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Somos sequences are sequences of rational numbers defined by a bilinear re-
currence relation. Remarkably, although the recurrences describing the Somos
sequences are rational, some Somos sequences turn out to have only integer
terms. In this paper, a family of Somos 4 sequences is given and it is proved
that all Somos 4 sequences associated to Tate normal forms with h—; = + 1
consist entirely of integers for n > 0. It is also shown that there are infinitely
many squares and infinitely many cubes in Somos 4 sequences associated to Tate
normal forms.

AMS 2010 Subject Classification: 11B37, 11B83, 11GO07.

Key words: Somos sequences, elliptic curves, torsion points.

1. INTRODUCTION

For an integer k > 4, a Somos k sequence is a sequence (hy,) which satisfies

the recurrence relation

lk/2]
(1) hnbo—k = Tiln—ilin_ps, for n € Z

i=1
where the coefficients 7; and the initial values hg, ..., hp_1 are given integers.
Especially, a Somos(k) sequence is a sequence whose coefficients and initial
values are all equal to 1. These sequences were named after Micheal Somos.
He first introduced the sequence Somos(6) which begins

1,1,1,1,1,1,3,5,9, 23,75, ...

and observed that the terms of the sequence consist entirely of integers even
though the terms are obtained from a rational recursion, see [19] for more
details.

Note that the recurrences describing the Somos sequences involve divi-
sions by another term. It is clear that these sequences turn out to have rational
terms. The surprising fact is that there are sequences which contain only inte-
ger terms. Indeed, the Somos(k) sequences have only integer terms for k < 7
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but not for k& = 8 [6,26]. The question of when a Somos sequence has only
integer terms has received much attention in the literature [5-7,13,16]. Some
history about the integrality properties of these sequences can be found in [6,7].
Gale also mentioned that there are many families of Somos sequences that
appear to have only integer terms.

In this work, we are interested in Somos 4 sequences which satisfy a
recurrence relation of the form

(2) hni2hn—2 = Tihpy1hn—1 + Th2, forn € Z

where 71,70 are given integers. These sequences are generalisations of elliptic
divisibility sequences (EDSs) which were first introduced by M. Ward [30]. He
also showed that the terms of EDSs consist entirely of integers if the sequence
begins 1, ho, hs, hac, ...(ha, hs,c € Z). For more details see [4,30].

In [26], Robinson was interested in the properties of the Somos(4) se-
quence reduced modulo a prime power p” where r > 1. Swart [29] extended his
results to Somos 4 sequences and proved some of his conjectures. In particu-
lar, Somos 4 sequences are quite interesting because of the close relation with
elliptic curves. In fact, Somos 4 sequences with the first coefficient square can
be expressed in terms of the z-coordinates of the points (z,, y,) = Q + nP
where P = (0,0) and Q = (z,y) is a suitable point on an elliptic curve. Somos
4 sequences are also closely related to cluster algebras [5], to integrable sys-
tems [12] and to continued fractions [20,21]. Fomin and Zelevinsky [5] used the
theory of cluster algebras to prove that all elements of the Somos 4 sequences
are Laurent polynomials, i.e.,

hn € Zl11, 72, Bt W3 RS hEY

for all n € Z. Hone and Swart [13] extended the known results on integrality of
Somos 4 sequences. They used the relation between Somos 4 sequences and se-
quences of points on elliptic curves. This gave a stronger Laurent phenomenon
for Somos 4 sequences. Hence they obtained integrality results for Somos 4
sequences.

In this paper, using the Tate normal form having one parameter o € Z
of elliptic curves with torsion points, a family of Somos 4 sequences is given
by means of Mazur’s theorem. It is shown that all elements of the Somos
4 sequences associated to Tate normal forms with h_y = + 1 are elements
of the ring of polynomials in x, y, a and hg with integral coefficients, i.e.,
hn € Zlz, y, a,hg] for all n > 0.

Our first main theorem shows that all Somos 4 sequences associated to
Tate normal forms with h_; = =+ 1 consist entirely of integers for n > 0.
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THEOREM 1. Let En denote a Tate normal form of an elliptic curve
having integral points P = (0,0) and Q = (x, y) with P torsion point of
mazximal order N and Q + nP # O for alln € Z. Let (hy,) denote a Somos 4
sequence associated to a Tate normal form with h_1 = + 1. Then the Somos
4 sequence (hy) consists entirely of integers for n > 0.

