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In this paper, the notion of complete controllability for nonlinear stochastic
neutral impulsive integrodifferential systems in finite dimensional spaces is in-
troduced. Sufficient conditions ensuring the complete controllability of the non-
linear stochastic impulsive system are established. An example is provided to
illustrate the result.
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1. INTRODUCTION

The notion of controllability has played a central role throughout the
history of modern control theory. The problem of controllability is to show the
existence of a control function, which steers dynamical control systems from
its initial state to the final state, where the initial and final states may vary
over the entire space.

The problem of controllability of linear deterministic system is well doc-
umented. The controllability of nonlinear deterministic systems in a finite
dimensional space has been extensively studied [2,9]. The problem of control-
lability of the linear stochastic system of the form

(1) { dz(t) = [A(t)x(t) + B(t)u(t)] dt + o(t)dw(t), t€]0,T],
z(0) = xo,

has been studied by various authors [10,17,19] where o : [0,7] — R™™". In
Mahmudov [17], it is shown that complete controllability and approximate
controllability of the system (1) coincide. He establishes the equivalence be-
tween complete controllability of the linear stochastic system on [0,7] and the
corresponding deterministic system on every [s,T], 0 < s <T.

Controllability of non-linear stochastic systems in finite-dimensional
spaces has been investigated by many authors. Klamka and Socha [10] derived
sufficient conditions for the stochastic controllability of linear and nonlinear
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systems using a Lyapunov technique. Mahmudov and Zorlu [16] derived suf-
ficient conditions for complete and approximate controllability of semilinear
stochastic systems with non-Lipschitz coefficients via Picard-type iterations.
Balachandran et al. [3,4] studied the controllability of semilinear stochastic
integrodifferential systems using the Banach fixed point theorem.

In recent years, many systems in physics and biology exhibit impulsive
dynamical behavior due to sudden jumps at certain instants in the evolution
process. Differential equations involving impulsive effects occur in many appli-
cations [1,6,12,14]. The presence of impulses implies that the trajectories of the
system do not necessarily preserve the basic properties of the non-impulsive dy-
namical systems. Yang, Xu and Xiang [21] established the exponential stability
of non-linear impulsive stochastic differential equations with delays. Liu and
Liao [13] studied the existence, uniqueness and stability of stochastic impul-
sive systems using Lyapunov-like functions. For the basic theory of impulsive
differential equations the reader can refer to [11].

A natural generalization of impulsive ordinary differential equations are
the impulsive neutral functional differential equations. Impulsive neutral func-
tional differential equations describe models of real processes and phenomena
where both dependence on the past and momentary disturbances are observed.
In recent years, the interest in impulsive neutral systems has been growing
rapidly due to their successful applications in practical fields such as circuit
theory, bioengineering, chemical technology, etc. [18,20].

In this article, we investigate the controllability problem of a class of
nonlinear stochastic neutral impulsive systems. Further, we show the complete
controllability of nonlinear stochastic system under the natural assumption
that the associated linear impulsive stochastic control system is completely
controllable. Motivation for these kind of equations can be found in [3,8].

The paper is organized as follows. In Section 2, some basic notations and
preliminary facts are recalled. In Section 3, we obtain the sufficient control-
lability conditions via one of the fixed point methods, in Section 4, we have
given an example to illustrate the result.

2. PROBLEM FORMULATION

In this paper, we consider the following nonlinear stochastic integrodif-
ferential impulsive systems of the form

d[a(t) = Gt 2(t), g (t))] = A(t) [w(t) + [y H(t, s)a(s)ds] at
+{Bt)u(t) + F1 (t,2(t), fri(nx(t)), f12(5x(t )) f13 §x(t)))}dt

