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1. INTRODUCTION

The aim of this paper is to ensure the existence of infinitely many gener-
alized solutions for the following perturbed problem

dD (1) = M (tu(t) + pg(t u(®)) + pu(t),  0<t<1,
(1.1) u(0) = /' (0) = 0,
W'(1) = 0,u"(1) = h(u(1))

where A > 0, > 0 are two parameters, f,g are two L?-Carathéodory func-
tions, and p,h : R — R are Lipschitz continuous functions with the Lipschitz
constants L1 > 0 and Lo > 0, respectively, i.e.

Ip(&1) —p(&2)] < Lal§1 — &2 and  |h(&1) — h(&2)] < Lo|é1 — &2

for every &1,& € R such that p(0) = h(0) = 0.

This kind of problems arises in the study of deflections of elastic beams
on nonlinear elastic foundations. The problem (1.1) has the following physical
descriptions: a thin flexible elastic beam of length 1 is clamped at its left end
t = 0 and resting on an elastic device at its right end ¢ = 1, which is given by
h. Then the problem models the static equilibrium of the beam under a load,
along its length, characterized by f, g, p and h. The derivation of the model
can be found in [3,20].
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In recent years, fourth-order boundary value problems modeling bending
equilibria of elastic beams have been extensively studied by many researchers.
We refer the reader to [1-8,11,13,14,17-20,22-24]. For example, in [4] the au-
thors using a fixed-point theorem and degree theory discussed the existence of
one or two positive solutions for nonlinear fourth-order beam equations. More-
over, under the assumption that the nonlinear term is monotone increasing
respect to the second variable, they got the uniqueness result and the result
of the existence of infinitely many positive solutions for the problem. In [17]
Li based on the fixed point index theory in cones discussed the existence of
positive solutions for fourth-order periodic boundary value problems. In [20],
Ma using variational methods and a maximum principle for fourth-order equa-
tions discussed the existence of positive solutions for the problem (1.1), in the
case A =1, 4 = 0 and p = 0. In [18], by using monotone operator theory
and critical point theory, Li et al. established some sufficient conditions for
the nonlinear term to guarantee that a class of fourth-order boundary value
problems has an unique solution, at least one nonzero solution, or infinitely
many solutions. In a later paper [13], employing the critical point theory and
the subsolution and supersolution method studied some fourth-order boundary
value problems, and obtained several new existence theorems on multiple pos-
itive, negative and sign-changing solutions for the problems. In [14] Han and
Xu employing the Morse theory obtained some existence theorems on three
solutions and infinitely many solutions for a fourth-order beam equation. Bo-
nanno and Di Bella in [7] using an infinitely many critical points theorem,
without symmetric condition on the nonlinear term established existence re-
sults of infinitely many solutions for a fourth-order nonlinear boundary value
problem. In [8] the authors employing a local minimum theorem for differen-
tiable functionals investigated the existence of at least one non-trivial solution
to a boundary value problem for fourth order elastic beam equations, under a
non-standard growth condition of the nonlinear term. In [2,6] based on varia-
tional methods and critical point theory the existence of at least three solutions
for fourth-order elastic beam equations was discussed. Yang et al. in [23] by
using variational methods and a three-critical-point theorem, established suf-
ficient conditions under which the problem (1.1), in the case =0 and p =0
possesses two solutions generated from the boundary condition h. Recently,
Gao in [11] based on variational methods and critical point theory established
some existence results of three solutions for the problem (1.1), in the case p = 0.
Song in [22] by using the smooth version of [10, Theorem 2.1] established in-
finitely many solutions for the problem (1.1), in the case p = 0. Very recently,
in [5] the authors based on variational methods studied the existence of non-
zero solutions for a fourth-order differential equation with nonlinear boundary
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conditions. In [1] based on recent variational methods for smooth functionals
defined on reflexive Banach spaces, the existence of three distinct generalized
solutions for the problem (1.1) under suitable assumptions on the nonlinear
terms was established.

