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In [15] and [16], the second author and Liu obtained some integral inequali-
ties of Simons’type and rigidity theorems for n-dimensional compact Willmore
Lagrangian submanifolds in the complex projective space C'P™ and complex Eu-
clidean space C™. In this paper, we continue to study the interesting topic of
Willmore Lagrangian submanifold in the complex hyperbolic space CH™. Let
M be an n-dimensional compact Willmore Lagrangian submanifold in the com-
plex hyperbolic space CH™. Denote by p?> = S —nH? the non-negative function
on M, where S and H are the square of the length of the second fundamental
form and the mean curvature of M. If K, @ is the function which assigns to
each point of M the infimum of the sectional curvature, Ricci curvature at the
point, we prove some integral inequalities of Simons’type and rigidity theorems
for n-dimensional compact Willmore Lagrangian submanifolds in CH™ in terms
of p>, K,Q, H.
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1. INTRODUCTION

Let N™*P be an oriented smooth Riemannian manifold of dimension
n+pand let ¢ : M — N™P be an n-dimensional compact submanifold of
N™P_ Denote by h%, S, H and H the second fundamental form, the square
of the length of the second fundamental form, the mean curvature vector
and the mean curvature of M. We define the following non-negative func-
tion on M by p?> = S — nH?, which vanishes exactly at the umbilical points
of M. The Willmore functional is the non-negative functional (see [3, 14, 17])
Wi(p) = [1,(S - nH?)zdv, where dv is the volume element of M. From [3,
14] and [17], we know that W () is an invariant under Moebius (or conformal)
transformations of N"*P. The Willmore submanifold was defined by Li [11]
and Hu-Li [9, 10], that is, a submanifold is called a Willmore submanifold if
it is an extremal submanifold to the Willmore functional. When n = 2, the
functional essentially coincides with the well-known Willmore functional and its
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378 Junfeng Chen and Shichang Shu 2

critical points are the Willmore surfaces. In [11] (also see [8, 14]), Li obtained
an Euler-Lagrange equation of Willmore functional in terms of Euclidean geom-
etry, which is very important to the study of rigidity and geometry of Willmore
submanifold in N™*P,

Let CH™ be the Complex hyperbolic space of constant holomorphic sec-
tional curvature —4,J the standard complex structure on CH". Let ¢ : M —
CH™ be an immersion of an n-dimensional manifold M in CH"™. ¢ is called
Lagrangian if ¢*() = 0, this means that the complex structure J of CH" car-
ries each tangent space of M into its corresponding normal space. The typical
examples of Lagrangian submanifolds of CH™ are the Whitney spheres:

Ezample 1.1 ([1, 2, 4]). Whitney spheres in CH™. They are a one-
parameter family of Lagrangian spheres in CH", given by &y : S — CH",
0 >0,

2 .
(I’l, e 73371) . 8900(]‘ + $n+1) — 1Tn+1
. I
S + 1CoTp+1 8(3 + chfH_I

(I)o(xla"' ,Z’n+1):HO( )7
where cy = cosh 8, sy = sinh 9,11 : anﬂ — C'H"™ is the Hopf projection. Py
are also embedding except in double points.

If the mean curvature vector of the immersion ¢ : M — CH"™ vanishes
identically, ¢ is called minimal. Minimality means that the submanifolds is
critical for compact supported variations of the volume functional. We notice
that in recent years, due to their backgrounds in mathematical physics, special
Lagrangian submanifolds have been extensively studied (see [1, 2, 10] and [12]).
In [10] Hu-Li obtained the following:

THEOREM 1.2 ([10]). A Lagrangian submanifold ¢ : M — CH"™ is Will-
more submanifold if and only if for n +1 < m*, " <2n

(1.1) pn—2{ N RERG R ST HY R — pPH™ - 3(n - 1)Hm*}
i7j7k7l* i7j7l*
(- DA ET o - 1) S (2
7

T (0 - DH A2 - 07 () =0,

where Ap"2) = Yo" )i O (572) = X302 (nH™ 5 — W),
7 2V

ATH™ =Y H™, and (p"2);; is the Hessian of p"~2 with respect to the
i

*

R
mnduced metric dx-dzx, H;-”* and H’Z* are the components of the first and second

covariant derivative of the mean curvature vector field H .
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Remark 1.3. Fix the index m* with n+1 < m* < 2n, define 0™ : M — R
by

(12) O™ f = (nH™ b6 — hii ) fi,

i
where f is any smooth function on M. We know that 0™ is a self-adjoint
operator (see Cheng-Yau [6]). We can see that this operator naturally appears
in the Willmore equation (1.1) and will play an important role in the proofs of
our theorems.

