We now assume that D is an odd prime such that (4.2) has at least
three solutions. By Lemma 7, D must be of the types (i), (ii) and (iii).

When D is of type (i), since one of 7 4+ 2 and r + 3 is even, (4.2) has a
solution (X, n) with 2|n. Hence, by Lemma 6, we have D = 227! 4 1, where r
is a positive integer with r > 2. Further, by Lemma 8, we get D = 17 and the
solutions (i).

When D is of type (ii), by Lemma 9, it is impossible.

When D is of type (iii), since one of r; + 2,79 + 2 and 1 + ro + 2 is even,
by Lemma 6, we have D = 227 4 1. But, by Lemma 10, it is impossible.
Therefore, by Lemma 5 and (iv) of Lemma 7, (4.2) has at most two solutions
except for D = 17.

Finally, we assume that D is an odd prime which makes (4.2) has exactly
two solutions. Then we have D # 17.

When D = 227" + 1, since D # 17, we have r > 3 and the solutions of

type (ii).
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When D # 22" +1, by Lemma 5, (4.2) has no solution (X, n) with 2|n.
Therefore, we obtain the solutions of type (iii). This completes the proof of
the Lemma. [

4.1. PROOF OF THEOREM 4.

We first consider the case that p = 22" 4 1, where r is a positive integer
with r > 2.

When r = 3, we have p = 17. By the case (i) of Lemma 11 and the
solutions of types (iv),(v),(vi) and (vii) given in Theorem B, (1.5) has exactly
six solutions (z,y,a,b) = (9,5,5,1), (15,7,7,1), (47,9,8,1), (1087,33,8,1),
(4785,71,9,3) and (495,23,11,1), respectively.

When r > 3, by the case (ii) of Lemma 11 and the solutions of types
(v),(vi) and (vii) given in Theorem B, we obtain the solutions of type (ii).

We next consider the case that p # 22" 4+ 1. Since p = 1 (mod 8),
by Theorem B, (1.5) has only solutions belong to the type (vii) with r > 1.
Therefore, by Lemma 11,(1.5) has at most one solution (x,y,a,b) except for
the case (iii) which completes the proof.
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