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In this paper, we discuss a posteriori error estimates of quadratic constrained con-
vection diffusion optimal control problems using a combined method of Raviart-
Thomas mixed finite element method and discontinuous Galerkin method. The
state and co-state are approximated by the lowest order Raviart-Thomas mixed
finite element spaces and the control approximated by piecewise constant func-
tions. We derive a posteriori error estimates for the coupled state and control
approximations, the control strained with a single obstacle K = {u € L*(Q) :
u > 0}. Such estimates, which are apparently not available in the literature,
can be used to construct reliable adaptive finite element approximation for the
convection diffusion optimal control problems. Finally, the performance of the
posteriori error estimators is assessed by a numerical example.
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1. INTRODUCTION

Optimal control problems governed by convection diffusion equations have
attracted substantial interest in recent years due to their applications in aero-
hydrodynamics, atmospheric, hydraulic pollution problems, combustion, explo-
ration and extraction of oil and gas resources, and engineering. The past decade
has seen significant developments in theoretical and computational methods
for optimal control problems. The finite element method is a valid numerical
method of studying the partial differential equation, but it is not deeply studied
in solving optimal control problems. For optimal control problems governed
by linear elliptic equations, there was a pioneering work on finite element ap-
proximation by Falk [7]. An optimal control problem for a two-dimensional
elliptic equation was investigated with pointwise control constraints in Meyer
and Rosch [18]. A systematic introduction of the finite element method for
optimal control problems can be found in, for instance, [9-11,14-16] and the
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references cited therein. Most of these researches have been, however, only for
the standard finite element methods for optimal control problems.

In many optimal control problems, the objective functional contains the
gradient of the state variables. Thus, the accuracy of the gradient is very im-
portant in the numerical discretization of the state equations. Mixed finite
element methods are appropriate for the state equations in such cases since
both the scalar variable and its flux variable can be approximated to the same
accuracy by using such methods. In [2,21] the authors presented a priori er-
ror estimates and superconvergence of mixed finite element methods for linear
optimal control problems. However, there does not seem to exist much work
on theoretical estimates of mixed finite element methods for evolution con-
vection optimal control problems. Adaptive finite element approximation is a
most important mean to boost accuracy and efficiency of the finite element
discretization. Adaptive finite element approximation uses a posteriori error
indicator to guide the mesh refinement procedure. Liu and Yan investigated
a posteriori error estimates and adaptive finite element approximation for op-
timal control problems governed by Stokes equations in [13]. In [1,4-6], we
derived a priori error estimates and superconvergence for quadratic optimal
control problems using mixed finite element methods. A posteriori error es-
timates of mixed finite element methods for general convex optimal control
problems was addressed in [3].

The purpose of this work is to obtain a posteriori error estimates of tri-
angular mixed finite element method and discontinuous Galerkin method for
quadratic optimal control problems governed by convection diffusion equations.
In [22], the authors first provided a numerical scheme—RT mixed FEM/DG
scheme for the constrained optimal control problems governed by convection
dominated diffusion equations when the objective function is g(y) + j(u). A
priori and a posteriori error estimates were obtained for both the state, the co-
state and the control. Compared with the related work [22], the present paper
gives a posteriori error estimates for quadratic convection diffusion optimal con-
trol problems when the objective function is § ||[p—pgl|>+ ||y —yall*+ % ||u|* and
they are discretized by triangular Raviart-Thomas mixed finite element method
and discontinuous Galerkin method. The approach combines the advantages
of the Raviart-Thomas mixed finite element method and the discontinuous
Galerkin method. Since piecewise constant functions are in Raviart-Thomas
mixed finite element spaces, the combined method can be extended to the op-
timal control problem governed by evolution convection dominated diffusion.

In this paper, we adopt the standard notation W"™P(Q2) for Sobolev spaces

on  with a norm | - ||, given by ||y = | lZ: 1DV} We set
al<m
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WP (Q) = {v € W™P(Q) : v |po= 0}. For p = 2, we denote H™(Q) =
2
wm2(Q), Hy'(Q) = Wg"*(Q), and || - [l = || [lm2; |- 1 =1l llo2-
In this paper, we consider the following quadratic optimal control prob-
lems governed by convection diffusion equations

(L.1) Jmin {41p = pall® + 3l = vall> + llul?}
(1.2) diV(E%p) —div(By) +ay = f +u, in Q,
(1.3) p=-e2Vy, i

(1.4) y =0, on 01,

where the bounded open set  C R?, is a convex polygon with piecewise smooth
boundary 09, f € U = L?(Q), p; and 34 are two known functions, p and y
are the state variables, and u is the control variable, and K is a closed convex
set in L2(€2). a is a given function, v and ¢ are positive constants, and 3 is a
given vector valued function. There is a constant ag > 0, which is independent
of e, such that a — %V -8 > ag > 0. In the above optimal control problem,
the state equation (1.2) is a convection dominated diffusion equation. It is well
known that the standard finite element discretizations applied to the convection
diffusion equation (1.2) lead to strong oscillations when the constant € > 0 is
small.

