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In this paper, we give some results concerning atomic decompositions for oper-
ators on reproducing kernel Hilbert spaces, using frame theory techniques. We
provide also generalizations for atomic decompositions of some theorems for re-
producing kernel Hilbert spaces.

In particular, we obtain atomic decomposition results for operators on Bergman
spaces and Fock spaces in a simple manner.
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1. INTRODUCTION

In the following, we present some basic known facts about frames. Frames
were introduced by R.J. Duffin and A.C. Schaeffer [10] in 1952, in the context of
nonharmonic Fourier series. In 1986, frames were brought to life by Daubechies,
Grossman and Meyer in the fundamental paper [9].

We denote by H a separable Hilbert space and by L£L(#) the space of all
linear bounded operators on H.

Definition 1. A family of elements {f,}7°; C H is called a frame of H if
there exists constants A, B > 0 such that

Allz)® <Y~ e, f)l? < Bllz|®, @ € H.

n=1

The constants A, B are called frame bounds.

If just the last inequality in the above definition holds, we say that
{fn}>2 is a Bessel sequence.
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The operator
[e.e]
T:17 = H, T{c,}32, := chfn
n=1
is called synthesis operator(or pre-frame operator). The adjoint operator is
given by
O=T":H 1% Ox="{(z,f.)},
and is called the analysis operator. By composing T with its adjoint T we
obtain the frame operator
o0
S:H—H, Se=TT" = (x,fn)fn.
n=1
The following Theorem is one of the most important result in frame theory
because it gives the reconstruction formula.

THEOREM 1. Let {f,}5°, C H be a frame for H with frame operator S.
Then
(i) S is invertible and self-adjoint;
(ii) every x € H can be represented as

[e.9]
(1.1) 2= (2, f)S o =D (2,57 fu) fo.
n=1 n=1
For basic results on frame theory see the references [1, 3, 4, 8, 12, 13, 15].
The results in this paper are organized as follows. In Section 2, we recall
the definition of an atomic system for operators and we complete a Theorem
for the characterization of these systems, considered for the first time by the
author in [7]. We rewrite this Theorem for a reproducing kernel Hilbert space.
In Section 3 of this paper, we present some basic known facts about Bergman
spaces, we give the atomic decomposition result for this case, for the stan-
dard weighted Bergman spaces and for Bergman spaces with Békollé-Bonami
weights. In the last section of the paper, we give an atomic decomposition
result for operators in Fock spaces.

2. ATOMIC DECOMPOSITIONS FOR OPERATORS

The first atomic decompositions results for holomorphic functions in
Lebesgue spaces were obtained in 1980 by R.R. Coifman and R. Rochberg [5].
Let H be a separable Hilbert space and {f,}2>; C H.

Definition 2 ([7]). Let L € L(H). We say that { f,}°°; is an atomic system
for L if the following statements hold
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(1) the series chfn converges for all ¢ = (¢,) € I%;

(i) there exists C' > 0 such that for every x € H there exists a, = (a,) € [?
such that ||a;||;z < C||lz|| and Lz = Zanfn.
n

Remark 1. The condition (7) in Definition 2 actually says that {f,}°2; is
a Bessel sequence. (see Corollary 3.2.4 in [3])

The above definition and the following main result (Theorem 3) presents
a generalization of the concept of frames. The particular case of orthogonal
projections was considered by H.G. Feichtinger and T. Werther [11].

The following Theorem for the existence of the atomic systems for an
operator was proved in [7].

THEOREM 2. Let H be a separable Hilbert space and L € L(H). Then L
has an atomic system.

In the following Theorem, we present a characterization for atomic sys-
tems.