Motivated by the above works, in the present paper, by employing a
smooth version of [10, Theorem 2.1], which is a more precise version of Ric-
ceri’s Variational Principle [21, Theorem 2.5] under some hypotheses on the
behavior of the nonlinear terms at infinity, under conditions on f and g we
prove the existence of a definite interval about A and g in which the problem
(1.1) admits a sequence of solutions which is unbounded in the space E which
will be introduced later (Theorem 3.1). Furthermore, some consequences of
Theorem 3.1 are listed. Replacing the conditions at infinity of the nonlinear
terms, by a similar one at zero, we obtain a sequence of solutions strongly
converging to zero; see Theorem 3.4. At the end, two examples of applications
are pointed out (see Examples 3.1 and 3.2).

2. PRELIMINARIES

Our main tool to ensure the existence of infinitely many solutions for the
problem (1.1) is a smooth version of Theorem 2.1 of [10] which is a more precise
version of Ricceri’s Variational Principle [21] that we now recall here.

THEOREM 2.1. Let X be a reflexive real Banach space, let &,V : X — R
be two Gateauz differentiable functionals such that ® is sequentially weakly
lower semicontinuous, strongly continuous, and coercive and ¥ is sequentially
weakly upper semicontinuous. For every r > infx ®, let us put

. SUPyed—1(]—o0,r|) \I/(’U) - \Ij(u)
= f
e(r) ue@1 (o0 ) r— ®(u)

and
~v:=liminf p(r), 6:= lminf ¢(r).

r—+400 r—(infx @)+
Then, one has
(a) for every r > infx ® and every A €]0, ﬁ[, the restriction of the
functional Iy = ® — AU to @~ 1(] — oo, 7[) admits a global minimum, which is
a critical point (local minimum) of I in X.
(b) If v < +o0 then, for each X €0, %[, the following alternative holds:
either
(b1) I, possesses a global minimum,

or
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(be) there is a sequence {un} of critical points (local minima) of Iy
such that
lim ®(uy,) = +oo.

n——+00
(c) If § < 400 then, for each A €]0, %[, the following alternative holds:
either
(c1) there is a global minimum of ® which is a local minimum of Iy,
or
(c2) there is a sequence of pairwise distinct critical points (local min-
ima) of I which weakly converges to a global minimum of ®.

Denote
E = {ue H*0,1); u(0)=1u'(0)=0},

where H2(0, 1) is the Sobolev space of all functions u : [0,1] — R such that u
and its distributional derivative u’ are absolutely continuous and u” belongs to
L2(0,1). Then E is a Hilbert space equipped with the following inner product

1
(u,v) = / o’ ()" (t)dt, for allu,v € E,
0

and its corresponding norm is defined by

1
1 2
lul| = [|u”]]2 = </ (|u”(t)|2dt> for allu € E.
0

Obviously, E is a separable and uniformly convex Banach space. In addition,
(E, || - ||) is compactly embedded in the space C([0,1]), therefore, there exists
a constant S such that

(2.1) [ulloe < Sllufl,
where ||u|oco = maxyep ) [u(t)| for all u € E. Now, we put

Ch =
Cy :=

(1 —L15% — L,5?),

(2:2) (14 152 + L,52).

D=0 =

To state our results concisely we introduce the following assumption:
(A1) there exist two constants £ and ¢ with 0 < £ < ¢ < 1 such that there
exist two functions d € C2([0,#]) and e € C?([t,1]) satisfying

(2.3) d0)=d(0)=0, dt)=e{t)=1, d{)=¢€(t)=0

and D i= \/ [T |d"(t)Pdt + [} e (D)]2dt £ 0.
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Corresponding to the functions f and p we introduce the functions

1%@=AU@M§de@=A%@%

for all ¢ € [0,1] and = € R.
Let us recall that a weak solution of the problem (1.1) is a function u € E
if

1
(2.4) Acwmw@mm»<»&+h /ftu
uAgwumw@wzo

for every v € E.

A function u : [0,1] — R is a generalized solution to the problem (1.1) if
u € 0.1, € AC(0.1). w(0) = ¥(0) = W(1) = 0, V(1) = Hu(D)
and v (t) = Af(t,u(t)) + pg(t,u(t)) + p(u(t)) for almost every t € (0,1). I
f and g are continuous in [0, 1] X R, therefore each generalized solution w is a
classical solution.

Standard methods (see [6, Proposition 2.2]) show that a weak solution to
(1.1) is a generalized one when f, g are L2-Carathéodory functions.

We suppose that S%(L; + Lo) < 1.

A special case of our main result is the following theorem.