The question of when a term of a Lucas sequence can be square has
generated interest in the literature [1,2,24,25]. Similar results concerning
cubes were also obtained for specific sequences such as Fibonacci, Lucas and
Pell numbers [18,23]. It has been proved that the only perfect powers in the
Fibonnaci sequence are 1, 8 and 144 [3]. Authors wrote many papers when
a term of an integer sequence generated by linear recurrence can be a perfect
power. However, not so much is known about nonlinear recurrence sequences.
In [9,10], we describe when a term of an elliptic divisibility sequence can be
a square or a cube, if one of the first six terms is zero. We [11] extended
these results to elliptic divisibility sequences associated to Tate normal forms.
Reynolds [22] showed that there are finitely many perfect powers in an elliptic
divisibility sequence whose first term is divisible by 2 or 3. The following
question arises: Are there finitely or infinitely many squares (perfect powers)
in a Somos 4 sequence?

In the second main theorem we gave a partial answer to this question:
There are infinitely many squares and infinitely many cubes in Somos 4 se-
quences associated to Tate normal forms.

THEOREM 2. Let En denote a Tate normal form of an elliptic curve
and let P, Q be points as defined in Theorem 1.1. Let (hy,) denote a Somos 4
sequence associated to a Tate normal form with h_1 = + 1. There are infinitely
many squares and infinitely many cubes in (hy,).

In Lemma 3.1, we give explicit formulas for the terms of h, in terms of
x, Yy, o, h_1, hg. Theorem 1.1 and Theorem 1.2 are proven by using these
formulas.

2. SOME PRELIMINARIES

Let E denote an elliptic curve given by a Weierstrass equation
(3) E:y? +aizy + asy = 2 + asx® + asx + ag

with coefficients aq, ..., ag in Q. Let F(Q) denote the set of rational points on
E together with a point O, called the point at infinity. The set F(Q) forms
an abelian group, with the point at infinity as the identity. For more details
on elliptic curves in general, see [27,28]. One of the most important theorems
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in the theory of elliptic curves is the Mordell-Weil theorem, which implies
that, if K is a number field containing @Q, then E(K) is a finitely generated
abelian group. Also, the Mordell-Weil theorem shows that Eyo,.s(K), the torsion
subgroup of E(K), is finitely generated and abelian, hence it is finite, since its
generators are of finite order. It is always interesting to characterize the torsion
subgroup of a given elliptic curve. The question of a uniform bound on Ey,,5(Q)
was studied from the point of view of modular curves by Shimura, Ogg, and
others. In 1976, B. Mazur proved the following strongest result which had been
conjectured by Ogg:

THEOREM 3 (Mazur [17]). Let E be an elliptic curve defined over Q.
Then the torsion subgroup Eiors(Q) is either isomorphic to Z/NZ for N =
1,2,..,10,12 or to Z/27 x Z/2NZ for N = 1,2,3,4. Further, each of these
groups does occur as an Eiprs(Q).

It is well known that all elliptic curves with a torsion point of order N lie
in one parameter family where N € {4,...,10,12}. The Tate normal form of
an elliptic curve F with a torsion point P = (0,0) is defined by

En 9?4+ (1 —c)zy — by = x° — ba®.

If an elliptic curve in Weierstrass form has a point of order N > 3, then
there is an admissible change of variables that transforms the curve to the Tate
normal form. In this case the point P = (0,0) is a torsion point of maximal
order. Especially, if we want a classification with respect to the order of the
torsion points, the use of Tate normal form of elliptic curves is unavoidable.

In [15], Kubert listed one parameter family of elliptic curves E defined
over Q with a torsion point of order N where N =4, ...,10,12. Most cases can
be found in [14]. Also some algorithms are given by using the existence of such
a family [8]. To decide when an elliptic curve defined over Q has a point of
given order IV, we need a result on parametrization of torsion structures:

THEOREM 4 ([8]). Every elliptic curve with a point P of order N = 4,
., 10,12 can be written in the following Tate normal form

En:y?+ (1 —c)xy — by = 23 — ba?,

with the following relations:

If N=4,b=a,c=0.
IfN=5b=a,c=a.
IfN=6,b=a+a? c=a.
IfFN=T,b=a>—-0a? c=a’—a.
IfN=8b=2a—-1)(a—-1), c=b/a.
IfFN=9 c=a*(a—-1), b=clala—1)+1).

S v Lo~
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7. If N =10, c = (2® — 3a® + a)/(a — (a — 1)?), b= ca?/(a — (a — 1)?).
8 IfN =12, c= (3a®—3a+1)(a—2a?)/(a—1)3, b= c(—2a2+2a—1)/(a—1).

