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We deal with the modifications of the well-known irregular assignments, namely
vertex irregular total labelings, edge irregular total labelings and totally irreg-
ular total labelings of graphs. In the paper, we study the total vertex (edge)
irregularity strength and total irregularity strength for disjoint union of arbitrary
graphs and we establish the upper bounds for these invariants.
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1. INTRODUCTION

Let G be a connected, simple and undirected graph with vertex set V(G)
and edge set F(G). A total labeling f : V(G) U E(G) — {1,2,...,k} is called
a vertex irreqular total k-labeling of G if every two distinct vertices z and y in
V(G) satisty wts(x) # wt¢(y), where

wty(z) = f(x) + Z f(x2).

zz€E(G)

The total vertex irregularity strength of G, denoted by tvs(G), is the minimum
k for which G has a vertex irregular total k-labeling. In [5] are given the bounds
for the total vertex irregularity strength of a graph G with minimum degree
0(G) and maximum degree A(G) by the following form:

V(G +6(G)

(1) N7
A(G) +1

Moreover, there is proved that tvs(G) < |[V(G)| — 1 — |(|V(G)]| — 2)/(A+1)]

for a graph with no component of order < 2. Przybylo [19] proved that

tvs(G@) < 32|V(G)]/6(G)+8 in general and tvs(G) < 8|V(G)|/r+3 for r-regular

graphs. This was then improved in [4] that tvs(G) < 3[|V(G)|/d(G)] +1 <

w < tvs(G) < [V(G)| + A(G) — 26(G) + 1.

MATH. REPORTS 18(68), / (2016), 469482



470 R. Ramdani, A.N.M. Salman, H. Assiyatum, A. Semanicova-Fenov¢ikova, M. Baca 2

3|V(G)|/6(G) + 4. Recently, Majerski and Przybylo in [12] based on a random
ordering of the vertices proved that if §(G) > n%5Inn then tvs(G) < (2 +
0(1))|V(G)|/6(G)+4. The exact values of the total vertex irregularity strength
for several families of graphs can be found in [16,17] and [18].

Furthermore, in [5] Bac¢a, Jendrol, Miller and Ryan defined the total
labeling ¢ to be an edge irreqular total k-labeling of the graph G if for every
two different edges 129 and |2, of G one has wt,(z122) # wt,(x)2h), where

wty(z122) = (1) + P(x122) + P(22).
The total edge irreqularity strength of G, denoted by tes(G), is defined as the
minimum k for which G has an edge irregular total k-labeling.
In [5] is proved that for any graph G with a non-empty edge set E(G)

E(G 2
2) P(g)“rl < tes(G) < |E(G)).
Ivanco and Jendrol [9] posed a conjecture that for arbitrary graph G different

from K,
tes(G) = max{ PE(G)] + 2-‘ ’ {A(G) + 1-‘ } ‘
3 2

This conjecture has been verified for complete graphs and complete bipartite
graphs in [10] and [11], for the Cartesian, categorical and strong products
of two paths in [1,2,14], for the categorical product of two cycles in [3], for
generalized Petersen graphs in [8], for generalized prisms in [6], for corona
product of a path with certain graphs in [15] and for large dense graphs with
(IB(G)| +2)/3 < (AG) +1)/2 in [7).

Combining previous modifications of the irregularity strength, Marzuki,
Salman and Miller [13] introduced a new irregular total k-labeling of a graph G
called totally irregular total k-labeling, which is required to be at the same time
vertex irregular total and also edge irregular total. The minimum £ for which
a graph G has a totally irregular total k-labeling is called the total irregularity
strength of G and it is denoted by ts(G). In [13] there is proved that for every
graph G,

(3) ts(G) > max{tes(G), tvs(G)}.
Ramdani and Salman in [20] determined the exact values of the total irregu-

larity strength for several Cartesian product graphs. Namely, they proved that
for n > 3, ts(P,0P,) = n, ts(C,,OP) = n+ 1 and ts(S,0P) =n+ 1.

2. MAIN RESULTS

Let J/~; G; denote the disjoint union of graphs G1, G, ..., G, m > 2.
Next theorem gives an upper bound of the total edge irregularity strength of
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the disjoint union of graphs.

THEOREM 2.1. The total edge irreqularity strength of disjoint union of
graphs G1,Ga, ..., G, m > 2, is

s (Q Gi> < gtes(Gi) _ {m;lJ .