THEOREM 2.2. Suppose that (A1) holds. Let f : R — R is a nonnegative

function and let F(x fo §)d¢ for all x € R. Assume that
F F

lim inf (§) =0 and limsup (25) = +o0

E—+oo § E—+o0
Then, for every continuous function g : R — R whose G(z fo £)d¢ for
every x € R, is a nonnegative function satisfying the condztwn

T SUP|z|<¢ G(LE)

(2.5) Gy 1= gh—r>noo —01§2 < 400

and for every p € [0, i \[ where pu, ) = i (1 — A\S2%lim infe i oo Cl(é%) , the

problem
WD () = ful®) + pg(u(t) +pu(t),  0<t <1,
u(0) = 4/(0) =0,
(1) = 0,u"(1) = h(u(1))

has an unbounded sequence of generalized solutions.
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3. MAIN RESULTS

We present our main result as follows.

THEOREM 3.1. Suppose that (A1) holds. Assume that
(A2) F(t,z) >0 for all t € [0,#] U[t, 1] and x € R;

. L sup)<g Ft,z)dt i (&)t
(A3) liminfe | Jo sup %25 2 ngé% limsupe 4 o0 I A (t.6)
Then, for each X €]A1, A2| where
1 1
A1 = and M\ = .
i ft (t,&)dt lim inf Jo sup|zj<¢ F(t,x)dt
11m Sup£*>+oo W 11m 11 5—)-‘1—00 0152

52
for every L2-Carathéodory function g : [0,1] x R — R whose G(t,z) =
fO (t,£)d¢ for every (t,x) € [0,1] x R, is a nonnegative function satisfying
the condition

1
(3.1) g = Tim fo Sup|g<¢ G(t, z)dt

£—00 C1€2
52

< 00

and for every p € [0, g \[ where

1
1 o SUp|g|<¢ F'(t, 7)dt
.— = (1= AS?lim inf 22 < )
pa = (1= A8 minf 2R 2 ),

the problem (1.1) has an unbounded sequence of generalized solutions.
Proof. Fix A €]A1, A2] and let g be a function satisfying the condition
(3.1). Since, A < Ag, one has n,x > 0. Fix € [O,Ngx[ and put v; (= )\

A2

H%Tgoo' If Joo = 0, Clearly, V] = )\1’ vy = A and A G]VLVZ[-

and vy =
o - N —22 > )
If goo # 0, since i < py 5, we obtain {4 figeo < 1, and so 1+E g0 >

namely, A < 5. Hence, since A > A\ = vy, one has A\ €]y, 15]. Now, set
Q(t,x) = F(t,x) + £G(t,2) for all (¢,2) € [0,1] x R. Take X = E and define
in X two functionals ® and ¥ by setting, for each u € X, as follows

u(1) 1
B) = gl + [ A(s)ds = [ PGt = 61( + dale) - ésta)

and

B 1 ﬁ 1
W@—AP%MMM+AAG@MW&

u(1) 1
¢1(u):%||uH2, qbg(u):/o h(s)ds and qbg(u):/o P(u(t))dt.
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It is well known that ¥ is a Gateaux differentiable functional and sequentially
weakly upper semi-continuous whose Gateaux derivative at the point u € X is
the functional ¥'(u) € X*, given by

— 1
v—/ F(t ult )dt+§/0 gt, u(®))v(t)dt

for every v € X, and ¥’ : X — X* is a compact operator. Moreover, ® is a
Gateaux differentiable functional which Gateaux derivative at the point u € X
is the functional ®'(u) € X*, given by

1 1
&' (u)v = /O o (0 (1) dt — /0 pu(t))o(®)dt + h(u(1))o(1)

for every v € X. Furthermore, ® is sequentially weakly lower semi-continuous.
Indeed, obviously ¢; is weakly lower semi-continuous in X. Therefore, by
continuity of P it suffices to show that ¢o is sequentially weakly continuous in
X. In fact, if {u,} C X and u,, — w in X, {uy} converges uniformly to u on
[0,1]. Then, there exists M > 0 such that

|unlloo < M, for alln € N.

Therefore, we have

atin) — sl = | [ miwae— [ nioar

un (1)
- ’/ h(t dt’

< max{M,u( ) La||un — ulloc — 0 as n — oo.