THEOREM 3. Let {f,}72 1 C H. Then the following statements are equiv-
alent

(i) {fn}se, is an atomic system for L;
(ii) there exists A, B > 0 such that

[eS)
AL 2| < w, fa)? < Blla|®,  for anyx € H;
n=1

(iti) {fn}5, is a Bessel sequence and there exists a Bessel sequence {gn}5
such that

(e 9]

Lx = Z<$agn>fn;

n=1

oo
(iv) Z!(:r, fa)|? < oo and there exists a Bessel sequence {gn}2>, such that
n=1

[e.9]

Lz = Z(:r, fn)gn, Vo € H.

n=1
Proof. (i) <= (i1) <= (iii) were proved in [7]
(iv) = (i7) Using Cauchy-Schwartz inequality, we have:

o0 o0

(L*z,L*x) = <Z<x,fn>gn,L*x> = Z(m,fn><gn,L*x>

n=1 n=1



306 Laura Gavruta 4

- |7§jl<x,fn><gmL*x>\ < (i |<x,fn>|2)1/2(n§ r<gn,L*x>r2)l/2.

Since {gn}>2 is a Bessel sequence, we obtain

1/2
(L*z, L2) < C|[L*a] (Z |<m,fn>|2) |

n=1

() 1/2
If L*z # 0, we have |L*z||* < C||L*z|| (Z |(z, fn>2> and from here

n=1
we get

1, ., >
a2l > <3 1, f) P
n=1

[e.9]
From hypothesis, Z (x, fa)]? < oo, Vz € H (actually {fn}>2, is a
n=1
Bessel sequence). From [3] we have that there exists B > 0 such that

> I, fa)? < Bliz|?.

(i11) = (iv)
From (iii) we have Lx = Z(w, In) fn-
n=1

For any y € H we have

Mg

(L, z) = (y, Lx) = (y, ) (=, gn)[n)
n=1
Z {(gn, )y, Z<<y’ fn)gn, ) = <Z<y’ fn)gn, x)
n=1 n=1 n=1
which implies L*y = i(y, fa)gn O
n=1

Definition 3. We say that {f,}°2, is a L—frame (or a frame for L) if
there exists the constants A, B > 0 such that

AL 22 < 3 e, f) 2 < BllalP, Ve € H.

n=1

We consider now the reproducing kernel Hilbert space (H, K), with the
kernel K (z,\) = Kx(z), K : Q x Q — C, where (2 is a given nonempty set.
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We recall that a reproducing kernel Hilbert space (H, K) is a Hilbert
space H of functions on 2 such that for every A, K belongs to H and for
every A € Q and every f € H, f(A) = (f, Ky).

Let A = {\,}32; C Q be a subset of points with \,, # A, for n # m. In

An
[Piowk

THEOREM 4. The following statements are equivalent

. Ky, % . . .
(i) T is an atomic system for L i.e.
An =1

this case, with f,, =

n=1,2,..., we rewrite Theorem 3 as follows:

[e o]

K
o the series E cnﬁ converges for all {c,} € I?; and
A
n=1 n

o there exists C' > 0 such that for every f € H there exists ay =
K,

(an) € 12 such that ||ag|2 < C||f]| and Lf = Za”HK i

(ii) there exists A, B > 0 such that

AHL*fH2<Z| ,2_ BIfIZ  forany f € H:

(18}

n ’

o0
(iii) {HK H} 15 a DBessel sequence and there exists a Bessel sequence
An

{gn}22 such that
Lf=) ({f9n)
Z o K

(iv) Z |||KAnH2 < oo and there exists a Bessel sequence {gn}o2, such that

gn,Vf € H.

o0
= \K
Definition 4. We say that a sequence of distinct points {\,}72; in Q is a
sampling sequence for L if there exists two p051tlve constants A, B such that

An |

(2.) AL fI < Z’HK < il

In the case when L is the identity operator, we have the notion of sampling
sequence for H. The normalized kernel is given by the following relation:

Ky(2)

@ =R
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Remark 2. The relation (ii) in Theorem 4 is equivalent with the fact that
{kx, }52; is a frame for L:

AL FIB, < 1 k)P < B fII3,

n=1
because
K, 1 1

) = faK)\n T T
o~ Tl %) = T

(fikx,) = (f f(An).