Theorem 2.2 states that, if any elliptic curve has a point of finite order
then this curve is birationally equivalent to one of the Tate normal forms given
in the theorem above. Therefore, in this work, we are only interested in the
elliptic curves in Tate normal forms with one parameter o € Z.

The relation between an elliptic curve and a Somos 4 sequence is estab-
lished independently by N. Elkies (for more details see [19]) and N. Stephens.
In [29], some unpublished works of N. Stephens are given. See also [12] for a
different approach.

Let P = (0,0) and @ = (x,y) be integral points on E as in Theorem 1.1.
Then the terms of Somos 4 sequence (hy,) can be defined as follows: Let h_;
and hg arbitrary non-zero integers and

2
(4) hnt1 = _f:ihn

n—1

for all n > 0 (see [29] for more details). The following result due to Nelson
Stephens.

THEOREM 5 ([29]). Let E denote an elliptic curve given by a Weierstrass
equation

(5) E:y? 4+ a1zy + agy = 2° + asa® + agx

with integral coefficients ay,...,aq. Let P = (0,0) and Q = (z,y) be integral
points on E such that Q + nP # O for all n € Z and write Q + nP = (x,
yn). Then the coefficients 11, T2 and the initial values of the Somos 4 sequence
associated to the elliptic curve E given by

T = a%, Ty = a4(a4 + a1a3) — a%ag
and h_yand hg arbitrary non-zero integers,
hi = —xzhi/h_1, hy = —(aqx — azy)hd/h> ;.

Let En denote a Tate normal form of an elliptic curve E with a point P of
order N. We can use E to give general terms of associated Somos 4 sequences.
In Theorem 2.3 we assume that the coeflficients of En are chosen to lie in Z.
However for N = 8, 10 or 12, En has rational coefficients. In these cases,
we transform Epy into a birationally equivalent curve E’ having an equation
with integral coefficients. The equations of the birationally equivalent curves
for N =8, 10 or 12 are given as follows.

6) Ef : y*+(a— By —a’By =a®—a’pa?,
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(7) By + g°+(P—aBry — o’ Bty = 2° -’82,
(8) Ely : vP+(a—1)((a—1)>*-Nzy — (a — 1Ny = 2°—(a — 1)*A022,
where
B = Qa-1)(a-1),
(9) ( = a—(a—1),
A= (3a® —3a+1)(a—2a%),
f = 20—2a%—1.

From now on, for simplicity of notation, we continue to write Eg, E1g, E12 for
E{, B}y, E},, respectively.

3. PROOF OF THEOREM 1.1
Let P and @ be points as in Theorem 1.1, and let h_1, hg be arbitrary
non-zero integers. Let 3,(, A, 6 be as in (2.7) and let
y=a*(a—1)(a?—a+1).

We present below all the initial values hi, ho and the coefficients 71, 7o of the
Somos 4 sequences associated to Ey by using Theorem 2.3.

Table 1

The values 71, 72, h1 and ho
N T1 T2 h1 h2
4 a? a® —xh:}hg —ayh:fhg
5 a? a® —xh”1h] —ayh_3hg
6 aZ(a+1)? Ala+1)3 —zh 1R | —ala+ 1)yh_3h3
7 a*(a—1)? a®(a—1)3 —zh=1hg | —a*(a— 1)yh_7hd
8 a®p? a®3® —zh”1h] —a®Byh”3hy
9 v 7’ —zh”1hd —yh_ihd
S BT | —wh1h3 | —aPBCTyh=IRg
12 | (a—DN0% | (a—1DN0® | —zh"1h3 | —(a— 1)®N\0yh_7h3

We consider only the case N = 8. The remaining cases can be dealt with
similarly. If N = 8 then the coefficients 71, 7 and the initial values hi, ho of

the Somos 4 sequences associated to Eg are

and

T = 046,82,

hy = —xhi/h_1,
as shown in Table 1. Using the relation (2) we obtain

Ty = OJSB?)

hs = 04853(332 - ay)hg/h?ih

hy = —a®Byhd/h%,
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hy = —a'f°(a® — azy —y*)hg/hL,,
and
(10)  hs = —a®B%(afz? + 23y — 202 B’y — axy® + > By* — v*)hS/xzh’ .

Note that both hs and hy € Z[a, z,y, hE1, ho], but hs ¢ Za, z,y, kX1, h] since
x appears in the denominator of hs. Now using the equation (6) we see that z
divides the numerator of hs. The equation (10) may therefore be rewritten as

= —a®%(az® — a®xy — y*)RG /R 4.
Similarly using equation (2) we find that
(11) he = a33p12 (=2 + a?Bad + 2azty + 223y? — 20° B2y — afz?y?
—a2z%y? 4 o' Bry?® — 20a® + o*By> — y)hE JyhS .