Thus ¢9 is sequentially weakly continuous. So, ® is sequentially weakly lower
semi-continuous in X. Now from the facts —L; || < p(§) < L1]¢| and —Lo|¢| <
h(§) < Lof¢| for every £ € R, and taking (2.1) into account, for every u € X
we have

(3.2) Cuflull* < @(u) < Collul.

Put I5 := ®— AWU. Similar to the proof of Lemma 1 of [11], we observe that the
weak solutions of the problem (1.1) are exactly the solutions of the equation
IIX(U) = 0 and they are also generalized solutions. So, our goal is to apply
Theorem 2.1 to ® and ¥. Now, we wish to prove that v < +oo, where v is
defined in Theorem 2.1. Let {{,} be a real sequence such that &, > 0 for all
n € Nand &, — 400 as n — oo and

Jo SUp|z|<g, @t 2)dt Jo SUp|,|<¢ Q(t, z)dt

nh~>oo én - 15121_;'_00 52
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Put r, = C;éi for all n € N. Since {&,} is a positive sequence, 7, > 0 for all
n € N. Now let u € ®1(] — o0, 7,]), owing to (3.2), we have that

(3.3) Cljull* < ®(u) < 7.

Combining (3.3) with (2.1) yields ||u]|oo < &,. Thus

(3.4) (] =00, 7a[) € {ut [Jullos < &}

Hence, taking into account that ®(0) = ¥(0) = 0, for every n large enough,
one has

(Supvecbfl(]—oo,rn[) \I[(’U)) - ‘I/(u)

rp) = inf
#(rm) u€d—1(]—o0,rn) rn — P(u)
SUPyed—1(]—o0,r]) P (V)
< o
1 1 m
_ Jo suDjgi<e, Q(t, )dt _ Jo supjui<e, F(t, @) + EG(t,x)dt
= C1€2 C1€2
S2 52
1 1
_ Jo supjgi<e, F(t, x)dt Efo SUp|g<¢, G(t, z)dt
= Cie2 3 o2 '
52 SQ

Moreover, it follows from Assumption (A3) that

1
su F(t,z)dt
lim inf fo Plri<¢ t:@) < 40

O162
§—r o0 ég

which concludes

1
_ Jo suDp<g, F(t,x)dt
(35) e Cig

Then, in view of (3.1) and (3.5), we have

1
Sup|,, F(t,x)dt
i o SWPlsi<e, Ft2)dE

n—+00 C1€2 n—00 )\ C1€2
52 S2

< +00.

1
- Efo SUp|g|<¢, G(t, z)dt

< 400,

which follows

>I=|

lim Jo suppy<e, F(t,z) + EG(t,z)dt

n—oo C1€2
S2

< +00.

Therefore,

1 _
F(t,z) + EG(t, x)dt
(3.6) ~v < liminf p(r,) < lim Jo Sup|y <¢, (1, 2) 5 (t,z)

n—-+4o0o n—oo C1 5721
S2

< +00.
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Since
1 1
Jo suDjgi<e, Q(t,2)d fo SUP|y<¢, F(t,2)dt T [ supjy <, G(t,z)dt
] = Cié& "3 G ’
S2 S2 S2

taking (3.1) into account, one has

1
su t,x)dt su F(t,z)dt
(3.7)  liminf fO Piaj<e Q(F, 2)dt < lim inf f Piaize F(1, )df

£—+00 05152 £—+00 CS§2

I
+ =0c0-
A

Moreover, since G is nonnegative, we have

t
- F(t,&)dt
(3.8) lim sup ft > lim sup J Ft:8)

|g\—>+oo D2C2€2 €lotoo  D?C2€?

Therefore, from (3.7) and (3.8), and from Assumption (A3) and (3.6) one has

(3.9)
_ 1 1

)\ E]Vl; VQ[Q f—fQ(t f)dt ) fl sup, < Q(t x)dt [
lim supj¢|— 10 g S?2liminfe 4o =2 ‘xlc_é?

ol

For the fixed ), the inequality (3.6) assures that the condition (b) of Theorem
2.1 can be used and either I5 has a global minimum or there exists a sequence
{un} of solutions of the problem (1.1) such that lim, _, ||u|| = +o0.