The rest of this paper is organized as follows. In Section 2, we con-
struct the triangular mixed finite element discretization and the discontinuous
Galerkin method for quadratic constrained optimal control problems governed
by convection diffusion equations. In Section 3, a posteriori error estimates
are derived for quadratic convection diffusion optimal control problems using
a combined method of the Raviart-Thomas mixed finite element method and
the discontinuous Galerkin method. Next, an example is given to demonstrate
our theoretical results in Section 4. Finally, we give a conclusion and some
future works in Section 5.

2. MIXED METHODS FOR OPTIMAL CONTROL PROBLEMS

In this section, we study the triangular mixed finite element discretization
and the discontinuous Galerkin method of the quadratic convection diffusion
optimal control problems (1.1)—(1.4). Let 75 be regular triangulation of €,

so that Q = |J 7, where |7| is the area of 7, h, is the diameter of 7 and
TETH

h = max h.. In addition C' or ¢ denotes a general positive constant independent

of h. Let V. = H(div;Q) = {v € (L*(Q))% dive € L*(Q)} endowed with

the norm given by ||| gaive) = ([0[§g + [dive[§o)/? and W = {w €
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L2(Q),w|, € HY(7), T € Tp}, U = L?(2). Furthermore, set

(2.1) B(p,w) = (div(ezp),w), peV, weW,

@ Dow= 3 ([om-vu- [ wloln-pas) + (o)
where

(2.3) or— ={l e or,n-B| <0},

(2.4) [w] =wy —w-,

(2.5) we(z) = lim w(z +8),

(2.6) w_(z) = tl_i}I(?)(lﬁ w(z +tB),

where n is the outward norm direction on 97, [w] = w4 on 97— when 07— C 0.
Then we recast (1.1)—(1.4) as the following weak form: find (p,y,u) € V x
W x U such that

2.7) min {4p—pall® + 3l = yall> + $llul?}
(2.8) (p,v) — B(v,y) =0, YveV,
(2.9) B(p,w) + D(y,w) = (f + u,w), Yw € W.

Similar to [22], it can be proved that the optimal control problem (2.7)-
(2.9) has at least a solution (p, y, u), and that a triplet (p, y, u) is the solution of
(2.7)—(2.9) if and only if there is a co-state (g, z) € V xW such that (p,y, q, z, u)
satisfies the following optimality conditions:

2.10) (p,v) — B(v,y) =0, YveV,

(

(2.11) B(p,w) + D(y,w) = (f +uw,w), YweW,
(2.12) (q,v) — B(v,2) = —(p — pyg,v), YveV,
(2.13) D(w,z) + B(q,w) = (y — yq,w), Yw e W,
(2.14) (z +vu, it —u)y >0, Yael,

where (-, )y is the inner product of U. In the rest of the paper, we shall simply
write the product as (-,-) whenever no confusion should be caused.

Now, let us consider the approximation scheme of the above optimal con-
trol problems by a combined method of Raviart-Thomas mixed finite element
method and discontinuous Galerkin method. Let Vi, x W), C V x W de-
notes the lowest order Raviart-Thomas mixed finite element space [20], namely,
V(7) = P3(7) + z - Py(7), where Py denotes the space of constant functions,
x = (x1,x2) which treated as a vector, and

V= {Uh eV VreTy,, Uh‘r € V(T)}7
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Wiy ={w, e W: V7 €Ty, wil|r € Po(1)},
Up:={a,€U: VT €Ty, unlr € Po(1)}.
By the definition of finite element subspace, the mixed finite element and

discontinuous Galerkin discretization of (2.7)—-(2.9) is as follows: compute
(Phs Yn, up) € Vi, x Wy, x K}, such that

: 1 1 v
@15) | min {dlps—pal? + dllun —val? + Sl
(2.16) (P, vn) = B(vn,yn) =0, Vo € Vi,
(2.17) B(pp,wn) + D(yn, wn) = (f + un,wp),  Vwp € Wy,

where K, = U N K.