3. ATOMIC DECOMPOSITIONS FOR OPERATORS
IN BERGMAN SPACES

Let C be the complex plane and let D = {z € C : |2| < 1} be the open
unit disk in C. We denote by dA(z) the area measure on D, normalized such
that the area measure on D is 1 :

1 1 )
dA(z) = —dxdy = —rdrdd, z=x+iy=re?.
T T

The Bergman space L? (sometimes denoted by A?) is the subset of L?(ID)
consisting of analytic functions. L? is a reproducing kernel Hilbert space, with
reproducing kernel :

1
Kz, ) =K\(2) = ———.
(60 = K() = 5
and normalized kernel
K A2 1—1X 2
() = T8 - 12
KA (1= X2)

For a detailed account results of atomic decompositions for the identity
operator on Bergman spaces see [19].

Then, from Theorem 4, we obtain the following Corollary:

A e D.

COROLLARY 5. Let {\,}5°, C D. The following are equivalent

(i) {kx,}o2, is an atomic system for L i.e.

o
1— |Anf?
o the series Z cnﬁ converges in L2 for all {c,} € I%; and
= (1- Anz)?

o there exists a positive constant C such that for every
f € H there exists ay = (an) € I? such that |lag|l;z < C|/f|| and

R U e D
Lf(Z) = Z Qn (1 _ an)y

n=1
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(ii) there exists A, B > 0 such that {\,}>2, is a sampling sequence for L;
i.e. there exists two positive constants A, B such that

AL I, < Z IFORP = Aaf?)? < B fll3:

n=1

(iti) {kx,}o2, is a Bessel sequence and there exists a Bessel sequence {gn }5°
such that

Lf - Zf,n ’*nz‘)y

(iv) Z(l — Ml F(\)]? < 0o and there exists a Bessel sequence {gn}2%,

n=1
such that

L*f = (1= ) f(An)gn
n=1

More general, for n > —1 let dA,, be the area measure on D,
dAy(2) = (n+ 1)(1 — |2[*)"dA(2).

The standard weighted Bergman space L2(dA,) is the subset of I?(D, d4,),
consisting of analytic functions.

L3(D.dAy) = {f D~ C: |f|%, = /D F(2)PdA, < oo},

Then L2(dA4,) is a RKHS with reproducing kernel
1
K'"z2,\)=K)(2)= ————, 2,A€D
(0= KC) =
and normalized reproducing kernel

Ki(z) (1 A2
El(z) = —2 = = , z,A€D.
A e P T W

COROLLARY 6. Let {\,}22, C D. The following are equivalent

(i) {ky }o2 is an atomic system for L i.c.

o0 1+ﬂ

, (1—[An]?)' "2

o the series Cp———————
Z n 1 )\nz)2+

n=1

{en} € 1?; and

converges in L2(dA,) for all
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o there exists C > 0 such that for every f € H there exists
ar = (an) € 1% such that ||las|;2 < C| f|| and

- S el
— (1 —Ap2z)2tn’

(ii) there exists A,B > 0 such that {\,}5° is a sampling sequence for L;
i.e. there exists two positive constants A, B such that

AL AP < Y 1F ORI = a7 < BLAIP?

(iii) {k} }o2, is a Bessel sequence and there exists a Bessel sequence {gn }ne

such that
‘ )1+ 2

Lf= ngn _7—)%77;

(iv) Z —Mal2)Ef(Mn)]? < 00 and there exists a Bessel sequence {gy }°2

n=1
such that -
L*f = Z(l - |>‘n’2)1+gf(>‘n)9n
n=1

Remark 3. The above Corollary is a generalization of some results in [18].

The weighted Bergman space A?(w) = L2(w) is the subset L?(w), con-
sisting of analytic functions.

L2@) = {f : D= C: |flPa, = /D F(2)Pew(z)dA(z) < oo},

For n > —1 the class By(n) consists of weights w with the property that
there exists a constant ¢ > 0 such that

</S(M) WdAn) </S(9,h) w_ldAn) < clAy(S(0, m)Y

for any Carleson square:
. h
S(0,h) = {z =re®:1-h<r<l1,/0—al< 2}, 0 €[0,27],h € (0,1).