The other step is to verify that the functional I5 has no global minimum. Since

. ffF(t, §)dt
— < limsup H——2—,
elotoo  D?C€?

we can consider a real sequence {v,} and a positive constant 7 such that
Yn — +00 as n — oo and

1 JLE (8, ) dt

1
(3.10) /\<r< D202

for each n € N large enough. Thus, if we consider a sequence {wy, } in X defined
by setting

(3.11) wat) =4y iftelf t]
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t 1
lwn|[? = ~2 [/0 \d”(t)]Zdt—i—/{ |e”(t)]2dt] = D?y2,

and in particular, taking (3.2) into account, it follows

one has

(3.12) ®(w,) < D*Cyy?.

On the other hand, since G is nonnegative, we observe

(3.13) W(wy) > / "Rt

So, from (3.10), (3.12) and (3.13) we conclude

t
I (wy) = ®(w,) — AV (wy,) < DQng/,% — )\(/ F(t,vp)dt) < (1 — XT)DQCgfy,%,
7

for every n € N large enough. Hence, the functional I3 is unbounded from
below, and it follows that I3 has no global minimum. Therefore, Theorem 2.1
assures that there is a sequence {u,} C X of critical points of I3 such that
limy, 00 ®(up) = +00, which from (3.2) it follows that lim, o ||un| = +o0.
Hence, we have the conclusion. [

Remark 3.1. Under the conditions

supjyj<e F(F2)dt LR 6)dt
lim inf f Pl |<£2 ¢ @) and lim supj;# = 00,
§—>+to0 § £—s+o0 §

Theorem 3.1 assures that for every A > 0 and for each p € [0, g%.o[ the problem
(1.1) admits infinitely many generalized solutions. Moreover, if g, = 0, the
result holds for every A > 0 and p > 0.

Now, we give an application of Theorem 3.1.

Ezample 3.1. Let f:[0,1] x R — R be the function defined by

f(t,x)

_{f*(t)xex(2+a:—cos(ln(|:c|))—(2 + z)sin(In(|z]))) if(¢,x)€[0,1] x (R\{0}),
0 if (t,z)€[0,1]x{0},

where f 0,1 — ]R is a non-negative continuous function, and let p(z) =

sz arctanx | h(z) = 25 sinz for each © € R. A direct calculation shows

25 3S

_ [ fr)a?e"(1 —sin(In(|z]))) if (t,2) € [0,1] x (R\ {0}),
F(t,z) = { 0 if (t,z) € [0,1] x {0}
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Now by & = %, T = 2, d(t) = 48> — 128> and e(t) = 5t — 0> we have

D= 25‘ﬁ , and since S, C1, Cy, < 0o, we have

3
o fol Sup|<¢ £'(t, x)dt . [ F(t,€)dt
lim inf — =0 and limsup—*—5—
E—+oo & 100 ¢

Hence, note that L, = ﬁ and Lo = ﬁ using Theorem 3.1, the problem (1.1)
in this case with g(t,z) = e!~*" (z™)¥ for all (t,z) € [0,1] x R where zt =
max{xz,0} and w is a positive real number, for every (A, u) €]0, +00[x [0, +00[
has an unbounded sequence of generalized solutions.

Remark 3.2. Assumption (A3) in Theorem 3.1 could be replaced by the
following more general condition

(A’3) there exist two sequence {6, } and {n,,} with 7, > 0 for every n € N
and DZCQH?L < g; 7]% for all n € N and limy,— o0 7, = +00 such that

fo sup|z|<nn (t,x)dt — ft f;F(t,g)dt

lim < limsu
n+oo Sz - D2Cy0% i DGR
Indeed, clearly, by choosing 6,, = 0 for all n € N from (A’3) we obtain (A3).
Moreover, if we assume (A’3) instead of (A3) and we choose r,, = Cm" for all
n € N, by the same arguments as in Theorem 3.1, we obtain
SUDyped—1(]— oo, f (t, wy(t))dt
SO(Tn) < <€ (]—o0 ] ( ; 0
— Jo A () [2dt — h(t)dt + fo (wp(t))dt

fo supmg77 F(t,z)dt — ft
@ﬁn — D2Cy02

where wy,(t) is the same as (3.11) but 7, replaced by 6#,,. We have the same
conclusion as in Theorem 3.1 with the interval |\, A2[ replaced by the interval

A 1 1
[IF@teat’ ) [y supjp <y, F(tx)dt— [ F(t,0n)dt
lim SUP¢ 5400 "2 Ca€2 52 llmn—)+oo . 6”17;7721_[)2 520562

Here, we point out a simple consequence of Theorem 3.1.