In this case, the value y appears in the denominator of hg. Now applying (6)
o (11), we obtain

he = o3B3 (0?83 + (0® — a — B2y — 3Bry — (a® — a®)y?)h§/hC ;.
In the same manner we see that
h7 — _0445618((0546 _ 0556).1‘3 + (a4 —Oé3 —l—CMSﬁ o 20626).7}21/ _ (OLS _a2
—B)ay? + (a°8 — a°Bzy — (a° — a* — a’B)y® kg /AL,

Now since P is a point of order 8 every subsequent term of the sequence
can be expressed as products of the previous 9 terms. Thus, the general term
of the Somos 4 sequence associated to Fg can be given as

(12)  hy = eal(50°-P)/16}(q _ 1){(?=6n-0)/16} (9, _ 1){(3n"~1)/8}
x Ps(a, z,y)[Qs(a, x, y)]{("—m)/S}h:?hg—H;

where
[ 41 ifn=0,3,6,8,9,13,14,15 (16)
“1 -1 ifn=1,2,4,5710,11,12 (16),
0 1fn% (8) 0 %fn_0,2(8) 0 ifn=0(8)
7 ifn=3,5(8) -3 ifn=3(8) e
e . 3 ifn=1,3,57(8)
p=<12 ifn=26(8) ¢q= if n=4,6 (8) 4 ifn =26 (8)
15 ifn=1,7(8) 1 ifn=1,58) 8 ifn =4 (8)
16 if n =4 (8), 13 ifn=7(8), N ’
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( 1 if n=0,7(8)
x ifn=1(8)
y ifn=2(8)
Py(a,x,y) = 2 — oy if n =3 (8)
23 — ary — y? if n=4(8)
az® — olzy —y° ifn=>5(8)
| 2Bz — (o — 1) 2%y — &P Bay — o?(a — 1)y?, ifn=6(8),

Qs = —a*Bla — 1)z + 202 (a — 1)%2%y + o°Bla — Day — (a — 1)3zy?
+ Oé3(Oé - 1)2y27
and

ko ifn=k(8)and k#7
-1 ifn =k (8) and k=T7.

As an example, the 12220 ... 1231*" terms of the Somos 4 sequences
associated to Eg can be obtained by using the general term formula (12). The
values in (12) can be found in Table 2.

Table 2

The values in (12) for the 1222, ....,1231" terms

n =(16) | =(8) | € D q | r Ps(o, z,y) m
1222 | 6 6 1112 ] 8 [a] P’ -(e-D%% 6
+ —a?Bry — (o — 1)y?
1223 7 7 1] 15| 13 |3 1 1
1224 8 0 +1l o000 1 0
1225 9 1 +1 15| 1 |3 T 1
1226 10 2 “1[12] 0 |4 Y 2
1227 11 3 -1 7[-313 =2 — ay 3
1228 12 4 —1 ] 16 8 z° — azy — 2 4
1229 13 5 +1] 7] 113 az® —ozy —y? 5
2Bz — (a — 1)%z%y
1230 14 6 +1 12| 8 |4 By — (o 1)y 6
1231 15 7 | +1] 15| 133 1 1

Thus by using the equation (12) we find the 1222th term in the sequence as
_ Ea{(15-122227p)/16}(a . 1){(7-1222276-1222711)/16}(Za . 1){(3-1222271”)/8}

x Pg(a, z,9)[Qg(a, x, y)] {122-m)/8 p—npntd,

h1222

Consider the elliptic curve

Eg :y% — 1992y + 138510y = 2 — 1539022,
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for o = —9 and the points P = (0, 0), @ = (—210, —3900) on this curve. Now,
the 1222th term of the Somos 4 sequence associated to Eyg is given by

higos = (+1) (_9){(15-12222712)/16} (_10){(7-1222276-1222—8)/16}

(—19){G1222°=9/8} po (9 210, —3900)

[Qs(—9, —210, —3900)]{(1222-6)/8}
_265431 32800365 5653923 19559981

for h_1 = hg = 1. In the same manner, the other nine terms are obtained as
follows:

hig2s = _ 90655299 32804949 £654993 19560898’
higgy = 2056370 32809539 5656064 19561816
higys = —2057442 32814130 5657136 7 1562734
higas = — 2058515 32818726 5658209 13 1563653
hizor = _ 9659589 32823327 5659283 19564573’
higog = 2060664 32827929 5660358 1565494
higgg = —2001740 32832537 5661433 1566415
hiozog = _ 9662819 32837148 5662509 19567337’
h1231 — 2663894 32841762 5663586 19568260_

The general terms of Somos 4 sequences associated to Tate normal forms
are given in the following lemma. For the convenience of the reader, we have
given the polynomials Py (o, z,y), @Qn (e, z,y) and the values €,p,q,r,s,t,m
in Appendix A.