The weights w considered here are called Békollé weights.
In the following, we consider a € (0,1), n > —1 and Y ¢ Ba(n).

(1= |z*)7

Then L?2(w) is a reproducing kernel Hilbert space. We denote by
K™ (z,\) = K{"*(z)
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the reproducing kernel of this space.
In [6], O. Constantin gave the following estimation for the norm of

Bergman kernel K :
—1
g ([ wan)
DA,a

for every disc Dy o ={2z€D:|z— A <a(l—|A)}.
By ~ we mean that the involved constants are independent of A € D.
(For two real valued functions Ey, Es we write Ey ~ Fs if there there exists a

1
positive constant ¢ independent of the argument such that —Ey < Ey < cEy).
c

COROLLARY 7. Let {\,}>2, C D. Then the following statements are
equivalent

1/2N oo
(i) {Kg:’(/ wdA) } is an atomic system for L, i.e.
An,o

n, n=1
) 1/2
o the series ch{K;Z:J(/ wdA) } converges in L2(w) for
n=1 Dxpa

all {c,} € I?; and
o there exists C > 0 such that for every f € H there exists
ar = (an) € 1% such that |lag||;2 < C| f||

0 1/2
and Lf(z) = Zan{Kgnw</ wdA) };

n=1 Dy,

(ii) there exists A, B > 0 such that {\,}>2, is a sampling sequence for L;
i.e. there exists two positive constants A, B such that

NIEDS |f(>\n)|2< / wdA) < BIIfIBs:
n=1 An,a

;5

1/2+ oo
(iii) {Kf:’(/ wdA> } is a Bessel sequence and there exists a
D)\n,a n=1

Bessel sequence {gn}5°, such that

00 1/2
szzl(f,gn>{K§;f”(/m wdA) };

s

(iv) Z IF(An)]? (/ wdA> < 00 and there exists a Bessel sequence {gn}72 4
n=1

An,o



312 Laura Gavruta 10

9] 1/2
L*fzz;f(An)( /D wdA) oo

The above Corollary provides a generalization of Theorem 2.3 in [2]. Also,
our proof is more simple, with a different technique.

such that

An,a

4. ATOMIC DECOMPOSITIONS FOR OPERATORS IN FOCK SPACES

Let dA(z) be the usual Lebesgue measure on C. For a > 0, dA,(2) is

defined as follows o )
dAy(z) = —e P dA(z).
T

The Fock space F? is the space of all entire functions f on C for which

1152 = [ 17G)PdAae) < o

F? is a RKHS, with reproducing kernel
K(z,\) = Kyx(2) = A
and normalized reproducing kernel
Ki(z) e N A2

k() = T2 = 0 lh ),

[PION (R
For details on Fock spaces see the book of K. Zhu [20]. See also [17].

Atomic decompositions for the identity operator on Fock spaces were obtained
in [14].

COROLLARY 8. Let {\,}°°, C D. The following are equivalent
(i) {kS I}y is an atomic system for L i.e.

o0
. N Al .
o the series g cne®CA=727) converges in F2 for all {c,} € 12; and

n=1
o there exists C > 0 such that for every f € H there exists
ar = (an) € 1% such that ||las|;2 < C||f|| and

i _ 2
Lf(z) = Z aneo‘(z’\"_%).
n=1

(it) there exists A, B > 0 such that {\,}5° is a sampling sequence for L;
i.e. there exists two positive constants A, B such that

AL FI? < ST Ow)Pee™ < B £]1%

n=1
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(iii) {kS }nq is a Bessel sequence and there exists a Bessel sequence {gn}p2

such that

|>\n|2)

Lf =3 (f, gaye? =75
n=1

oo
(iv) Z e*al)‘"|2\f()\n)]2 < 00 and there exists a Bessel sequence {g,}5° ; such
n=1

t;at
fp N —abal
L*f = Ze 2 f()‘n)gn-
n=1

Remark 4. The above Corollary is a generalization of some results in [16].
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