+F2 (t7x(t)af2,l(77$( )) f2 2( (t) 7f2,3(‘£x( ))) ( )7 tG[O,T], t#tka
A‘T(tk) = Ik(.x(t];)), t - tk‘7 k = 1727 ..77’,

z(0) = z9 € R,
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where, for i = 1,2 :

fin ( (t))—ftle(tsx( ))ds, g(nz(t fo (t,s,2z(s))ds,
fia(6x(t)) fo fia(t, s, z(s))ds, fis( 51' fo fis(t,s 37( ))dw(s),

and A(t) B(t) are continuous matrices of dimensions n X n, n X m respectively,

:10,7] x R" x R" x R® x R® — R, f;1:[0,T] x [0,T] x R" — R,
F2 [0,7] x R™ x R" x R" x R" — R™™_ f;5:[0,T] x [0,7] x R" — R",
G:[0,T] x R" x R® — R", fi3:[0,T] x [0,T] x R" — R™™,
H:[0,7] x [0,T] = R™", g [0,T] x [0,T] x R" — R",

I, € C(R",R"), u(t) is a feedback control and w is an n-dimensional
standard Brownian motion. Furthermore, 0 =ty < t; < ... < t, < tpy1 =1,
z(t) and z(t; ) represent the right and left limits of z(t) at ¢ = t;, respectively.
Also Az(ty) = z(t]) — z(t, ) = x(t;) — z(t; ), represents the jump in the state
x at time t; with I determining the size of the jump, the initial value zg is
Fo-measurable with E ||zo? < oo.

This type of equations occur in population models [5,7] where the integral
term specifies how much weight is attached to the population at various past
times, in order to arrive at their present effect on the resources availability. The
complete controllability of such equations is of quite fundamental importance
biologically when the parameters are subject to some random disturbances,
like environmental factors, since it concerns the long time survival of species.
The study of this phenomenon has become an essential part of the qualitative
theory of stochastic differential equations.

We define the operator ¥, from Hg to Hy as follows:

(Wyz)(t) = + [1OSU=S) (Ga)(s)ds + [ S(t — s)(Frz)(s)ds
(3) + foS( t—s ng)( )dw( )+0<t2<t5(t_t’“)l’“(x(t’3))’

where, for ¢ = 1,2

(Fix)(t) = F; (t,2(t), fia(nz(t)), fi2(62(1)), fi3(8x(t))),
(Gz)(t) = G (t,2(t), g(nz(t)))
and S(t) is the resolvent matrix [5] which satisfies
0 { 95(T=s) L S(T — s)A(s) + [ S(T —r)H(r, s)dr = 0,
S0)=1, 0<s<t<T.
The solution of Eq (2) can be represented in the following integral form [18]:

z(t) = S(t)[xro — G(0,20,0)] + (@x)(t) +/0 as(gs_s)(éx)(s)ds

#8005 (B + Fns)) as+ [ 50— ) Farpduts
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+ St —te) (= (ty),

0<tp <t

then, we can written
(5)  =z(t) = S(t) [xro — G(0,20,0)] + (¥12)( / S(t — s)B(s)u(s)ds.

Let £(X,Y) the space of all linear bounded operators from a Banach
space X to a Banach space Y. Let (Q, F, {F:}+>0, P) be a complete probability
space with a filtration {F;}+>0 generated by {w(s) : 0 < s <t} and F = Fr.
Let Lo(Q2, Fr, R™) be the Hilbert space of all Fpr-measurable square integrable
variables with values in R". Let Uuq := L3 ([0,T], R™) be the Hilbert space
of all square integrable and F;-measurable processes with values in R™. Let
PC([0;T]; R™) be the space of function from [0;7] into R™ such that z(t) is
continuous at ¢ # t; and left continuous at ¢t = #;, and the right limit X (¢;")
exists for k = 1,2,...r. Further, let Hy := PC%([O,T],LQ(Q,.E,R”)) be the
Banach space of all bounded F;-measurable, PC([0;T]; R") valued random
variables ¢ satisfying

el = sup E ot
t€[0,T

Now let us introduce the following operators and sets.
e The linear bounded operator L{ € £ (L7 ([0,T], R™),L2(Q, Fr, R")) is
defined by
T
Lt = / S(T — s)B(s)u(s)ds.
0

e The controllability operator II associated with (1) is

T
(6) 105 () 2/0 S(T =) BO)B*()S*(T — ) E(. | Fi)dt,

which belongs to £ (L(S2, Fr, R™),L2(Q, Fr, R™")), B*(t) is the adjoint
operator of B(t), and the controllability matrix 'l € L(R", R")