Proof. Let G;, i = 1,2,...,m, be a graph of order p; and size ¢;. Let
tes(G;) = t; and f; : V(Gi) U E(G;) — {1,2,...,t;} be an edge irregular total
ti-labeling of G;. We define tg = 0. Let V(G;) = {vie : a = 1,2,...,p;}
and E(G;) = {eix : x =1,2,...,q;}, for every i = 1,2,...,m. Define a total
(Xt — | 22 |)-labeling g of U, G; as follows:

(Uza f’L Uza + Zt - % if Vig € V(Gz)a

g(eiz) = fileir) + Zts — Tl if e,z € E(G)),

where a =1,2,...,p;, x =1, 2 ..,qgiand i =1,2,.

Let e, = viquip be an edge in E(G;). We dlstmgulsh two cases.
Case 1. If 7 is odd then for edge-weight of e;;, = v;4v; under the labeling g we
have

wtg(eiz) = 9(via) + g(eiz) + g(vip)

i—1
(fz(vm) ts— 5 | + (fi(eim) + Zts - Z_2l>
s=0
i—1
+ <fi(w‘b) + Zts — 221> wtfl eiz) +3 (Zt _ ) )
s=0
)

s=0

Since, for a fixed i, wty, (eiz) # wty, (esy) for every x # y and 3 <le;%) te — %)

is a constant, thus also wty(eiz) # wtg(eiy).
Case 2. If 7 is even then for edge-weight of the edge e;, = v;qvs; under the
labeling g we get

wtg(€iz) = g(via) + g(€iz) + g(vip)

i—1 . i—1 ‘
= (fz‘(vm) + Zts - ;) + <fi(€im) + Zts — % + 1)
s=0 s=0
1—1 i
+ (fi(vib)+2t5—2> —wtfl ez:v (Zt5_> 4 1.
s=0
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Again we can see that for a fixed ¢ we have wt,(e;,) # wty(e;y) for every z # y.
Now we are going to show that wtg(e;;) < wty(eit1y) for every z =
1,2,...,¢; and y = 1,2,...,¢;+1. We distinguish two cases according to the

parity of i.

Case 1. If 7 is odd then

(4) wtgy(ein) = wty, (eiz) + 3 (

i—1 i—1
<3ti+3<2ts— )
s=0

7
(5)  wtg(eiry) = wty,  (€iy1y) +3 (Z ts — ) +1

s=0

1 1
>3+3<Zt—z2 +1=3 ( ts—22 >+1.

Thus from (4) and (5) it follows that

i
wtg(eiz) < 3 ( s
s=0

Case 2. If i is even then

i1 .
(6) wtg(eir) = wty,(€ix) + 3 (Z ts — ;) +1

s=0
1—1 . 7 .
1 1
< X _ — _
_3t,+3<2t5 2>+1 3(2155 2>+1
s=0 5=0
and
(1) wtg(eiyry) = wty,,, (eiy1y) + 3 (Z_; ts — 2) >3+43 (Z_:O ts — 2) .

So (6) and (7) give that

wiy(ein) < 3 (Zts - ;) +1<3 (Z ty — ;) +3 < wtyleigny).

s=0 s=0
Hence, in [ J;"; G; under the labeling g, there are no two edges of the same

edge-weight. Therefore, g is an edge irregular total (Z it — Lm 1J) labeling
of |J;, G;. This concludes the proof. [
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Next theorem provides an upper bound of the total vertex irregularity
strength for disjoint union of regular graphs.

THEOREM 2.2. Let G;, i = 1,2,...,m, be an r-regular graph. Then

s (QG) < itvs(Gi) _ VbzlJ |

Proof. Let tvs(G;) = t; and f; : V(G;) U E(G;) — {1,2,...,t;} be a
vertex irregular total ¢;-labeling of an r-regular graph G;, i = 1,2,...,m. We
define tgo = 0. Let V(G;) = {vig : a = 1,2,...,p;} and E(G;) = {eip :
x=1,2,...,q}, for every i = 1,2,...,m. Define a total (3> ;" t; — nglj)—
labeling g of |J;~; G; in the following way:

('Uza fz 'Uza + Zts - % if v, € V(Gz>7

(ewz fz em Zt - Tl if €ix € E(Gz)a
wherea =1,2,...,p;, x=1,2,...,¢sand 1 =1,2,...,m

Let €ia,, €iag, - - - ; €ia, be edges incident with the vertex v;q.
Case 1. If i is odd then for vertex-weights under the labeling g we have

wty(via) = 9(Via) + Z 9(€iay,)

h=1
1—1 i—1 r i—1 i—1
= | fi(via) sm o | | fileim) £ Yt 5
h=1 5=0

+)