Similarly, the optimal control problem (2.15)—(2.17) again has at least
a solution (py,, yn, un), and that a triplet (py,, yn, up) is the solution of (2.15)—
(2.17) if and only if there is a co-state (g, zn) € Vi x W}, such that (py,, yn, g,
zp, up) satisfies the following optimality conditions:

(2.18) (Prsvn) — B(vp,yn) =0, Vo, € Vi,

( ) B(pfwwh) +D(yh,’th,) = (f"‘Uh,U)h), vU)h S Wh7

(2.20) (@p,vn) — B(vn, 2n) = —(P, — PgVn), Vvn € Vi,

(2.21) B(qp, wn) + D(wn, 2n) = (Yn — Ya,wn),  Vwp, € Wh,

( ) (zh—i-vuh,vlh—uh) >0, VYuy € Ky,

Now, we define the standard L?(2)-orthogonal projection Py, : W — W,
(v — Ppu,wyp) =0, Ywy, € Wp, which satisfies the approximation property [8]:
(2.23) lv — Ppullo,o < Ch|v|1,0, Yo € HY(Q).

Let us define the projection operator Il : V' — V., which satisfies: for any
qeV

(2.24) (div(g — I1;,q),wp) =0,  Ywy, € Wp,.

Then, the interpolation operator IIj satisfies a local error estimate:

(2.25) lg — rqllo.o < Chlgli7,, qe H(T,)NV.

3. A POSTERIORI ERROR ESTIMATES

In this section, we study a posteriori error estimates for the triangular
mixed finite element and discontinuous Galerkin discretization of the quadratic
constrained convection diffusion optimal control problems. The constrained
convection diffusion optimal control problem normally has singularity. Under
the constraint of an obstacle type, typically it has gradient jumps around the
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free boundary of the contact set. Thus, the numerical error of the finite ele-
ment solution is frequently concentrated around these areas. Adaptive finite
element approximation has been found very useful in computing optimal con-
trol problems. It uses a posteriori error indicator to guide the mesh refinement
procedure. Adaptive finite element approximation refines only the area where
the error indicator is larger, so that a higher density of nodes is distributed
over the area where the solution is difficult to approximate. In this sense, the
efficiency and reliability of adaptive finite element approximation very much
rely on those of the error indicator used.
We consider the most useful type of constraints:

K ={ueL*Q): u>0}.

In order to have sharp a posteriori error estimates, we divide €2 into some
subsets:

Qy ={zeQ: z(x) <0},
QO:{xEQ: zh(x)>0,uh:0},
Qf ={z€Q: z,(x) > 0,u, > 0}.

Then, it is clear that the three subsets do not intersect each other, and ) =

Qy UQoU Q.
As in [1], let
1 9 1 2 v 2
(3.1) T(w) = 3D = pall + 5 lly — vall® + 5 .
1 9 1 2 UV 2
(3.2) Jp(up) = §”Ph—Pd|| +§||yh_yd” +§|\Uh|| .

It can be shown that

(J' (u),v) = (vu + z,v),

(J'(up),v) = (vup, + z(up),v),

(Jh(un),v) = (vup, + 25, 0),
where z(uy) is the solution of the equations (3.3)(3.6) with @ = up:
(3.3) (p(1),v) — B(v,y(a)) =0, Yv eV,
(3.4) B(p(a),w) + D(y(a),w) = (f + a,w), Yw e W,
(3.5) (q(),v) — B(v,2(q)) = —(p(i) — pg,v), YweV,
(3.6) ), w) = (y(@) — ya,w), Yw € W.

In many applications, J(-) is uniform convex near the solution u (see, e.g., [12]).
The convexity of J(+) is closely related to the second order sufficient conditions
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of the control problem, which are assumed in many studies on numerical meth-
ods of the problem. If J(-) is uniformly convex, then there is a ¢ > 0, such
that

(3.7) (J'(w) = " (un), u = up) = ellu—up§ .

where u and wuj, are the solutions of (2.7) and (2.15), respectively. We will
assume the above inequality throughout this paper.

Now we establish the following a error estimate, which can be proved
similarly to the proofs given in [3].

THEOREM 3.1. Let u and uyp, be the solutions of (2.7)-(2.9) and (2.15)-
(2.17), respectively. Then we have

(3.8) lu—unlgo < C0F + 1z — 2(un)ll§0)

where
2 _ 2
n = /_ |z, + vup|2de.