LEMMA 1. Let En be a Tate normal form of an elliptic curve. Let P and
Q be points on a Tate normal form as in Theorem 1.1 and let {, A, 0, be as
defined above. Let (hy) be a Somos 4 sequence associated to a Tate normal
form with the initial values and the coefficients as above. Then the general

terms of (hy) are given by the following formulas:
1. If N = 4,

h = ead G Py(a, 2, )[Qy o, y) T TR,
2. if N =5,
Ry, = ea{(2"2_p)/5}P5(a,m, »)[Qs (e, , y)]{(n—m)/5}h:71th61+17
3. if N =6,
hp= sa{(5”2_2”_p)/m}(a + 1){("2_‘1)/3}P6(a, z,9)[Qg (v, z, y)]{(”_m)/G}h:’fth,
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4. if N =T,
2_
h, et p)/?}(a _ 1){(3n2—n—lI)/7}P7(a,$’y)[Q7(a7x7 y)]{(n—m)ﬂ}h:vfhgﬂ’
5. if N =8,
S Ea{(15n2—p)/16}(a _ 1){(7n2—6n—q)/16}(2a _ 1){(3n2—r)/8}
x Ps(a, 2,)[Qg (o, 2, )] S hpng L,

6. if N =09,
hy =  ealT?=20-0)/9} (o _ 1){Un*=20=0)/0} (2 | 1 ){(n*=7)/3}
x Po(a, 2, y)[Qg(cv, 2, )] "™/ p pp
7. if N = 10,
h, = 50[{(21#717)/20}(0[ _ 1){(9n272n7q)/20}(2a _ 1){(2n27T)/5}C{(5n27s)/4}
x Pro(er, z,y)[Qq(a, 2, )] ™R ppt,
8. if N =12,
hy = eal®=2n-0)/12} (o _ )M =0)/24} 9, _ ){(n®r)/24}

ABR2=9)/8 l? =073} 5 o (o, 2, ) [Qqo (v, , ) {7/ L.
where Py (a, z,y), Qn(a, x,y) are polynomials in Zla, x,y].

Proof. We give the proof only for the case N = 8 by induction on n as
follows. It is clear that the result is true for n = 7. Hence we assume that
n > 7. First suppose that n = 0 (8), n # 0 (16) and (12) is true for n + 1.
Then we have

Ry = _a60k2+30k+3(a . 1)28k2+11k+1(2a 1)24k2+12k+1 Qk 8k+2)h8k+3
nto =
(k € N) by (12). Indeed, we see that
By o = 60k2730k+3(a_ )28k2—17k+2(2a_ 1)24k2—12k+1
n =
—1; —(8k—2 _
x(a2Ba® — (o — 1)%a%y — o®Bry — a*(a — 1)y®) QE~ hZ S
2 — 2 —
h, = ab0% (a 1)2 3k:( )24k ng h8k+1h_513k
hy1 = o 50K*— 15k(a )28k —10k(2a _ 1)24k2—6k ng h:g8k—1)hgk

2 2 —(8k+1
[ 80k +15k(a . 1)28k +4k(2a . 1)24k +6k . Qg,‘ h_g + )hgk+2

Substituting these expressions and 71 = a%3%, 7 = o33 into (2) and then
using equation (6) we obtain

2 2 2 — 2
o = _ 80k +30k+3(a . 1)28k +11k+1(2a . 1)24k +12k+1y ng h_(8k+ )h8k+3.
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A similar result can be obtained when n = 0 (16). Thus we proved the conclu-
sion (12) is true for n + 2 which completes the proof for n =0 (8).

The remaining parts of the theorem can be proved in a similar man-
ner. [

From Lemma 3.1 we deduce that any Somos 4 sequence associated to a
Tate normal form is determined by the values «, x,y, h_1, hg.

COROLLARY 1. Let (hy,) be a Somos 4 sequence associated to a Tate nor-
mal form with the initial values and the coefficients as above. Then each hy
can be expressed as elements of the ring

R = Z[a7 x,Y, hi:%u hO]
In particular if h—1 = £1 the Somos 4 sequence consists entirely of integers
forn > 0.