It is easy to see that (r + 1) (ZZS;B ts — %) is a constant for a fixed i and

= wty, (vie) + (r+1) (

since wty, (viq) # wty, (vip) for every a # b, thus also wty(vie) # wtgy(vp), for
1=1,2,....m
Case 2. If i is even then for vertex-weights we get

wty(via) = g(Via) + Zg(emh)
h=1

i—1 .
= (fi(via) + Zts - ;) +
s=0

r

i—1 .
<fi(eiah) + Zts - % + 1)
s=0

h=1
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i1 .
= wtf, (via) + (r + 1) <Zts - ;) +r
s=0

Again we can see that wt,(viq) # wtg(vyp) for every a # b and fixed i, i =
1,2,....m

Next we show that wt,(via) < wty(viy1p) for every a € {1,2,...,p;} and
be {1, 2,... 7pi+1}-
Case 1. If i is odd then

(8)
1 i—1
wtg(via) = wty, (via) + <Z ty — )
1

S(r+1)ti+(r+1)( ts";1>:(r+1) <th;1>

and

i+ 1
(9) wtg(’l)i+1b) = wtfiJrl (Ui+1b T + 1 (Z ts — )

)+
=(r+1) (Zts

—1
) +7r>( <Z ts — ! ) .
According to (8) and (9) we have that

wty(via) < (r + 1) (Z y — l;) < wty (s 10).

s=0

1+1
2

>(r+1)-14(r+1) (Zts—
s=0

Case 2. If i is even then

i—1 .
(10) wtg(via) = Wiy, (vig) + (r+1) ( ts — ;) +7r

<(r+Dti+(r+1)

=(r+1) <ZZ:ts—;) +r

s=0
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(11) wtg(viJrlb) = wtfiJrl (’UiJr]_b 7" + 1 (Z ts — >

>(r4+1)-14 @ +1) (Zts_> > (r+1) <§Z:ts—;>+r
s=0

From (10) and (11) it follows that
i

wtg(vie) < (r+1) (Zt — 2) +r < wtg(vig1p)-

s=0
Thus, the labeling g has the required properties of vertex irregular total
(Xt — | 22 |)-labeling of U2, G;. O
Using Theorems 2.1 and 2.2 we obtain the following result.

THEOREM 2.3. Let G;, i = 1,2,...,m, be an r-regular graph. Then

s (QG) < gts(Gi) - V”‘;lJ .

Proof. Let ts(G;) = t; and f; : V(Gi)UE(G;) — {1,2,...,t;} be a totally
irregular total t;-labeling of an r-regular graph G;, for every ¢ = 1,2,...,m.
We put tg = 0. Let V(G;) = {vig : @ = 1,2,...,p;} and E(G;) = {eiy :
x=1,2,...,q}, for every i = 1,2,...,m. Define a total (Z:’il t; — Lmz_lj)—
labeling g of | J;", G; as follows:

9(Via) = fi(vig) + Zts — % if viq € V(Gy),

(67,9: fz em +Zt - Tl 1f€zx€E(Gz)a

wherea =1,2,...,p;, z=1,2,...,¢;and i =1,2,...,m

It follows from Theorems 2.1 and 2.2 that under the labeling g for every
two different edges e and €’ of | J;~; G; there is wty(e) # wty(e’) and for every
two distinct vertices x and y of | J;", G; there is wty(x) # wty(y). Therefore,
g is a totally irregular total (31", t; — | %1 |)-labeling of U* | G;. O

Next theorem gives the exact value of the total edge irregularity strength
for disjoint union of graphs G;, i« = 1,2, ..., m, satisfying some certain condi-
tions.
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THEOREM 2.4. Let G;, i =1,2,...,m, be a graph. If there is an edge ir-
regular total (tes(G;))-labeling of G; such that the edge-weight function wty, (e;z) :
E(G;) — {3,4,...,3tes(G;) — 1} is a bijection for every i =1,2,...,m, then

5 (G Gi) = Zm:tes(Gi) —m+ 1.
i=1 i=1

Proof. Let G;, i = 1,2,...,m, be a graph of order p; and size ¢;. Let
tes(G;) =t; and f; : V(G ) U E( i) = {1,2,...,t;} be an edge irregular total
t;-labeling of G; such that the edge-weight function wty, is a bijection from
E(G;) to{3,4,...,3t;—1}, for every i = 1,2,...,m. For purposes of the proof
let tg = 0. Thus the size of G; is ¢; = 3t; — 3, ¢ =1,2...,m. Therefore,

E(QG)‘ Zqz—z;3ti—3):;3ti—3m:3<2ti—m>.