0

Proof. Tt follows from the inequality (3.7) that
cllu —unllg o <(J'(u)yu—un) = (J'(up), u — up)
< — (J'(un), u — up)

(3.9) =(Jp (un), up —w) + (Jp(up) = J'(un), u — up).
Note that
Ghtuneun = = [ G vw)un =+ [ Gotoun)un —)

(3.10) + /Q (2 + vun) (—u).

It is easy to see that
(o + vun) (wn — ) < / o + v 2 + 8l — un2.

(3.11) =On + llu — up 3 o-

Since uy, is piecewise constant, up|, > 0 if TﬂQa_ is not empty. If up| > 0, there
exist o > 0 and a € Uy, such that a > 0, ||af/ze~(r) = 1 and (up — oa)|; > 0.
For example, one can always find such a required a from one of the shape
functions on 7. Hence, 4} € K}, where @, = u;, — o as © € 7 and otherwise
@ = up. Then, it follows from (2.22) that

/T(Zh +oup)a =0 ! /T(Zh + vup) (up, — (up — o))
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(3.12) <o! / (zn + vup)(up, — (up, —oa)) < 0.
Q
Note that on Qg, zp + vup, > zp > 0 and from (3.12) we have
/ |zn + vup|a :/ (zn + vup)a < — (zn + vup)a
Tﬁﬂg TﬂQg TNRy
(3.13) S/ |z, + vup.
TNy

Let 7 be the reference element of 7, 7° = TﬂQar, and 7 C 7 be a part mapped

from 7°. Note that ([ |- |2)1/27 J. |- lo are both norms on L*(7). In such a
case for the function « fixed above, it follows from the equivalence of the norm
in the finite-dimensional space that

\zh—l—vuhlz
Ot

0

:/ |2 + vup)? gChE/ |z + vup|?
70 70

2 2
SChi(/O |zn + Uuh\oz> < ChT_Q(/mQ |zn + Uuﬂa)
T T 0

(3.14) <Ch=? ( /

2
\zh—i-vuh]) §C/ |2, + vup |2
TNRY

Tﬂﬂa
So that,
/ (2 + vup) (up — u) <C / 2+ vun? + 8w — 2
QF o
<c / o+ vun? + 8l — w2
Qo
(3.15) <Ci + bl — un|5 .

It follows from the definition of 2y that z; > 0 on . Note that —u < 0, we
have that

(3.16) /Q (2 + vup) (—1) < 0.

It is easy to show that
(Jp(un) = J'(up), w — up)
=(zp + vup, u — up) — (2(up) + vup, u — up)
=(zn — z(up),u — up)
(3.17) <Cllzn = 2z(un) 3.0 + dllu — unF o-
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Therefore, (3.8) follows from (3.9)-(3.11) and (3.15)—(3.17). O

In order to estimate ||y(up) —ynllo.0 and ||z(up) — 2n
regularity estimate for the following auxiliary problems:

(3.18) div(c29)) + 8- (Vi) +ap = F,
¢+€§v¢:07 l’EQ, 90‘6(2:0,

lo.0, we need a priori

and
. ¢+€%Vg0:0, r€Q, vlagg=0.
The next lemma gives the desired a priori estimate (see, for example, [19]).

LEMMA 3.1. Let (¢, @) be the solution of (3.18) or (3.19). Assume that
Q is convex polygon or smooth, then we have

3 1
(3.20) e2[lpllz0 + ez el + llelloo < CllF[log-

Fix a function up, € Uy, let (p(up),y(up)) € V x W is the solution of the
equations (3.3)—(3.6). Let (py,,yn) € Vi, x Wy, be the solution of (2.18)—(2.22),
respectively. Set some intermediate errors: & := y(up) — yn, ¢1 := p(up) — Dp,-
Then we can show:

THEOREM 3.2. Let (p(un),y(un), q(un), 2(up)) € (V x W)2 and (py,, yn,
an, 2n) € (Vi x Wy)? be the solutions of (3.3)-(3.6) and (2.18)—(2.22), respec-
tively. Then there is a positive constant C which only depends on Q0 and the
shape of the elements, such that

5
(3.21) ly(un) = wnlge < CD_ni,
i=2

where

2 2
m=y (f +up — div(e2py,) + div(Bys) — ayh) ,

TETH
n% = Z hei f’T p%t’
T€Th
774% = X %faq-[yh]2|n'ﬂ|dsa
orNoN=0
"7% = E hf IBQ\[)L (yh)2—|n - Blds,
FNONAD

where [v]; is the jump of v on the edge .
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Proof. Let us first consider the error estimates of &;. Let (2, ) be the
solution of (3.18) with F' = £;. Then it follows from equations (3.3)—(3.4) with
o = uy, that