From [13] and [10], the following results are well known:

PROPOSITION 1.4 ([13]). Every minimal Lagrangian surface ¢ : M —
CH? in a complex hyperbolic space CH? is Willmore Lagrangian surface.

ProprosITION 1.5 ([10]). Every minimal and Einstein Lagrangian sub-
manifold ¢ : M — CH"™ in a complex hyperbolic space CH™ is Willmore
Lagrangian submanifold.

From the above Propositions, we know that every minimal Lagrangian
surface, every minimal and Einstein Lagrangian submanifold is Willmore. But
we do not know whether every Willmore Lagrangian submanifold is minimal
or not.

We notice that in [15] and [16], the second author and Liu obtained some
integral inequalities of Simons’type and rigidity theorems for n-dimensional
compact Willmore Lagrangian submanifolds in the complex projective space
CP"™ and complex Euclidean space C™. In this paper, we shall prove some
integral inequalities of Simons type and rigidity theorems for n-dimensional
compact Willmore Lagrangian submanifolds in the Complex hyperbolic space
CH™ in terms of the scalar curvatures, sectional curvatures, Ricci curvatures
and mean curvatures of the submanifolds. More precisely, we obtain the fol-
lowing:

THEOREM 1.6. Let ¢ : M — CH"™ be an n(n > 2)-dimensional compact
Willmore Lagrangian submanifold in CH™. Then there holds the following

1
(1.3) / P~ 2t (n 4 1) + dnln — 1) H?)do < 0.
M
In particular, if (1 =2)p* — (n+1)p? +4n(n—1)H? > 0, then ¢ : M — CH"
18 totally umbilical.

THEOREM 1.7. Let ¢ : M — CH" be an n(n > 2)-dimensional compact
Willmore Lagrangian submanifold in CH™. Then there holds the following

R L =

2
n(n—l)Hp_H )+ (n—2)}dv <0.
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In particular, if K > H? + then ¢ : M — CH" is totally

Hp— ,
n(n 1) Zn 1
umbilical, or ¢ : M — CH" is a minimal Lagrangian submanifold in CH"
with parallel second fundamental form.

THEOREM 1.8. Let ¢ : M — CH"™ be an n(n > 2)-dimensional compact
Willmore Lagrangian submanifold in CH™. Then there holds the following

15) [ G- - A

In particular, if Q > = 4p2 +(n—2)Hp+ H? — 325 then ¢ : M — CH™ is
totally umbilical.

+(n—2)Hp+ H* —Q)}dv <0.

2. BASIC FORMULAS AND LEMMAS

In this paper, we will agree with the following convention on the range of
indices: A,B,C,...=1,...,n,1*, ...,n"; 1" =n+1,...,n* =2n; i, 5,k,... =
1,...,n. Let ¢ : M — C'H™ be an n-dimensional Lagrangian submanifold. We
choose a local field of orthonormal frames eq,...,e,,e1x = Jeg, ..., enx = Jey,
in CH", such that, restricted to M, the vectors eq,...,e, are tangent to M,
where J is the complex structure of CH™. Let wq,...,ws, is the field of dual
frames, 04,6045 be the restriction of wa,wap to M. Then 6;+ = 0, taking its
exterior derivative and making use of the structure equations of C H™ and the
Cartan lemma we get

(2.1) O = Y hii 05, hiy = hi,
J
from which we can define the second fundamental form IT = ) hfj w; Q wjeps
i7j7k*
and the mean curvature vector H of ¢ : M — CH"™ as follows: S = 3. (hf;)Q,
i7j7k*
H=Y H"ep, H" =1 Zhn , H = |H|. Since ¢ : M — C™ is Lagrangian,
we have for any 4, j
(22) <<]€Z', 6j> = 0, <6i*, J6j> = 574
Taking exterior derivative of (2.2), we get for any i, j, k
(2.3) hE = hiy = hi,

