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In this paper, we study the cases where a function in the spaces of analytic func-
tions in the unit disc is symmetrically lifted to the spaces of analytic functions
in the bidisc, and for this end we apply a characterization for Bergman and
Dirichlet type spaces.
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1. INTRODUCTION

Let D the open unit disc in the complex plane C. For any a > —1 we
consider the weighted area measure

dAa(z) = (a+1)(1 = [2[*)*dA(2),

where dA is the normalized area measure on D.
For p > 0 and o > —1 we denote by A% (D) the space of analytic functions
f in D such that

£ (2)PdAa(z) < oo.

These are called the Weighteg]l) Bergman spaces with the standard weight. See
[1], [2], and [6] for the theory of Bergman spaces.

We define by DL (D) the space of analytic functions f in D such that
[ € AL(D), so

/ F/(2)PdAa(2) < 0.

D
These are called the Dirichlet type spaces.
The Pseudo-hyperbolic and hyperbolic metrics on D are given by

z—w
p(z,w) - 1_§w ’
and . L4l )
p(z,w
— —Jog P2
Blz,w) = 5 log T— o, )
respectively.
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We mention that the hyperbolic metric is also called the Bergman metric
and sometimes the Poincaré metric.

Characterizations for the Bergman spaces have appeared in [7] and [8]. A
characterization for the Bergman spaces with euclidean, hyperbolic and pseudo-
hyperbolic metrics have been obtained in [11] as follows:

THEOREM 1.1. Suppose p > 0, o > —1 and f is analytic in D. Then the
following conditions are equivalent.

(a) f belongs to AL (D).
(b) There exists a continuous function g in LP(D,dA,) such that
£ (z) = fw)] < p(z,0)(9(2) + g(w))

for all z and w in D.
(c) There exists a continuous function g in LP(D,dAy) such that

£ (2) = f(w)| < B(z,w)(g(2) + g(w))

for all z and w in D.
(d) There exists a continuous function g in LP(D,dApa) such that

[f(2) = f(w] < [z = wl|(g(2) + g(w))
for all z and w in D.

Similar characterizations for the Hardy-Sobolev spaces have appeared in
[3] and [4]. For the classical Bloch space B, in [6] and [12], it was shown that
any analytic function f in D belongs to B if and only if there is a positive
constant C', such that

|f(z) = f(w)| < CB(z,w).

Let D? = D x D be the bidisc in C? and let H(D?) denote the space of

all holomorphic functions in D?. Similarly H (D) is the space of all analytic
functions in D. For p > 0 and o > —1 we define A% (D?) as the space of
functions f € H(D?) such that

[, [ s <o

These are also called weighted Bergman spaces.
We define D5 (D?) as the space of functions f € H(D?) such that

/D/D|Rf(2,w)|pdAa(z)dAa(w) < oo,

where Rf(z,w) is the directional derivative of f at (z,w) in the radial direction,
and is given by
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Rf(z,w) = zg‘i(z, w) + w.gz{}(z, w).

We consider the symmetric lifting operator

L: H(D) — H(D?

defined by
f(z) = f(w)
L =
(D) = LEZT
For any f € D5(D?) and any arbitrary point (z,w) € D?, we write

R(L(f))(z,w) = alé(zf).z + 8gfvf).w,

and we call it the radial derivative of L.
With a direct calculation we obtain

/222 /ww2—/2’wz— oy
R (o) — £ O F @ = fuz — 1(2)

(z —w)?
A f/(w)(z«uituf2(2)w - f(w)w7

so we have

ROL()) (zw) = CF@) = wf (@)= = w) + (fw) = £(2))(= ~ )

Gz - w)?
_ @) - wfw) | fw) - fG)

Some properties of the weighted composition operators are being studied
in [9] and [10] by Vaezi. In this article we study the action of symmetric lifting
operator on Bergman and Dirichlet type spaces.

2. SYMMETRIC LIFTING OPERATOR ON BERGMAN SPACES

The action of the symmetric lifting operator on Bergman spaces has been
studied by Wulan and Zhu in [11].

Some results about the lifting operator on the Bergman spaces is also
given in [5] by Hassanlou and Vaezi.

THEOREM 2.1. Suppose o > —1, p > 0. Then the symmetric lifting

operator L maps AL (D) boundedly into A}, (D?).

Proof. Given f € AB(D), we apply Theorem 1.1 (d) to find a function
g € LP(D,dAq+p) such that

£ (2) = f(w)| <[z —wl(g(2) + g(w)),
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for z,w € D. Then there exists a constant C' = C), such that

IL(f)(z,w)[" < Cp(g(2) + g(w)?).
It follows that

/ / IL(f) (2 0) PA A 4 (2)d A () <
DJD

G [ [0+ louP)1 ~ 17700~ 0 A (A w),

But for any z,w € D, we have (1 —|2|2)®™? < 1 and also (1 — |w|?)**? < 1. So
we can write

/ / IL(f) (5, w)PdAg 1 (2)dAg p(w) < 2C, / 9(2)P(1— |22)**PdA(2).
DJD D

This shows that L maps A& (D) into AL, (D?).
Since L is linear and two spaces Af and A},
use the closed graph theorem to show that

L:AR(D) — A%,

are Banach spaces, we can

(D?)
is bounded. [
The following theorem is proved in [11] by Wulan and Zhu.

THEOREM 2.2. Suppose o > —1 and 0 < p < o+ 2. Then the symmetric
lifting operator L maps A5(D) boundedly into AL(D?). Moreover, this is no
longer true when p > a + 2.