/ S(T — t)B()B*(1)S*(T — t)dt, 0<s<t.
e The set of all states attainable from x( in time T > 0 is

Ri(zo) = {z(t,x0,u) : u € Uy},
where x(t,zp,u) is the solution of (2) corresponding to zp € R"™ and
u() € Ugg.
Definition 1. The system (2) is completely controllable on [0, 7] if
Rr(zo) = La(Q2, Fr, R"),
that is, if all the points in Lo(Q2, Fr, R™) can be reached from the point zp at
time T
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The following lemma gives a formula for a control steering the state xg
to an arbitrary final point xp.

LEMMA 1. Assume the operator Hg is invertible, then for arbitrary xp €
Ly(Q, Fr, R™) the control

(7)
u(t) = B*()S (T~ E { (1) (a1 — S(T)[wo — G(0,20,0)] — (V12)(T)) | Fe}

transfers the system (5) from xo € R™ to xp € R"™ at time T'.
Proof. By substituting (7) in (5), we obtain
(8) z(t) = S(t) [zo — G(0,20,0)] + (¥12)(t)

/ S(t - 5)B(s)B*(5)S" (T — 5)
xE{([F) " (21 — S(T)[wo — G(0,20,0)] — (V12)(T)) | Fs} ds,

we have

ST —s)=S"[(T—t)+ (t—s)] =5t —s5)S"(T — 1),
then
(9) = S(t) [xo — G(0,20,0)] + (P12)(t)

/ S(t — s)B(s)B*(s)S*(t — 5)S*(T — 1)
xE {5 (zr — S(T)[x0 — G(0,20,0)] — (V12)(T)) | Fs}ds,

from (6), we have

= /0 S(t —s)B(s)B*(s)S*(t — s)E(. | Fs)ds
then
a(t) = S(t) [xo — G(0,20,0)] + (W12)(t) + IH(S™(T — ) (15 )~
(10) X (zp — S(T)[zo — G(0,x0,0)] — (V12)(T))).

Writing ¢ = T in (10), we see that the control u(.) transfers the system (5)
from xg to zp. O

3. CONTROLLABILITY RESULTS
FOR STOCHASTIC IMPULSIVE SYSTEMS

In this section, we derive controllability conditions for the nonlinear
stochastic integrodifferential impulsive system (2) using the contraction map-
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ping principle. For the study of this problem we hence introduce the following
hypotheses.

(A1) The functions Fj, f;;, G, g, i = 1,2, j = 1,3 satisfies the Lipschitz
condition:

there are constants L1, Ny, K1, Cq, qr > 0 for zy, yn, v, zn € R",
h=12and 0<s<t<T

I (t, 1, 91,01, 21) — Fi(t, @2, 92, v2, 22) ||
< Ly (Jlor = @all” + llyr = wall” + llor = wall” + 121 = 2°) ,
|Gt 21,91) = Gtz y) I < N1 (Jlan = 2a]> + llys = v2?)

) —
| fij(t,s,21(5)) — fij(t,s 1’2( NI < Ky |z —25!72H27
lg(t, s 961( )) = g(t, s,22(s))[|> < Cy [lwg — @2,
k() — @) < aellz —yll*, ke{l,...r}.

(A2) The functions F;, f;;, G, g, i=1,2, j =1,3 are continuous and there

exist constants La, No, Ko, Cs, dp > 0 > 0 for z, y, v, z € R" and
0<t<T

IFt,2,9,0, 2017 < Lo (14 ol + iyl + ol + 121
162, 0)I> < Vo (1+ ol + lly)1?)

it () < Ko (14 lal?)

lott, s,2)|> < Gz (1+ Jl2]*)