From (2) it follows that
5 (6 Gi> > E(U13G> i —3(2'; ti_m) Zt —m+1.
i=1

For the converse, we define a suitable total (>_;", t; — m + 1)-labeling g
of Ui~ G; as follows:

i—1
9(zia) = fi(zia) + Y te—i+1 if 21 € V(Gi) UE(Gy),
s=0
wherea =1,2,...,p;, x=1,2,...,¢; and i =1, 2,.
Let e;; = viqu;p be an edge in E(G;) for viq, vy € V(G ). For edge-weight
of an edge €;, = Vv in E(G;) under the labeling g we have

wty(eir) =g(via) + g(eix) + g(vip)

i—1 i—1
= (fi(via) + Zts —1+ 1) + (f,(em) + Zts — 17+ 1)

s=0 s=0
1—1 i—1
(f, Vip +Zts—z+1> = wty,(eiz) —|—3<Zts—z+1>
s=0 s=0

Since for fixed i is wty, (esz) # wty, (esy) for every x # y and 3 <Z;}) ts — 1+ 1)

is also a constant, thus we get wty(ez) # witg(ey).



9 On the total irregularity strength of disjoint union of arbitrary graphs 477

Now we show that wty(eiy) < wty(eiy1y), for every . =1,2,...,q;, y =
1,2,...,¢sy1and i =1,2,...,m—1. So

i—1
(13)  wiy(eir) = wty,(ez) +3 (Z ts—i+ 1)

s=0
1—1 7
§3ti1+3<2t5i+1> :3<Ztsi+1> ~1
5=0 s=0

=3 (Z ty — z) +2
s=0
and

(14)  wtyleir1y) = wity,,, (eip1y) +3 (Z ts — z) >3+3 (Zts — z>

s=0 s=0

7
>3 (Zts—i> +2.
s=0

From (13) and (14) it follows that
i
wtg(em) <3 <Z ts — Z) +2 < wtg(elquy).
s=0
We can see that all vertex and edge labels are at most > ;" t; —m + 1
and the edge-weights are distinct for all pairs of distinct edges. Therefore, the
labeling g is an edge irregular total (3 ;" t; —m + 1)-labeling of J", G;. It
proves that

(15) tes (O Gl> Siti—m—kl.
=1

i=1
Inequalities (12) and (15) imply the assertion. [

The exact value of the total vertex irregularity strength for disjoint union
of arbitrary r-regular graphs G;, ¢ = 1,2,...,m, satisfying some certain con-
ditions determines the following theorem.

THEOREM 2.5. Let G;, 1 = 1,2,...,m, be an r-regular graph. If there
is a vertex irreqular total (tvs(G;))-labeling of G; such that the vertex-weight
function wty, (viq) : V(G;) = {r+1,r+2,...,(r+1)tvs(G;) — 1} is a bijection
for everyi=1,2,...,m, then

tvs (G Gi> = itvs(Gi) —m+ 1.
i=1 i=1
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Proof. Let G4, i = 1,2,...,m, be an r-regular graph of order p;. Let
tvs(G;) = t; and f; : V(G;) U E(G;) — {1,2,...,t;} be a vertex irregular
total t;-labeling of G; such that the vertex-weight function wty, is a bijection
from V(G;) to{r+1,r+2,...,(r+1)t; — 1}, for every ¢ = 1,2,...,m. Thus

= (r+1)(t; — 1). Therefore,

V(GGJ‘ sz—Zr—i-l)(t—l (r+1) Zt—

From (1) it follows that

m ) (3 timm ) 4r | m
(16) tus <U Gi) > " (i,ﬂf:l >+ = Zti —m+ 1.
=1 i=1

For proving that tvs (U, Gi) < > ;2 ti — m + 1 we define a total

(3o, ti— m+ 1)-labeling g of |J;~; G; in the following way:

i1
9(zia) = fi(zia) + Zts —i+1 if 2 € V(G;) U E(Gy),
s=0
wherea =1,2,...,p;, x=1,2,...,¢;and i =1,2,...,m
Observe that if ejq,, €iqy, - - -, €ia, are edges incident with the vertex v;, €

V(G;) then under the total labeling g the vertex v;q, i = 1,2,...,m, receives
the weight

wtg(via) =9(via) + ig(emh)
( Via) Zts—zH) +Z (f@ Cian +§ts—i+1>
=0
= fi(via) —i—Zts —i+ 1—1—2]}'(6@'%) +r (it —i+ 1)
=0 =1 =0
= wty,(vig) + (r+1) (Zits —i+ 1) .
=0

Since, for a fixed i, the expression (r + 1) (Z;;t te — i+ 1) is a constant and
wt,(via) 7# wty, (vip) for every a # b, thus also wty(vie) # wtg(vip).