Denote by R;ji; the Riemannian curvature tensor of M, we get the Gauss
equations

(2.5) Rijr = — (k051 — Sadje) + > _(hip Wiy — hip by,



5 Willmore Lagrangian submanifolds 381

(2.6) Rip = —(n—1)6x +n Y H™ hj} Zh m,
(2.7) n(n —1)R = —n(n —1) +n*H* - 8,

where R is the normalized scalar curvature of M.
The first covariant derivative {hw k} and the second covariant derivative

{h”kl} of h?} are defined by

(2.8)
D B0k =dh + ) hy Ok + Z Wi Ok + Y hi Opre,
k k k*
(2.9)

S b= dh 4> R0+ Y R0+ Y R O+ > hlOsme.
l l l l I*
The Codazzi equations and the Ricci identities
(2.10) = h7

2jk: zk]?
(211) 'Ti?kl - ’L]lk‘ Z hmj Rkt + Z hzm Rm]kl + Z h‘zg Ry k-
k*
The Ricci equations are
(2.12) Rivjoit = — (050 — 6j100) + D _ (PP, — il i)
m

Define the first, second covariant derivatives and Laplacian of the mean
curvature vector field H = 3" H™ e+ in the normal bundle N (M) as follows

(2.13) ZHm 0; = dH™ +ZH O
(2.14) ZH’” 0; = dHT + ZHW Oji+ > HY O,
J k*
m* _ 1 m*
(2.15) ALH ZH“ : == Zk:hkk

Let f be a smooth functlon on M. The first, second covariant derivatives
fi, fij and Laplacian of f are defined by

(2.16) df =Y fil, Y fis0i =dfi+ > filji, Af=>fii
i j j i
For the fix index m*(n 4+ 1 < m* < 2n), we introduce an operator O™ due to
Cheng-Yau [6] by
(2.17) Dm*f = Z(TLHm*(SU — hg?*)fi,j-

i’j
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Since M is compact, the operator (™" is self-adjoint (see[6]) if and only if

(2.18) | @ pgao= [ s gan.

where f and g are any smooth functions on M.
In general, for a matrix A = (a;;) we denote by N(A) the square of the
norm of A, that is,

N(A) = trace(A - A') =) “(ai;)*.
1,J
Clearly, N(A) = N(T'AT) for any orthogonal matrix 7.

We need the following Lemmas due to Chern-Do Carmo-Kobayashi [7],
Li [12] and Cheng [5].

LEMMA 2.1 ([7]). Let A and B be symmetric (n x n)-matrices. Then
(2.19) N(AB — BA) < 2N(A)N(B),

and the equality holds for nonzero matrices A and B if and only if A and B
can be transformed simultaneously by on orthogonal matriz into multiples of A
and B respectively, where

010 0 1 0 0 0
100 0 0 -1 0 0
A= 00 0 0 B=|0 0o o 0
00 0 0 0 0 0 - 0

Moreover, if A1, Ay and As are (n X n)-symmetric matrices and if
N(AyAg — AgA,) =2N(An)N(Ap),1 <,8<3
then at least one of the matrices A, must be zero.

LEMMA 2.2 ([12]). Let ¢ : M — CH"™ be an n-dimensional (n > 2)
Lagrangian submanifold. Then we have

2
(2.20) IVh|? > ﬂvam?,
n+ 2

where [Vh|* = Y2 (h71)?, |[VEH? = 3 (HP)
i)j)k’m* i,m*
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n
LEMMA 2.3 ([5]). Letb; fori=1,--- ,n be real numbers satisfying > b; =

i=1
n
0 and > b? = B. Then
i=1
n
B?  (n—2)?
2.21 b - — < =B~
(221) ; n " nn-1)
LEMMA 2.4 ([5]). Let a; and b; fori=1,--- ,n be real numbers satisfying

n n
Y a; =0 and Y a? = a. Then
i=1 i=1

n (X b7)?
< Zb? _ L\/@
=1

(2.22) -

n
E aib?
i=1

3. INTEGRAL EQUALITIES AND PROPOSITIONS

In this section, we shall obtain some integral equalities of Willmore La-
grangian submanifolds ¢ : M — CH™. Defining tensors

(3.1) R =R — H™ 6y,
(32) Gmete = D R hig, owers = Db hi,
ihj i?]
we see that the (n x n)-matrix (,4) is symmetric and can be assumed to be
diagonized for a suitable choice of ejx, ..., e, and we set
(3.3) OTm*1x = Om*Ox1+.