COROLLARY 3.2. Assume that Assumptions (Al) and (A2) hold. Fur-
thermore, suppose that

1
(B1) liminfe_, o0 22 el Pl &

t
(B2) limsupe_, o, 57E0Y > p20,.
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Then fOT every arbitrary L?-Carathéodory function g : [0,1] x R — R whose
= [ 9(t,)dE for every (t,z) € [0,1] x R is a nonnegative function

satzsfymg the condition (3.1) and for every p € [0, pig1| where fig1 io (1 -

fo sup|,<¢ F(t,x)dt

), the problem
ul(t) = f(t,u(t) + pg(t,u(®) +plu(t), 0<t<1,
u(0) = u/(0) =0,
u”(1) = 0,u” (1) = h(u(1)),

has an unbounded sequence of generalized solutions.

Remark 3.3. Theorem 2.2 is an immediate consequence of Corollary 3.2
when p = 0.
We here give the following consequence of the main result.

COROLLARY 3.3. Let f1:[0,1] xR — R be an L2-Carathéodory function
and let Fy(t,x) fo fi1(t, &)A€ for all x € R. Assume that

(D1) liminfe Jo Sup"”'SEEFI(t’m)dt < 400y

i
(D2) limsupe__, , o W = +o00

Then, for every L2-Carathéodory function f; : [0,1] x R — R, denoting
Fi(t,x) = fox fi(t,&)dE for all x € R for 2 < i < n, satisfying

min{ inf  Fy(t,6); 2§i§n}20
(t,€)€([0,f]u[t,1]) xR
and
min { lim inf FZ(Z’ §)7 2<4i< n} < +00,
&—400 f
for each

1
Ae |0 )

" S21lim infe_, 400 Fégzg)

for every arbitrary L2-Carathéodory function g : [0, 1]xR — R whose G(t,z) =
fo (t,£)dE for every (t,z) € [0,1] x R, is a non-negative function satis-
fying the condition (3.1) and for every p € [0, g [ wherepy s = gé(l -

! d
AS? lim infe oo Jo SUP‘15251(t’x) t), the problem

W(t) = AT, filtsu(®) + pg(t,ut) +p(ult),  0<t<L,
u(0) = /(0) =0,
u”(1) = 0,u” (1) = h(u(1)),

has an unbounded sequence of generalized solutions.
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Proof. Set F(t,&) = Y1, Fi(t,§) for all £ € R. From the assumption
(D2) and the condition

min{ inf Fi(t,€); 2§i§n} >0
(t.8)€([0,]U[E,1]) xR

we conclude
' (PRt S LR €t
limsup =2 — limsu =20t
et D202 T (LU0 DICe

Moreover, from the assumption (D1) and the condition

Fi(t
min{liminf 1(2’5); 2<i< n} < 400,
E——+o00 5
we obtain
1 1
su F(t,z)dt su Fi(t,x)dt
lim inf fo Plzj< (t,2) < lim inf fo Plr|<¢ 1(t,2) < 400.
{—+o0 62 {—+o0 52

Hence, the conclusion follows from Theorem 3.1. [

Arguing as in the proof of Theorem 3.1, but using conclusion (c) of The-
orem 2.1 instead of (b), one establishes the following result.

THEOREM 3.4. Assume that Assumptions (Al) and (A2) hold. Further-
more, suppose that

! 7
(1) liminf, o 2 0Reze OO 0p i gy, JELO

&2 D2S2(C,
Then, for each X €]As, Aa| where
1 1
Ag = ¥ and A4 := f Y
. (t t . su x
lim Supe__o+ LDQTZQ lim 1nf5 e ch§2

S2
for every arbitrary L2-Carathéodory function g : [0, 1]xR — R whose G(t,z) =

Jo 9(t,€)d€ for every (t,2) € [0,1] x R is a nonnegative function satisfying the
condition

1
(3.14) go := lim Jo supjj<e G(t, z)dt

=0+ C1622
5

< +00

Cr€2
the problem (1.1) has a sequence of pazrwzse distinct generalized solutions,
which strongly converges to 0 in E.