Remark 1. It is also possible to use the recursion (2) to extend the Somos 4
sequences to negative indices. However, for n < 0 the terms of the Somos 4
sequences associated to Tate normal forms may not be integral. For instance,
consider the elliptic curve

F1a : y% + 586xy — 948480y = 2 — 592802,

and the points P = (0, 0), @ = (—21945, 9828225) on this curve. The Somos 4
sequence (hy) associated to Ejg is the sequence with coefficients

71 = 899614310400, 75 = 53329136320512000
and the initial values
h_1=ho =1,h; = 21945, hy = —9321874848000
which begins
1,1,21945, —9321874848000, 17296314776850913689600000,...
the sequence extends backward as

75751032939797362507776000000 2806796648448000 —948480
o 14641 ’ 1331 To121

71717
21945, ... .

4. CASES N = 2,3

There is no Tate normal form of an elliptic curve with the torsion point
of order two or three, but Kubert in [15] listed that the elliptic curves with
torsion point of order two or three are

(13) FEs : y2 = 2% + asx® + ayx
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and
(14) Es:y* + a1zy + azy = 2°,

respectively. Let h_q, ho arbitrary nonzero integers. The initial values hi, ho
and the coefficients 7; of the Somos 4 sequences associated to the elliptic curves
FEsy and E3 are

1 =0, 7 =aj and hy = —xh"1hE, hy = —aszh3h

and
71 =a3, 7 =0and hy = —xh”1h3, hy = azyh_3h3,
respectively.
Under these considerations, an easy computation gives the general terms
of these sequences.

THEOREM 6. Let En be an elliptic curve as in (138) or (14) and let P, Q
be points on En as in Theorem 1.1. Let (hy) be a Somos 4 sequence associated
to En with the initial values and the coefficients as above. Then the general
terms of (hy) are given by the following formulas:

i IFN =2,
hy, = gai(n2*P)/4}x{(nfq)/2}h:7llhg+l
where
5:{44 ifn=0,3(4)
-1 ifn=1,24),
0 ifn=0(2) 0 ifn=0(2)
p:{1 ifn=1(2), q:{—J ifn=1(2).
it. If N =3,
hy, = €a§(”2—p)/3}qu{(nfr)/3}h:?fhg—&-l
where
82{44 ifn =0,2 (3)
-1 ifn=1(3),
p:{o ifn=0(3) qz{o ifn=02(3) ? gz;gg;
1 ifn=1,2(3), 1 ifn=1(3), 1 ifn=2(3).

5. PROOF OF THEOREM 1.2

Lemma 3.1 gives us the general terms of Somos 4 sequences associated
to Tate normal forms. So, we can say there are infinitely many squares and
infinitely many cubes in (h,) by using these explicit formulas. The symbols [J
and C mean a square and a cube of a non-zero rational number.
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LEMMA 2. Let (hy,) denote a Somos 4 sequence associated to a Tate nor-
mal form with h_1 = + 1.
i. If n=—1(2N), then h, = O for every non-zero o, x,y,
it. if n=—1 (3N), then h, = C for every non-zero o, x,vy,
where N € {4,...,10,12}.

Proof. Let (hy) be a Somos 4 sequence associated to a Tate normal form
with h_y = + 1. Lemma 3.1 shows that each term of (h,) can be expressed
as products of the polynomials p(a,x,y,hp). It is easy to check that these
polynomials are pairwise relatively prime. This implies that if each factor of
the product is a square then h,, is a square. Clearly, the same is true for the
cube case. We give the proof only for the case NV = 8 based on this fact.

For (i), if n = —1 (16) then n = 16k — 1(k € N). Thus we have

hyy = a30REH=1) (o _ 1)4k(28k—5)(2a B 1)12k(8k—1) Q2k plok,

by (12). Hence h,, = [J.
For(ii), if n = —1 (24) then n = 24k — 1(k € N). So we have

hy = P26 (o 1)616(4216*5)(20[ _ 1)18k(12k71) Q3 2k,

Therefore h, = C. The remaining cases can be proved in the same way as
above. [

Lemma 5.1 tells us that there are infinitely many squares and infinitely
many cubes in (h,,) which proves the Theorem 1.2.

Remark 2. The same conclusion can be drawn for the cases N = 2 or 3,
i.e., let (hy,) denote a Somos 4 sequence associated to Ey with h_y = + 1,
i. if n = —1 (2N), then h,, = O for every non-zero «, z,y,
ii. if n=—1 (3N), then h,, = C for every non-zero «, z,y.