By a direct calculation, we have

(3.4) ZiLZ}: =0, Gmer = O —nH™ HY ) p? = Z&m* =S —nH?,
m*

k
(3.5)
* 1m*rm* _ 7 Tm*Im* m*Tm* L 1* * 2 2 rrl*
Z hiihij hix = Z hy;hiy iy +2 Z H™ hij hi;+H' p"+nH"H" .
1,5,k,m* 1,5,k,m* %,J,m*

From (3.1), (3.4) and (3.5), the Euler-Lagrange equation (1.1) can be rewritten
as follows:
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PropPOsSITION 3.1. A Lagrangian submanifold ¢ : M — CH™ is Willmore
submanifold if and only if forn +1 < m* [* < 2n

(36) O (") =(n— Dp" 2ALH™ +2(n—1) S (0" 2T

+(n—1)H™ A(p"2) = 3(n—1)p" 2H™

+p" Q(ZHl Tmrx + Z hm A h )

1,7,k l*
Setting f = nH™ in (2.17), we have
(3.7 ™) = Y™ 8y = )0

Z (nH™ )(nH™") Z A (nH™)
We also have

(3.8) % (nH —AZ (nH™") ZA (nH™")
=5 Y™ Plas= S GH™ ) + S ™ )™

=n?|VEHPP 4+ (nH™ ) (nH™ )4
Therefore, from (3.7) and (3.8; :ve get
(3.9) Z*Dm*(nﬂm*) = %A(nH)z | VEHP = ) W (nH™)
i,4,m*
:%A(n(n COE2 =24 8) - VAR = Y B (nE™)

7-]m

1 1 IR T B S m*
—§AS—I—§n(n—1)AH —iAp —n*|V-H|* — Zh (nH

7] m
On the other hand, we have
1 m m
(3.10) FAS= S )+ D W AR
i,5,k,m* i,4,m*
=|VAP+ > R (nH™ )i+ Y > WP Rigk + b Rugjie)
2,7,m* m* i,5,k,l

+ 3> hig R k.

m*1* 4,5,k
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Putting (3.10) into (3.9), we have

1
ZAp?
2P

+3 3 R Ruggr+ b Rugr) + > i b Risme k.

m*i,j,k,l m*,1%,5,k

* * — 1
(3.11) Y O™ (nH™) = VA —n?|V H|> + 5nn = AH? —

Multiplying (3.11) by p"~2 and taking integration, using (2.18), we have

(3.12) Z/ (nHm*)Dm*(p“)dv:/ P 2(|VR2 = n?|VEH P de
m* M M
1 n—2 2 1 n—2 2
+-nn—1) | p" *AH*dv—= [ p" “Ap°dv
2 M 2 /M

/ MTEY D h (R Ruig+ by Ruggr)dv

m* 1,5k,

/ n—2 Z Zh Rl*m*jkdv'

m*,[* 1,7,k

Taking the Euler-Lagrange equation (3.6) into (3.12) and making use of the
following

* * 1 *
n—2 m L rrm n—2 1 m*\2
p g H™ A-H™ dv :/ p E A—(H dv
/M p— 2/m p— )
_/ n— 2§ Hm 2d'U

i,m*

1 -
:/ p”QAHde—/ "2 VH|*dv,
2 Jm M

/H2A - 2dv_/ ZHm P ) adw
_Z/ Hm n Q)Hd?./
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fZ | @ = =2 [ v,

we have the following:

PROPOSITION 3.2. For any n-dimensional compact Willmore Lagrangian
submanifold p : M — C'H", there holds the following integral equality

(3.13) /p"—Q(yvm?—n\vlm?)dw(n—m/ P2V pl2dw
M M

+3n(n — 1)/ P2 H2dv

/ PN H™ (H G+ YR

m* [* i3,k
/ " QZ Z R (Y Ruigh + hii Riggr)dv

m* 1,5,k,l

m*,1* 1,5,k

From (2.3), (2.12) and (3.1), we have

(3.14) Z Zh hZiRl*m*jk = Z Zh 513 mk — O1k0my)

m* l* ’]’ m* l* 7.]k
+Zzh Jppk hkpm)
m*,l* 4,5,k,p
1
:—P2+n(n—1)H2_§ Z <Z ip pk Zh
m*»l*uj’k p
1 -
SREURLLEE D I S WA
m*0* 4k P
1 - . - .
=—p*+nn-1)H? - 3 Z; N(Ap-Ape — Ape Ay,
m-,

where Ap- = (hV) = ()" — H™ §;;). By use of (2.3), (2.5), (3.2), (3.4),
(3.5) and (3.14) we have