€112 o =(div(e2p) + B (Vo) + ap,&1) — (4 + €2V, ()
(V) + ap, y(un) — yn) — (1. ¢,) + (¢, div(e2¢y))
(V) + ap,y(up)) — (div(e29) + B+ (Vo) + ap, yp)
¥, py) + (¢, div(ezp(u))) — (¢, div(ep,))

(%, p(un)) + (0, div(e2p(up))) + (8 - (Vo). y(un))
+ (ag, y(un)) + (9, py) — (¢, div(e7py))

— (div(e29p) + B+ (V) + ap, yn)
=(f + un. @) + (1, py) — (¢,div(epy))

(3.22)  — (div(cZ9) + B+ (V) + ap, yn).

Let IIj, P, be the interpolation operators introduced in Section 2. It can be
shown from (2.18)—(2.19) that

(T3, pp) — (div(e2 Tah),yn) — (Pap,div(e2 py,)) — (8- VPao,yn) — (aPap,yn)

(3.23) + E Jo. (n)+[Preln - Bds = —(f + up, Pye).
TETH
Note that the definition of the interpolation operator Il implies that
.1
(3.24) (div(e2 (¢ —IInep)), yn) = 0,

then we have

(¢ — e, pp) — (div(e? (v — TT43h)), yi) — (¢ — Pap, div(e2py,))
—(B-V(p = Pup),yn)—(ale — Prp), yn) Z/ (Yn)+[Prpln - Bds

TETH

l\)\»—‘

=(9 — Tytp, py,) — (div(e2py), 0 — Pagp) + (div(Byn), ¢ — Php)
— (ayn, ¢ — Pry) — Z/ (Yn)+[Prpln - Bds

TETH

—Z/yhso Pyp)n - Bds

TE€TH

:(—dlv(€2ph) + div(Byp) — ayn, ¢ — Prp)
c@-Thbm) =~ 3 [ lmle—Pig)n-pas

OT_NON=0
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e2) - | (un)— (¢ — Pug)_m - s,
80\ (UDT-)

Therefore, from (3.22)—(3.25) we obtain

=(f +up — le(E2ph) +div(Byn) — ayn, v — Prp) + (¥ — Upap, py)

- ) / [yn)(p — Pap)-m - Bds

OT_NoN=0

€113

- / (Yn)—(¢ — Prp)—mn - Bds
O\ (UBT™)

h2 1 2
<C) Y. = (f 4w — div(e?py) + div(Bys) — ayn)

TETH
+C(6 Z /ph—i-C’ Z / ynl?|n - B|ds
TGTh OTNIN= V)
hr
+C0) Y, ()2 |n - Blds
FNOQAD OMNOT-
+05( 3 igle—Peelle+ 3 i [ (0P
TETH T€TH or

(3260)  + X lle - Wyl ).

TETH

It follows from the error estimates of interpolation operator and Lemma 3.1
that

(327) 3 glle = Puelli, < Ce 3 llelli, = Celielio < CllélG o,
T€TH TETH
(3.28) Zh Jorlo=Prp)?<C Y £ llp— PmplP _<Cellelfq < Cllélg
TETH TETH
(3.29) ZT =l — yell§, < Ce Z Hs0H2 < C€2HWH2%,Q < Cl&llf o
TE R TETH

Then we can deduce that
2

630 <CG) 3 "= (£ 4w~ divlepy) + div(By) - )

TETH
+C0) Y — /ph+C' > /yh In - Blds
TE€TH OTNIN= @

0 Y / 2 n - Blds

‘maQ;éw
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(3.30) + 0865 0-
Therefore, (3.21) follows from (3.30) by setting 6 = % O

Let (q(up), z(up)) € V x W is the solution of the equations (3.3)—(3.6).
Let (g, zn) € Vi, x W}, be the solution of (2.18)—(2.22), respectively. Set some
intermediate errors: & := z(up) — zn, €9 := q(up) — q;. Using the argument
similar to the proof of Theorem 3.2, we can also derive the following result.