1
and for every p € [0, g \[ where g x:= (1 AS?liminfe o+ Jo s <e F(t’m)dt),
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Proof. Fix A €]A3, \] and let g is the function satisfying the condition
(3.14). Since, A < A2, one has pyx > 0. Fix 1t G]O,ugx[ and set v3 := A3 and

vy = 1+%)\§\4go' If go = 0, clearly, v3 = A3, v4 = A\q and X €]z, vy4]. If go # 0,
since 1 < p, 5, one has
A
Z g < 1,
N + 1190
and so
A4 -

1—|—E)\4g0 > A
A

namely, \ < v4. Hence, recalling that A > A3 = v3, one has X €|vs, vy|.
Now, put Q(t,u) = F(t,u) + £G(t,u) for all u € R and ¢ € [0,1]. Since

fol SUp|g<¢ Q(t, x)dt - fol Sup|g<¢ £'(t, z)dt fo Sup|g<¢ G(t, z)dt

LT
C1£2 - Ci£2 by C1€2 ’
S2 S2 S2

taking (3.14) into account, one has
1
Jo suD|u < F(t, )dt

1
o sup<c QU m)dt
. < =qo-
(3.15) lim inf o < lim inf .22 + 90
S2 52

Moreover, since G is nonnegative, from Assumption (F1) we have

_ [fQe, et [LF(t,€)dt
3.16 1 Je LS Je 3052
(319 et D20ygr = NP DA

Therefore, from (3.15) and (3.16), we obtain

A E]I/g,l/4[

1 1

. Q(te)dt’ . [ sup) i< Q(t,a)dt
lim supy¢| o+ ftDQC€£2 S2liminfe o4 =2 ‘C‘,ﬁlzz

N

C A3, Aaf.

We take X, ®, ¥ and I5 as in the proof of Theorem 3.1. We prove
that § < +o0. For this, let {£,} be a sequence of positive numbers such that
&, — 0T as m — 400 and

1
i fo SUD 4| <¢,0 F(t,z)dt

n—o0 &2

< +00.

Put r, = C;é for all n € N. Let us show that the functional I5 has not a local

minimum at zero. For this, let {v,} be a sequence of positive numbers and
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7 > 0 such that v, — 0" as n — oo and

1 JEF @ ya)dt

1
(3.17) 5 <7< D202

for each n € N large enough. Let {w,} be a sequence in X defined by (3.11).
So, owing to (3.12), (3.13) and (3.17) we obtain

t
Li(wn) = @(wn) — AU (wy,) < D20273A/ F(t,v,)dt < (1 = AT)D?*Cyy2 <0
7

for every n € N large enough. Since I5(0) = 0, that means that 0 is not a local
minimum of the functional I5. Hence, the part (c) of Theorem 2.1 ensures that
there exists a sequence {u,} in X of critical points of I such that |u,| — 0
as n — oo, and the proof is complete. [

Remark 3.4. Applying Theorem 3.4, results similar to Remark 3.2, Corol-
laries 3.2 and 3.3 can be obtained.

We end this paper by giving the following example as an application of
Theorem 3.4.

Ezample 3.2. Let f :[0,1] x R — R be the function defined by

[ 7)1 cos(in(|z])) — sin(in(|z]))) i () € [0,1] x (R {0}),
f“’”‘{o ( )1f< € [0,1] x {0},

where f* :[0,1] — R is a non-negative continuous function, and let p(x) =
In(1 + 22)Y/45% h(z) = #]w\ for each € R. A direct calculation shows

_ [ )zl —sin(In(|z])) if (t,2) € [0,1] x (R\ {0}),
F(t,z) = { 0 ( ) if (¢,2) € [0,1] x {0}.

Now by = 4, T = 55, d(t) = 242 — 3843 and e(t) = 2t — 122¢* we have
D=2 3V§£3 and since S, C7, Co < 0o, we have
0 p
o SUp|<¢ F(t, x)dt J& F(t,§)dt
lim inf = =0 and limsup —*——5—— = +o0.
£—0+ § £—s0+ §

Hence, note that L = # and Ly = # using Theorem 3.4 the problem
(1.1) in this case, with g(t,z) = tx for all (¢,x) € [0,1] x R, for every (A, u) €

10, +00[x [0, 45021 [ has an unbounded sequence of generalized solutions.
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