(3.15)
SO R (B Ruge + b Rugge) = —np® — > > Wi hEhiR
m* 1,5,k,l m*l*i]kl

0oy Y HURGHITRE Y Y B R (R ki — highiy)

m*,0* 1,5,k m*1* 4,5k,
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:—np2 — Z U?n*l* +n Z Z‘Hl*hk]~;;b Zk

m*,[* m*,0* 1,5,k
+on YO S H™ H R R
m* l* ’L,j
+nz (H")?p +n2H22 (H")? — = Z N(Ap-Ap — ApApye)
m*,[*
m*,1* m*,1* 1,5,k
1 . .
"2 Z;N (Ae Ape = Ape App).
m=,

Putting (3.14) and (3.15) into (3.13), we have the following:

PROPOSITION 3.3. For any n-dimensional compact Willmore Lagrangian
submanifold ¢ : M — CH™, there holds the following integral equality

(3.16)
[ o2 VhE = iV Y + (0= 2) [ e
M M

4 4n(n o 1)/ pn_2H2d'U + n/ pn—2(H2p2 o Z Hm*Hl*a'm*l*)de
M M

m*,[*

(n+1/ / PN (N (A A — Ap Ay ) + 67 )do = 0,

m*,[*

4. PROOFS OF THEOREMS

In this section, we shall give the proofs of Theorem 1.6-1.8.
Proof of Theorem 1.6. From Lemma 2.1, (3.2) and (3.3), we have

(4.1) =Y N(Ape Ay = A Appe) = > G2

m*,[* m*,[*

> =) e =2 Z Gme e = =20 e ) + D G
m* m* m*

>—2p"+ = Zam =—(2— )",

where, we used

(4.2) > Gh. > %(Z G ).
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We also have

(4.3) > H™ H'Gpere = (H™ 2Gm <Y _(H™)*D 61 = H*p".
e e - e

By making use of Lemma 2.2, (3.16), (4.1) and (4.3), we have

(4.4)

0>/ p”Q(\Vh|2—3nQ]VJ‘ﬁ|2)dv+/ 2 APy
1

—|—4n(n—1)/ p"_QHZdU—(rH—l)/ p"dv—/ P22 — =)pido
M M M n

> [ G 2 (0 D6+ dnln - Do,
M n

(i) If n = 2, from —%p4 —3p% +8H? >0 and (4.4), we have %pA‘ +3p% —
8H? =0on M. If p> =0 on M, then M is totally umbilical. If p? # 0 on M,
from % p* +3p% —8H? = 0 we know that the equality in (4.4) holds. Therefore,
we have
(4.5) N(A3Ay — AyA3) = 2N (A3)N(Ay),

253 +63) = (53 +64)%,

that is

(4.6) 03 = 04.

We also have for m*,[* = 3,4,

(4.7) N H™ H e = Hp?.

m*,[*
From Lemma 2.1, we know that at most two of A,,» = (iLZL), m* = 3,4, are

different from zero. If all of A« = (iLZL*) are zero, which is a contradiction

with M, then it is not totally umbilical. If only one of them, say A, is
different from zero, it is a contradiction with (4.6). Therefore, we may assume
that

As =NA, Ay =puB, \p#0,
where A and B are defined in Lemma 2.1.
From (4.7), we have
N(HP? 4+ g2 (HY)? = (4 12) ()2 + (H)?).
Since A, # 0, we infer that H? = H* = 0, that is, H = 0, e, p: M —