THEOREM 3.3. Let (p(un),y(un), q(un), 2(un)) € (V x W)* and (pp,, yn,
an, 2n) € (Vi x Wi)? be the solutions of (3.3)~(3.6) and (2.18)—(2.22), respec-
tively. Then there is a positive constant C which only depends on € and the
shape of the elements, such that

8
(3.31) I2(un) = znll50 < C> 0,
1=6

where
2
77(25: Z ?T(yh_yd_le<€2qh) B-Vzh—azh> ,

2= = [ (qn+p,—pa)
TETH

Z % Jor_[2n]?In - Blds,

TETH
where [v]; is the jump of v on the edge .
Proof. Let us first consider the error estimates of &. Let (2, ) be the

solution of (3.19) with F' = &. Then is follows from equations (3.5)—(3.6) with
u = uy, that

€113 ¢, =(div(e2ep) — div(Be) + ap, &) — (3 + €2 Vo, Cy)
=(div(e39) — div(Byp) + ap, z(un) — 21,) — (3, (o) + (i, div(£3¢,))
=(div(e39p) — div(By) + ap, z(uy)) — (div(e29) — div(By) + ap, z1)
( 1

— (¥, q(un)) + (¥, a,) + (¢, div(e2 q(un))) — (g, div(eZq,))
=(div(e2%),2(un))~(, q(up) (o, div(e2 q(un))) —div(Be) +az(up) @)
+ (%, q4) — (. div(ezqy)) — (div(e29p) + B (Vo) + ap, 21)
=(p(un) — Pas®) + (Y(un) — ya. @) + (. ay) — (p,div(c7qy))
— (div(e24p) — div(Be) + ag, z)
=(p(un) — Pas %) + (y(un) — ya. @) + (3, @s) — (div(e2e), )
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(3.32) —(so,diV(Eéqh))—(B-VZh,<p)—(as0,Zh)+Z/ zpem - Bds,
7€TH or

and from (2.20)—(2.21), we have

(), qp) — (div(e2T43p), 21) — (P, div(eZqy)) — (B Vi, Pug)
—(aPrp,zn) + 32 [5, (Pre)+[zn]n - Bds

TETH
(3.33) = —(pn — P 1Y) — (Yn — Ya, Prep)-
The definition of the interpolation operator II; implies that
(3:34) (div(e? (9 — TIy3p)), 23) = 0.

Combining (3.32)—(3.34), then we have
(¢ — TIap, qp) — (div(e2 (v — I,ep)), 21) — (0 — Prgp, div(e2qy,))
(B Von o—Pugp)— (alo—Prg), )~ 3 / (Pug)+ [zn]n - Bds

TETH
— (3 — Tyeh, q;,) — (div(eZqy), 0 — Pap) — (8- Van, ¢ — Prp)

~azp-Pip) = 3 [ (Pup)slaln - gds
€T or—
=(¢p — Iytp, q;) — (div(e2qy) + B Vay + azn, ¢ — Pyp)
335) - % [ (Pllan-pds

TETH
Therefore, from (3.32)—(3.35) we obtain

1€2]

(2),9 =(p(un) — Pa, ¥) + (Y(un) = Ya, ¢) — (Pr, — Pa> Un¥) — (Yn — Ya, Pryp)
+ (4 — Ty, ;) — (div(e2qy) + BV + azn, ¢ — Prgp)

=Y [ (Pl pas+ Y [ aen-pas

TETH TETH
+ (P(un) — Pps ) + (Y(un) — Yn, @)
=(yn — ya — div(e2gy) — B+ Vay, — azp, ¢ — Prg)
+ (W = 1p, qp, + P, — Pa) +(EV(Y(un) — yn), Vo) + (y(un) — yn, )
+ ) /87_ [20) (¢ — Phip)4+m - Bds

TETH

h2 1 2
<C(9) Z ?T (yh —yq —div(e2qy) — B - Vz, — azh>

TETH
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+C(8)[ly(un) — ynllo e

0O S [@tm-ps? 00 X [ i plas

TETH TETH
£ £
+C5< E ﬁH(P—PhSOH%,TJF Z h/ (v — Pap)’
TeTn 7 rer, T YO~

(3360)  + Y ol - e

3+ lelBa).
€T

Similarly, it follows from the error estimates of interpolation operator that

9
(337) Y 7z lle = Pryl 6 <Ce Y leli, = Celelia < Cléllq.