1@ < dp (1+ ll2l?) . k€ {11}

(A3) The linear system (1) is completely controllable.
Now for convenience, let us introduce the following notations:

b =max {ISOI, te 0.7}, = max {| %], ¢ <071}
M:maX{H s € (0,7

LEMMA 2 ([15]). For every z € La(Q, Fr, R™), we have
1. E|Iz|* < ME ||
2. If the linear system (1) is completely controllable, then there exist I3 > 0

such that 112
E||(1mg) " <15

LEMMA 3. Under the condition (A1) and (A2), there exist a real constant
My, Ms > 0 such that for x, y € Hs, we have

s€[0,T

(1) E[(¥iz)(t) - (L)) < My ( sup FE||z(s) —y(S)H2> ,
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(12) B(w2)(0) < My <1+T p Era:<s>||2>.
s€[0,7

Proof. First, we will provide the proof of inequality (11), since (12) can
be established in a similar way. For ¢ = 1,2, let x, y € Ha.
It follows from condition (A1), Holder inequality and Ito isometry that

~

|F)e) — B )] < L (Jte) — w1 + 1 20)) — for (e

+ [ fi2(62(t) = fi2(Sy(0)|* + || fia(Ex(t)) — fi,s(ﬁy(t))llé) :

< L1(142T%K, + TKy) sup ||lz(s) — y(s)|?,
s€[0,7T

from which it follows that

E</Ot H(Efﬂ)(S)—(Ey)(S)HQdS)g L1T(1—|—2T2K1+TK1ZSEPT]LC||x(s) — ()|l
We have

@)~ @ < 3 ()~ v + latna(®)) — alme)I)

$€[0,7T

< N (14 T2%C) < sup ||z (s) —y(S)H2> ;

Then we obtain that

(14)
E< /0 t |Ga)5) - @ H ) < NiT(1+T2CY) (i}é‘} (s —y<s>|2>.

It follows from the above inequality, Holder inequality and Ito isometry that

t s R R 2
Bl(wa)0) - @O <58 | [ L= (@) - @] as

2

+5E /0 S(t—s) [(ﬁlx)(s) — (ﬁly)(s)} ds
2
5B | S(t—s) [(Fx)(s) — (Fay)(s)| du(s)
2
HBE | > S(t—t) [Te(z(ty)) — Tu(y(ty))]

O<tr<t

)

~ ‘

V5E H(@x)(t) — (Gy)(t)
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then, we have
B(#1a)(0) = () O < 570LE [ (@i - @) as
ST E / t H(le)(s) _ (Fly)(s)H2 ds
+5Z1E/ H (Fyz)( H

50 Y B 1) - L)
k=1

~

152 (@) (1) — @u)o)|| -
Thus we have

E|(T1z)(t) - (T1y) (D))
< (1072111 N1 (1 + T?Ch) + 150 (T + 1) L1 T(1 + 272K, + TK;)
+50r (> e | + 10N (1+T2C1) | sup E||z(s) — y(s)|
k=1 SG[O,T}

=M; sup E|z(s) — Z/(S)HZa
s€[0,T7

where

M, = 5T2l1l2N1(1 +T201) + 5lyr <Z qk)
k=1

+5N1 (1 +T2Cy) +50(T + 1)Ly T(1 + 27K, + TKy). O

THEOREM 1. Assume that the conditions (A1), (A2) and (A3) hold. If
the inequality
(15) 2M1(1 + Mlllg) <1

hold, then the stochastic control system (2) is completely controllable on [0,T].

Proof. Define a nonlinear operator Ws : Hy — Hy by

(Tox)(t) = S(t) [xo — G(0,z0,0)] + (V12)(¢ / S(t—s)B(s)u(s)ds

where
(16)
u(t)= B*(t)S*(T—t)E { (1) ™" (xr — S(T)[xo — G(0,z0,0)] — (¥12)(T)) | Fi}
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From Lemma (1), the control (16) transfers the system (5) from the initial state
xo to the final state xp provided that the operator Vs has a fixed point. So, if
the operator W5 has a fixed point then the system (2) is completely controllable.
As mentioned above, to prove the complete controllability it is enough to show
that Ws has a fixed point in Hs. To do this, we use the contraction mapping
principle. To apply the contraction principle, first we show that s maps Hs
into itself.

In order to prove the complete controllability of the stochastic system (2)
it is enough to show that Wy has a fixed point in Hs. To apply the contraction
principle, first we show that Ws maps Hy into itself.