CH? is a minimal Lagrangian submanifold in CH?. Therefore we know that
%p4 +3p? =0 on M and this is a contradiction with p? # 0.
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(i) If n > 2, from (2 —2)p? — (n+1)p? + 4n(n— 1)H? > 0 and (4.4), we
have p = 0 on M, that is, M is totally umbilical, or (2 —2)p? — (n + 1)p? +
4n(n — 1)H? = 0. In the latter case, if p> = 0 on M, we have M is totally
umbilical. If p? # 0 on M, we know that the equality in (4.4) holds. Therefore,
we have
(4.8) ViH =0, Vh=0,
N(Am*Al* — Al*zzlm*) = 2N(Am*)N(Al*), m* 75 l*,

nY Gpe = (> om)?,

m* m*
that is
(4.9) Gyl = = Gon.
We also have
(4.10) N H™ H 6 = HP.

m*,[*

From Lemma 2.1, we know that at most two of A, = (fLZL*),m* =n+
1,---,2n, are different from zero. If all of A,,» = (ﬁg‘*) are zero, which is a

contradiction with M, then it is not totally umbilical. If only one of them, say

Ay, is different from zero, it is a contradiction with (4.9). Therefore, we may
assume that

An-‘rl = )‘Aa ATH—Q = Méa )\,,LL 7& 0,

Apx =0, m* > n+ 3,

where A and B are defined in Lemma 2.1.
From (4.10), we have
)\Q(Hn—f—l)Q +#2(Hn+2)2 — ()\2 +,U2) Z(Hm*)Q
m*

Since \,pu # 0, we infer that H™ = 0,n + 1 < m* < 2n, that is, H =
0, i.e., ¢ : M — CH™ is a minimal Lagrangian submanifold in C'H™ and
2—14)p* + (n+1)p* =0 on M, a contradiction with p? # 0. This completes
the proof of Theorem 1.6. O

Proof of Theorem 1.7. From (3.13), (3.14), (3.15) and (3.16), we know
that for any real number a, the following integral equality holds

(4.11) /pn—2(|Vh|2—nvlﬁ|2)dv+(n—2)/ 2|V p|2dw
M M

+4n(n — 1)/ P2 H?dvw
M
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+n/ HH?p? = > H™ H' Gpper)dv — (a+ L / H?pdv
M

m*, [*

+(1+a / PN R (BR Rk + b Rugge)dv

m* i,5,k,l
(1+a)n / PPN N CH™ R i dv+(n—1)/ pdv
m* [* ,Jk M
/ Y Ghpdo— 25 [ ST N A = A Ao = 0.
m*,[* m*,[*

For a fixed m*,n + 1 < m* < 2n, we can take a local orthonormal frame
field {e1,--- ,e,} such that hg?* = )\;"*51-]-, then, h?;* = ,ul-n*éij with ugn* =
AP — H™ S i = 0. Thus

i

(4.12)
* * * ]_ * *
> b (W Rk + b Riga) =3 > T = AT Ry
m*,i,j,kz,l m*7i7j
1 * *
=5 > (" = 1" )P Rijiy > nKp?,
m*,i,j

where K is the function which assigns to each point of M the infimum of the
sectional curvature at that point and the equality in (4.12) holds if and only if
R;j;j = K for any i # j.
Let Z(ﬁﬁ:) = 7p+. Then 7+ < Z(hl*) — Gp. Since Y. AL =0, Y =
(2 7 (2

0 and Y (u"")? = Gpp+. From Lemma 2.3 and Lemma 2.4, we have
i
(413) DD H™ R highly = > > HURLAT,
m*,l* l,]k * m* ».]7
Y YR ()2 < S
m*,l* i m*,[*

n—2 Zam Z|Hl @

1*

n—2 2 3
m ZHI Zal*_i\/ﬁﬂp.

From (3.3), we get

(4.14) > Ghe = Za 711(2 G )? = %p4

m*,[*
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From Lemma 2.1, (3.2) and (3.3), we have