T€Th 7 T€ThH
(3.38)
g 13
Z h/ (p— Pup)i < C Z th@ — PMPH;T < Cellollia < Clléllda
et o7 €T, T

&
(339) Y -l -elf, <C= ) lleli , < CIVell} < Cliéali o
T€TH T TETH

Then we can deduce that
2

h? .1 2
62130 <C0) 3 7 (un —va— div(ciq,) = 8- Van — azn)
TETH

+C(9) Z }Z/(Qh +p), —Pa)°

TET

+C(0) Y hg/a l2n]2In - Blds

TET
(3.40) + Co[|& 3 o-

Then by setting § = 5 in (3.40), we obtain (3.31). O

Next, we estimate ||p — p(up,)
Iz = z(un)llo.0-
THEOREM 3.4. Let (p,y,q, z,u) € (V xW)?xU is the solution of (2.10)-

(2.14) and (p(up), y(un), q(un), z(up)) € (V xW)? is the solution of (3.3)—(3.6)
with @ = up. There is a constant C' > 0, independent of h, such that

lo,s lv — y(un)lloo, llg — q(un)lo,, and

(3.41) 1P —p(un)lloq + Iy = y(un)lloo < Cllu = unllog,
(3.42) lg = q(un)llo.o + [z = 2(un)llo. < Cllu = unllo.o-
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Proof. Similar to Reference [22], we introduce a new norm:
1
343) ol = aolulia+5 3 [ WPn-gas+5 [ e pas
2 = 2 Joo\(uor_)

Note that [w] = w4 on 07— when 7— C 0. Then using the same technique as
the discontinuous Galerkin method for first order hyperbolic equation [17], it
can be derived that

1
Dly.9) ~(la = 5aiva)ys) + 5 3 [ Pin-Blas+5 [ L

TG'T )

1
2aolvlfn g 3 [ Wlinegas g [t g

TGTh
>|lyl7.

Let
A((p,y), (v,w)) = (p,v) — B(v,y) + B(p,w) + D(y, w).

Set the norm

(P, )|
Then it is easy to see that

(344)  Allp,y). (p,)) = (p.p) + D(y,y) = llalio + lvlZ = l(p.») .

Note that (p,y) and (p(up),y(uy)) are the solutions of (2.10)—(2.14) and (3.3)—
(3.6), respectively. Then we derive

(p —p(upn),v) — B(v,y —y(up)) =0, Vv eV,
B(p — p(up), w) + D(y — y(up), w) = (u — up,w), Yw € W.

Setting v = p — p(up), w =y — y(uy), we obtain
A((p — p(un), y — y(un)), (p — p(un), y — y(un))) = (u —up, y — y(un)).
By using the property of A, we derive

lp — p(un) 13 ()i < lu — unllf o

Similarly, setting A((q, 2), (v,w)) = (q,v) — B(v, z) + B(q,w) + D(z,w), we
obtain

2(un)l§ o < llu—unlf o-

lg —q(
Then we prove Theorem 3.4. [

Finally, by using the Theorems 3.1-3.4, we can derive the following result:
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THEOREM 3.5. Let (p,y,q, z,u) € (VxW)2xU and (py, Yn, Qp, 2h, un) €
(Vi x Wi)? x Uy, be the solutions of (2.10)-(2.14) and (2.18)—(2.22). Assume
all the conditions in Theorems 3.1-3.8 hold. Then we have
8

2 2 2 2
ly = wallg. + 12 = znlle.0 + lu —unl§o < C D,
i=1
where N1, N, ..., and ng are defined in Theorem 3.1, Theorem 3.2, and Theo-
rem 3.3, respectively.

Proof. Combining Theorems 3.1-3.4 and the triangle inequality to obtain
that
ly = wnllg. 0 + 112 = 2nllg.0 + lu — unll5 o
<Ily = y(un)llg.o + ly(un) — ynlli o
+ Iz = 2(un)[§ o + ll2(un) — zullg 0 + lu — unllf o

<lly(un) = yalld o + l2(un) = 25 0 + Cllu = unl§

8
<Cy ni.
=1

This completes the proof of the theorem. [

Remark 3.1. By using a more careful analysis (see, for example, [22]), we
can also prove that

9
lp = pallS—1 + g = anlli— < CY _nf,
i=1

where 71, 19, ..., and ng are defined in Theorem 3.1, Theorem 3.2, and Theo-
rem 3.3, respectively, and

(3.45) -3 / py - 42+ g, - £2)ds,

1NON=0

where t is the tangential vector on [.

4. NUMERICAL EXAMPLE

In the section, we use a posteriori error estimates presented in our paper
as an indicator for the adaptive finite element approximation. There has been
immense research on developing fast numerical algorithms for optimal control
problems in the scientific literature that it is simply impossible to give even
a very brief review here. However, there seems to be still some way to go
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before efficient solvers can be developed even for the constrained quadratic
convection diffusion optimal control problems. The reason seems to be that
there are so many computational bottlenecks in solving an optimal control
problem. It has been recently found that suitable adaptive meshes can greatly
reduce discretization errors, see, for example, [10].