If « >—1,p>a+2and j is determined by 2(8 + 1) = p + «, we have

B < p+a,since p+a > 0. So Ag(DQ) C Ag+p(D2). In this special case Wulan

and Zhu in [11] have proved the following theorem.
THEOREM 2.3. Suppose o > —1, p > a+ 2, and B is determined by
26+1)=p+a.
Then the symmetric lifting operator L maps Ab/(D) boundedly into Ag(]D)Q).

We prove the result for the case p = a + 2. In the sequel we need the
following standard estimate.

LEMMA 2.4. For any o > —1 and any real 5, let

(1 —fwf?)
Lo 5(2) _/D“_muwd/l(w), z € D.
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Then
1 8<0
1 _
Iaﬁ(z) = log 117|z|2 =0
aepr PO

Proof. See [6]. O

It is well known that for @ > —1 and p > 0, A% (D?) C AL_,(D?). In the
case p = a + 2 we prove the following theorem.

THEOREM 2.5. Suppose o > —1 and p = o + 2. Then the symmetric
lifting operator L maps AL (D) boundedly into AL, (D?).

Proof. Given f € AB(D), we apply Theorem 1.1 (b) to find a function
g € LP(D,dA,) such that

£ (2) = f(w)] < p(z,w)(g(2) + g(w))

for any z,w € D.
Then there exists a constant C' = (), such that

LA ew)p < o Ly

1 —ZzwP |1 —Zw|P

It follows that

//IL (z,w)PdAg+1(2)dAg1(w //IL (z,w)[PdAgy1(2)dAq(w)

<20 [ geyatunts) [ FEE aaw)

By using Lemma 2.4 (in the case § = 0) and the boundedness of
(1—1z|?)log TL‘Q, for z € D, there exists another constant C' > 0 such that

[ [ 1D 0P ()40 (w) < € [ glordaae).
DJD D

This proves the theorem. [

3. SYMMETRIC LIFTING OPERATOR ON DIRICHLET TYPE SPACES

In this section, we study the action of the symmetric lifting operator on
Dirichlet type spaces D5,

THEOREM 3.1. Suppose a« > —1, p > 0. Then the symmetric lifting

operator L maps D5 (D) boundedly into DE,, (D?).
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Proof. Suppose f € Da(D). To show that L(f) € D5, (D?) it is sufficient
to show that R(L(f)) € A2, (D?). But as we obtained earlier

a+p
R(L(f))(z,w) = 2f'(z) —wf (w) . Flw) = f(2)

z—w zZ—w
for any z,w € D. Since w = —L(f)(#,w), according to Theorem 2.1,
f(“;) u{(’z) € A7, ,(D?). So it remains to show that W € AV, (D?).

Since f' € AL (D), if we define h(z) = 2f/(z) for any 2z € D, then h(z) €
AP(D). According to Theorem 1.1 there exists a function g € LP(D, dA,) such
that

h(2) = h(w)] < p(z,w)(9(2) + g(w))-

// 127(2) |Z_wf/( w)|? dAasp(2)dAasp(w) <

wl|P

/ |2 — wllg(2) + g(w)|?

|z — w|P|1 — Zw|P

It follows that

a4 (2)d Ag 4 ().

According to Lemma 2.4 (for § < —1), there exists a constant C' such that

/ / |g|1—zw|p dAap(2)dAap(w) <
p A= JwP)ere
20/1])'9(”2) dAaip(2) /D " 4A(w) <

|1 —Zw|P
20/ lg(2)|PdAq(2) < oo.
D

The closed graph theorem gives us the boundedness of L. This completes the
proof. [J

THEOREM 3.2. Suppose o > —1 and 0 < p < o + 2. Then the symmetric
lifting operator L maps Dh(D) boundedly into Dh(D?).

Proof. Given f € Dh(D), since D5(D) C AL(D), according to Theo-
rem 2.2, L(f) € A5 (D?). But we have shown that R(L(f))(z,w) = w

— L(f)(z,w). So as in the proof of Theorem 3.1, it is enough to show that

zf’(z)—wf’(w) c Ap(]D)Q)

zZ—Ww

Using Theorem 1.1, we find a function g € LP(D,dA,) such that
2f'(2) — wf'(w)| < p(z,w)(g(2) + g(w)).
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It follows that

[ oo = [ [ o

<20 / 19(2)[PdAq(2) / wdmw).

|1 — ZwlP

Since Lemma 2.4 in the case 8 < 0 gives an upper bound for [p |11 A=fwl)® |2,a dA(w)

and we also supposed that g € LP(D,dA,), the above inequality 1mphes that

L=

and then W € AbL(D?). Via the closed graph theorem it follows that
the operator

)dA 2)dAa(w) < 00

L : DP(D) — DP(D?)
is bounded. [

THEOREM 3.3. Suppose that o > —1, p > a+2, and that B is determined

by
26+1)=p+a.

Then the symmetric lifting operator L maps Dh(D) boundedly into DZ(]D)Q).

Proof. Given f € Dg(D), according to Theorem 2.3, L(f) € Aj(D?).
Similarly to the previous proofs, it is enough to show that

2f'(z) +wf'(w)

zZ—Ww

€ AR (D?).
The theorem can be easily proved by using Theorem 1.1 and Lemma 2.4 in the
case > 0.0

THEOREM 3.4. Suppose o« > —1 and p = a + 2. Then the symmetric
lifting operator L maps DL (D) boundedly into D, , | (D?).

Proof. Similarly to Theorem 3.1, the proof of the theorem follows by using
Theorem 1.1, Lemma 2.4 in the case § = 0, the boundedness of
(1 —|2[*) log — | o> for z € D and Theorem 2.5. [
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