APPENDIX A

The polynomials Py (o, z,y), @n (e, z,y) and the values ¢,p,q,r,s,t,m
in Lemma 3.1 are given as follows. 1. If N = 4,

1 ifn=0,3(4)
Pp=< z ifn=1(

4) Q4:$2_y7
y ifn=2(4),

and
L[ -1 ifn=1,2,4,5(8)
| +1 ifn=0,3,6,7(8),
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p:

2. If N =5,

and

and

4. f N =1,

P, = y2

o —ay—y? ifn=
[ az® —axy —y* ifn=

0 ifn=0(4 ko ifn=k(4) and k #3
3 ifn=1,3(4) m= —1 ifn =k (4) and k=3
4 ifn=2(4), - o
1 if n=0,4 (5)
x ianl(5) .2
Ps = y ifnz2(5) @s=a"—ay—y,

1 ifn=1,2,4,58 (10)
+1 ifn =0,3,6,7,9 (10),
(5) k- ifn=k(5)and k #4

2 1fn_14(5) m:{—l if n =k (5) and k = 4.

1 if n=0,5 (6)

I~ ifn=1(6)

Y ifn=2(6) Q= (a+1)a’—(a+lay—y
2y itn =3 (6)

1 -1 ifn=1,24,5,8,9,10 (12),

0 ifn=0(6)

e
Lo 1 ifn=1,2,4,5 (6),
12 ifn =4 (6),

[k ifn=k(6)andk#5
| -1 ifn =k (6) and k = 5.
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and
. +1 ifn=0,3,6,7,10,13 (14)
T -1 ifn=1,24,5.8,9,11,12 (14),
0 ifn=0(7) 0 ?fn: (7)
. 2 ifn=1(7)
3 ifn=3(7) e
. 3 ifn=2,3(7)
p={ 5 ifn=16(7) q= o
4 ifn=6(7)
6 ifn=25(7) e
10 ifn=4(7) 7 ifn=5(7)
- ’ 9 ifn=4(7),
_Jk ifn=k(7)and k#6
™= -1 ifn =k (7) and k = 6.
5. If N =09,
1 ifn=0,8(9)
x ifn=1(9)
y ifn=2(9)
2 —y if n=3(9)
Py = x3 — zy — 9? ifn=4(9)
(a*—a+1) (a2 —a+lay—y° ifn=>5(9)
(&P —a?4a)z’—(a— 1) 22y — (&® — a® + a)zy — v’ | ifn=6 (9)
(a4 —a’+ a2)x4+x3y - (a4 —a’+ a2)x2y ifn=7(9)
—(0?+ Day? — B

Qo = a?(a®—a + 1)%2* — (a*—20°+0®—1)2%y — o®(a*—a + 1)%2?

and

S

—= W o ot O

4
-3
9

1 itn=1245758(9)
10 ifn=0,3,6(9),

+1
—1 ifn=1,24,58,9,12, 15,16 (18),

— (@ +1)zy? — o,

ifn=0,3,6,7,10,11,13,14,17 (18)

if n=0(9) ( if n =
%fn?1(9) (2) én;ogg;
=25 -3 12230
o =35 1= 11 itn=4,7(9)
;fz— 7()() 9 ifn=5(9
if n =8 (9), oEn=Re

ifn=%k(9) and k # 8
ifn==%k(9) and k = 8.

Kk
m=Y



432 Betiil Gezer, Buse Capa and Osman Bizim 16

6. If N =10,
‘ 1 if n =0,9 (10)

z if n =1 (10)
Y if n =2 (10)
22— %y if n =3 (10)
x3—C2xy—y2 if n =4 (10)
a2ad— a2Cay — ¢y if n =5 (10)
Py = o3t — (o — 1)x2y —a3Cxy — C2y2 if n =6 (10)

o0 — 11025 _ — 2
o’Qa—1)Ca" = ala=1DBa—1)C%y | 4 7

+(a—1xy” — a*(2a — 1)(*zy — oy

o720 — 123 — (a— 1)’y
—a(a — 1)(2a2 + 20 — 1)(22%y

—a’(2a — 1)Cxy iftn =8 (10)

| +(a—1)(20%+20 — 1)¢ay? — a¥¢%y°

Qu = —aa—1)¢"+ (a—1)(20° + 20 - 1)¢a’y

+a3 (o —1)(2a* + 6% — 5a + 1)(3:1023; — (o —1)z?y?
+a? (20 — 1) Ozy + (o* — 1002 + 40 — 1) (o — 1)(2xy2—|—a3{7 2,

and

+1 ifn=0,3,6,7,9,12,13,14,17, 18,19 (20)
~1 ifn=1,2,4,538,10,11,15,16 (20),

0 ifn=0/(10)
0 ifn=0(10) ; gzlgﬁg
21 ifn = 1,9 (10) 15 ifn=3(10) 0 ifn =0 (10)