(4.15) Y N(ApeAp — ApApe) <23 e = 2( Z )2—22551*

m*’l* *#l*

1
<95t _ ot Zam _2” 4

o

Thus, from (4.3), (4.11), Lemma 2.2, (4. 12)7(4.15), we obtain for 0 <a <1

3n? 3n?
0> Vh|? - VEH?)d +/ e
> [ pHHE = AR+ [

(4.16) + (n— 2)/ p”72]Vp]2dv + 4n(n — 1)/ P2 H?dw
M M

—|—n/ PP H P = > H™ HY G )do
M

m*,[*

—(1+ a)n/ H?p"dv + (1+ a) / P K pAdu
M M

—n)|VYH|*dv

-2
—(1+4a)n p”_znin?’dv + (an —1) / pldv

M Vvn(n—1) M

1 -1
+ a/ P2 ptdu — (1 — a)/ p”_QLp4dv
M n M n

>(1+a)n /M pH(K — ;L(;fl)ﬂp — HY)dw

—1
+ (an — 1)/ pldu + [g —(1- a)n]/ P2 dw.
M n n M

Putting a = ”771, we have

2
4.17) 0> / p2n - 1)(K — ———=_Hp— H?) + (n — 2)}dv.
M n(n —1)
From K > H?> + —"=2_Hp — 2”_ and (4.17), we have p = 0, that is, M is
n(n—1) n
totally umbilical, or K = H? + Hp— 5 1 In the latter case, if p> =0
n(n 1) n—

on M, we have M is totally umbilical. If p?> # 0 on M, then the equality in
(4.17) holds. Therefore, we know that the equalities in (4.16) hold, this implies
that

(4.18) ViH =0, Vh=0, H=0.

Therefore we see that ¢ : M — C'H™ is a minimal Lagrangian submanifold
in CH™ with parallel second fundamental form. This completes the proof of
Theorem 1.7. O
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In order to prove Theorem 1.8, we first prove the following;:

LEMMA 4.1. For any n-dimensional Lagrangian submanifold in CH",
there holds the following

P P 4
(4.19) Y N(Ap-Ap—ApApe) < 4{—(n—1)+(n—2)Hp+H2—Q}p2—;p4,
m*,[*

where Q) is the function which assigns to each point of M the infimum of the
Ricci curvature at that point.

Proof. From Gauss equation (2.6) and (3.1), we have

Ry = —(n — )6 + (n — 2) Zﬂmh;z +(n—1)H2lk—Zh
7.]

Thus, we get
(4.20) Rij=—-(n—-1)+(n-2 ZHm hi + H? — Z(E:Jn*)Q

m* 7.7

By Cauchy-Schwarz inequality, we have

(4.21) S H™ R < \/Z (H™") \/Z (hm™)2 < Hp.
From (4.20) and (4.21), we infer that
(4.22) Q<—(n—1)+(n—-2Hp+H =) (h})*

m*,j

Therefore, we have

(4.23) Yo P <—(n-1)+(n-2)Hp+ H> - Q- (hj").
m*#£l1* i

From (4.23) and BZ‘* =pu

* . .
i 055, it is easy to see

(4.24)
> N(Ap-Ajr — Ap Ay
l*

~l* * * ~l* *
= > (P —u)P <4 Y () ()’
I*#£m* il I*#£m* il

* *

<4 Z{—(n — 1)+ (n—=2)Hp+H* = Q — (1" )} (" ?

=4~ =1+ (n—=2)Hp+H* = Q} Y (1" )> =4 ("
l l
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(- 1)+ (0 - D Hp+ H— Q) Y () — ()
!
Therefore, we know that (4.19) holds. This completes the proof of
Lemma 4.1. O

Proof of Theorem 1.8. From (3.16), Lemma 2.2, (3.3), (4.3) and Lemma
4.1, we have

(4.25)
0>4n(n — 1)/

M

- / P A~ (n 1)+ (0~ D Hp+ H? ~ Q) — ~p'}dv - / P pldy
M n M

ned 3n—5
— [ oG -0 -1
M n
where we used

(4.26) > Gpe = Za (Z Gm)? = p*

m* [*

P2 H?dv — (n + 1)/ pdv
M

+(n—2)Hp+ H?* — Q)}dv,

From @ > "=*p? + (n—2)Hp+ H? — 75 and (4.25), we conclude p = 0, that
is M is totally umbilical, or
3n—5

Q_ 4

In the latter case, if p? = 0, then M is totally umbilical; if p?> # 0, we have
the equalities in (4.25) and (4.26) hold. From Y.&2,. = (3. Gm+)?, we have
* m*

(n—2)Hp+ H* —

m
> GOm0+ = 0, this implies that (n — 1) of the ., must be zero. Since
m*#£*
PP =Y (hf})Q # 0 and Gy = E(h?}*)Q, we infer that (n — 1) of the
m*yi,j Y]
A = (hZL ) must be zero so that n = 1, a contradiction with the assumption
n > 2. This completes the proof of Theorem 1.8. [
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