For the constrained quadratic convection diffusion optimal control prob-
lems, we pay more attention on the state variables y, z and the control variable
u, while some results on the state variables p, g are ignored.

Our numerical example is the following optimal control problem:

i Lip — 24 Ly — 2 4 1,112
min {3 = pal® + Iy — yall® + § ul? |

div(ezp) — div(By) +y=f+u,  inQ,
p= —E%Vy, in €,
y =0, on 0f).

In this example, we choose the domain Q = [0,1] x [0,1], B = (2,3),
e = 107 Let Q be partitioned into 7} as described in Section 2. The op-
timal control problem considered in this section is control constrained with a
single obstacle: K = {u € U, u > 0}. In the numerical simulation, we use the
combined method of triangular Raviart-Thomas mixed finite element method
and discontinuous Galerkin method to approximate quadratic convection diffu-
sion optimal control problems. We shall use 7; as the control mesh refinement
indicator, and 7s-n5 and 7ng-ns as the state’s and co-state’s.

We set the known functions as follows:

y =sin(e)af (1 - @2/ (1 - elGo9/2)

7((Z1—1/2>2+<z2—1/2)2)
. . 0.01 0.01
z = sin(mxy) sin(wze)e ,

u = max{1l — cos(mx1/2) — cos(mx2/2),0}, p= _gévy,

These functions can be inserted into the equations and then the corresponding
terms f, p; and yg can be computed out.

Table 1 presents the errors of the control w on the uniform mesh and
the adaptive mesh, respectively. It can be clearly seen from Table 1 that on
the adaptive meshes one may use fewer mesh nodes of u to produce a given
L? control error reduction. Then it is clear that the adaptive finite element
method is more efficient.

In Table 2, we give the errors of the state y, z on the uniform mesh and
the adaptive mesh. Again, it is shown from Table 2 that the a posteriori
error estimators provided in this paper are to generate efficient adaptive finite
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element approximation and substantial computing work can be saved by using
the adaptive finite element method.

Table 1
Numerical results of u on the uniform and adaptive meshes
Uniform lw — unllo,e Adaptive lw — unllo,e
mesh nodes mesh nodes
41 3.9872e-2 243 1.2502e-2
145 1.9926e-2 378 8.2724e-3
545 1.0030e-2 726 5.9167¢-3
2113 4.9902e-3 916 3.6183e-3
Table 2

Numerical results of y, z on the uniform and adaptive meshes

Uniform ly —ynlloe | Iz —2nlloe | Adaptive ly —wnlloe | Iz = 2nllon
mesh nodes mesh nodes

41 3.5671e-2 3.1227e-2 356 1.0052¢-2 9.5184e-3
145 1.7946e-2 1.5614e-2 608 7.6785e-3 7.3170e-3
545 8.5346e-3 7.8071e-3 836 4.9796¢e-3 4.8618e-3
2113 4.1517e-3 3.9020e-3 1019 3.3587e-3 3.1798e-3

5. CONCLUSION AND FUTURE WORK

In this paper, we have discussed the combined method of triangular
Raviart-Thomas mixed finite element method and discontinuous Galerkin
method for quadratic convection diffusion optimal control problems with the
admissible set:

K={ucL?*Q): u>0}

The state and co-state are approximated by the lowest order Raviart-
Thomas mixed finite element spaces and the control approximated by piecewise
constant functions. We derive a posteriori error estimates for the coupled
state and control approximations. Such estimates, which are apparently not
available in the literature, can be used to construct reliable adaptive finite
element approximation scheme for the quadratic convection diffusion optimal
control problems.

Optimal control problems governed by convection diffusion equations
arise in many scientific and engineering computing problems, such as atmo-
spheric and hydraulic pollution problems, mathematical model about air pol-
lution control problem, which is discussed in [23]. The model represents an
optimal control problem in which air emission is controlled at a permissible
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level while the negative impacts on human activities are minimized. In this
kind of cases, the control function is a source term, while the observation func-
tion can be described by convection diffusion equation.

In our future work, we shall use the mixed finite element method and
discontinous Galerkin method to deal with the optimal control problems gov-
erned by linear or nonlinear convection diffusion equations with the admissible
set:

K={uelL*9): / u(z)dx > 0}.
Q
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