Let x € Hy. Now by Lemma (1), we have for ¢ € [0, 7]

E|(Wa2)(t)|* = E[|S(t) [z0 — G(0, 20, 0)] + (¥12)(t)
HIIES™(T — (D)~ (a7 — S(T)[wo — G(0,20,0)] — (W12)(T))]||”,
< BE||S(t) [z0 — G(0,z0,0)]|* + 3E || (¥12) (1)
+3E ||IHS*(T — ¢)(1I§) ™! (w7 — S(T)[zo — G(0, 20, 0)] — (\I!lx)(T))H2 .
It follows from Lemma (2) that
B [(wa2) (1)* < 611 (llao]> + G0, 20,0)[*) + 3B [[(w1) (1)
+OMUls (E llerll® + 20 |20l + G (0,20,0)[| + E[[(#12)(D)]1)
< 61 (Jlaoll* + G0, 20, 0) )

+9M ity (E gl + 20 |llzo]> + 1G(0,20,0)|])

+3(1 4 3MIy13) M, (1 +T sup E IIm(S))HQ) :
s€[0,T]

therefore, we obtain that H(\Ilgac)(t)H]%12 < 0o. Since Yo maps Hy into itself.
Secondly, we show that W, is a contraction mapping. To see this let
x, y € Hy, so from Lemma (2) and inequality (11), we have

E |(¥22)(t) — (L29) ()]
= B [[(W12)(t) — (P1y)(t) + THS*(T = )(I1F) ™ (W12)(T) = (@ay)(T)]”
< 2B||(W12)(t) — (Lry) (O] + 2M LGB ||(Y12)(T) — (L1y)(D)],
< 2(1+ Mhlz) sup E || ¥ (a(s)) — L1y (s))II*

s€[0,T

< 201 4+ Miyis) M, ( sup B la(s) - y(s)HQ) -
s€[0,7
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It result that

sup B [|(Wax)(s) — (2y)(s)[|* < 2M1 (1 + Mhly) < sup F |[z(s) — y(5)||2>-
s€[0,T7] s€[0,7]

Therefore Wy is contraction mapping if the inequality (15) holds. Then the
mapping ¥o has a unique fixed point z(.) in Hy which is the solution of the
equation (5). Thus the system (5) is completely controllable. O
4. EXAMPLE
Consider a scalar nonlinear stochastic integrodifferential control system
d [x(t) - (éx)(t)} = (77T _7) [x(t) + e 1309 (5)ds | dt

(17) +{5%M0+4ﬁwxn}w+wﬁﬂxwmmﬂ,tegxﬂ, t£ b,
Az(ty) = 0,24e%03(2(t,)), t=ty,
z(0) = zo € R",

where t, = tp_1 + 0,5 for k = 1,2, ...,r. Here we have A(t) = ¢ 7Tt —
7, H(t,s) = 7e 1309 B(t) = e %

N t
(Fiz)(t) = 2x(t)+ (2t +1)e? —I—/ 2se”*x(s)ds
0
T 1 t
—I—/O e El ]a:(s)|d$ —l—/o cos(z(s))dw(s),
(Fox)(t) = e “(x(t)+1)+ / (25? + 3)x(s)ds
0

T t
—i—/o sm(x(s))ds—i—/o log(1 + |z(s)])dw(s),

(Gz)(t) = log [(St +e)
Obviously S(t,s) = e~ 6(t=9) satisfies

95CLs) 4 (T, 5)A(s) + [7 S(T,r)H(r,s)dr =0,
St,t)y=1I, 0<s<t<T.

/t e *(z(s) + 3)ds

0

+1].

So that

T
e = /0 S(T — s)B(s)B*(s)S*(T — s)ds
T

= / e ds=Te T >0, for some T > 0.
0



11

Complete controllability of general stochastic integrodifferential systems 447

It can be easily seen that Fj, Fy and G satisfy the hypotheses (A1l)-(A2)
of Theorem 1. Hence, the stochastic system (17) is completely controllable
on [0,77].
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