24 if n = 2,8 (10) 36 ifn = 4 (10 2 ifn=1,6,9 (10)
p=<9 ifn=37(10) q= a5 ifn; (10) r=<3 ifn=2,3,7,8(10)
36 if n =4 (10) L 7 if n =4 (10)

25 ifn =5 (10) 82 ifn =6(10) 5 ifn =5 (10),
16 if n =6 (10), 27 ifn =7 (10)
Ny 20 if n =8 (10)
11 ifn =9 (10)
0 ifn=0(10)
) 5 ifn=1,3579(10) [k ifn==k(10)and k#9
7Y 4 ifn=26,8(10) {—1ihzzkﬂ®mﬂk:9
8 ifn =4 (10),
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7.1 N =12,
1 ifn=0,11 (12)
x ifn =1 (12)
ifn =2 (12)
2>—(a— 1)ty ifn =3 (12)
2P—(a— 1) zy — o2 ifn =4 (12)
03— O(a — 1) zy — (a — 1)y2 ifn =5 (12)
0(a —1)°(3a°—3a + 1)2° — (202 — a)a:Zy =6 (12
—0(a—1)"(3a® -3a+1) 2y — (o — 1)6y2 ifn =6(12)
0o — 1)zt + 0(a® + a — 1)(a — 1)327y ¢ 7 (19
—(3a? — 3a + 1):cy2— fa(2a — 1) (o — 1)7y? ifn =7(12)
02(a—1)°2* + o223y + 0(a* —a + 1) (a — 1) 22y fn =8 (12
F(2a — 1)(a — 1) 212+ Ba(o — 1)12y2 ifn =8(12)
Prp = 0%(30°—3a + 1)(a — 1)%2?
+ (602 — Ta + 3)a? (o — 1)3x3y + a?x?y?
+0(202 — a+1)(3a® — 3a + 1)(a — 1)022%y ifn =9 (12)
—(a—1)7(8a?® — 1102 + 6a — 1)zy?
— 0a(3a? — 3a + 1) (a — 1)Hy?
20%(3a”—4a + 2)(a — 1)°2°4+0(30° —3a + 1)
x (140° =360 4+4003—2302+ 7 — 1) (a — 1) 2
+ o2zty — a?(30°—4a + 2)
x(12a°—2402+18a — 5)(a — 1)* 2y L
—9((3a2—3a 1) x (12ag(—30a4)4r33a3 ifn =10 (12)
—1902+6a — 1)(a — 1) 22y
+60(9a° 1302 +7a — 1) (o — 1)y
+62a(3a”—3a + 1)(a — 1)'7y?

Q2 = a*(120"—420°+580°—37a + 10)(a — 1)%2°
—0(3a% — 3a 4 1)(300° — 660" + 630> — 3102 + 8a — 1) (o — 1)t
+20” (302 — 4o+ 2) (o — 1)3x4y + a2x3y2
—a?(12a° 1380 +362a* — 4570 + 319a% — 121a + 20) (o — 1)%23y
+0(3a% — 3a + 1)(28a° — 600’ + 560° — 270 + Ta — 1) (a—1)"P2?%y
—0(12a3—1602 + 8a—1)(a—1)1zy*~6%a(30* — 3a + 1)(a — 1)24/?,

and

_ { +1 ifn=0,3,8,9,13,14,16,17,18,19, 22,23 (24)

~1 ifn=1,2,4,56,710,11,12,15,20,21 (24),
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(0 ifn=0,2/(12) 0 ifn=0/(12)
~1 ifn=1(12) 59 ifn =1,11 (12)
3 ifn=311(12) 44 ifn =2,10 (12)
)8 ifn=410(12) | 51 ifn=39(12)
P=Y 15 ifn=59012 97 80 ifn=4(12)
12 ifn=6(12) 35 ifn=57(12)
23 ifn =7 (12) 60 ifn =6 (12)
24 ifn =8 (12), 56 ifn =8 (12),
0 ifn=0(12)
T I
= 3 ifn=1,3570911(12)
r=¢ 9 ifn=309(2) s= R
= 4 ifn=2,6,10(12)
16 ifn=4,8 (12) 8 ifn =4 (12)
25 ifn=5,7(12) =
[ 12 ifn =6 (12),
L[l ifn=1245781011(12) [k ifn=k(12) andk#11
10 ifn=0,36,9 (12), "1 -1 ifn=k(12) and k = 11.
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