Next we show that wty(vi,) < wg(viy1p) for every a = 1,2,...,p;, b =
1,2,...,pir1 and ¢ =1,2,...,m — 1. It means

(17) wty(vie) = wtg, (Vi) + (r + 1) (Z ts —i+ 1)
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i—1
<(r4+1D)ti—1+(r+1) <Zts—i+1>

s=0

=(r+1) <Zt z+1> —1.

and

(18)  wtg(vigrs) = wty,, (visry) + (r + 1) (Z s — 2)

s=0

> (r+1)+ (r+1) (its—z)

s=0
=(r+1) (Zts—z—i—l) (r+1) th—z+1 — 1.

According to inequalities (17) and (18) we have that wtg(via) < wq(vit1s)-

We can see that all vertex and edge labels are at most » ;" t; —m +
1 and the vertex-weights are different for all pairs of distinct vertices. In
fact, the total labeling g has the required properties of vertex irregular total
(>3-, ti — m + 1)-labeling of | J;", G; and thus

(19) tvs (6 Gi) Szmzti—m—i—l.
i=1

Combining (16) and (19) we obtain the equality. O

Using Theorems 2.4 and 2.5, we have the following result.

THEOREM 2.6. Let G;, i = 1,2,...,m, be an r-regular graph. If there
is a totally irregular total (ts(G; )) labelmg of G; such that the edge-weight
function wty,(e;p) : E(G;) — {3,4,...,3ts(G;) — 1} is a bijection for every
i=1,2,...,m and the vertex-weight function wty, (via) : V(G;) — {r + 1,7 +
2,...,(r+1)ts(Gi) — 1} is a bijection for everyi=1,2,...,m, then

s (6 Gi> = zm:ts(Gi) —m+ 1.

Proof. Let Gy, i = 1,2,...,m, be an r-regular graph of order p;. Let
ts(G;) =t; and f; : V(G;) U E(G;) — {1,2,...,t;} be a totally irregular total
t;-labeling of G;, for every ¢ = 1,2,...,m. Let tg = 0.
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As wty (i) + E(G;) — {3,4,...,3ts(G;) — 1} is a bijection, for every
i=1,2,...,m, then from (12) we have that

(20) tes (GGZ) Ziti—m—Fl
i=1 =1

and from (3), we get

(21) ts (6 Gi> > tes <G Gi> .

i=1

Thus (20) and (21) give

(22) ts <G GZ-) Ziti—m—i—l.
=1 =1

As wty, (vig) : V(Gi) = {r+1,r+2,...,(r+ 1)ts(G;) — 1} is a bijection,
for every i = 1,2,...,m, then from (16) we get

(23) tvs (O Gi> szjti—m—i—l
i=1 i=1

and from (3) we have that

(24) ts (6 Gi> > tus (6 Gi> .
i=1

i=1
Hence from (23) and (24) it follows

(25) ts <6Gz> Ziti—m—i-l.
i=1 i=1

For the converse, we define a total (3", t; — m + 1)-labeling g of | J;" | G;
as follows:
i1
9(zia) = fi(zia) + Y ts —i+1 if 2ig € V(Gi) UE(Gy),
s=0
wherea=1,2,...,p;, x=1,2,...,¢; and 1 =1,2,...,m.
From Theorem 2.4 and 2.5 it follows that the labeling g is a totally irreg-
ular total labeling of |J; | G; which proves that ts ({J;~, Gi) < >oi%, ti—m+1.
Combining with the lower bound (25), we conclude that

ts (LWJGZ) :iti—m—Fl:itS(Gi)—m—i-l. O
=1 =1 =1

As a consequence of Theorem 2.6 we obtain the exact value of the total
irregularity strength for disjoint union of prisms D,,, = Cp,,0P, 7 =1,2,...,m.
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COROLLARY 2.7. Let m > 2, n; > 3, i = 1,2,...,m. Then the total

irreqularity strength for disjoint union of prisms D,,, = C,,00P; is

m m
ts U l)nZ = Z?’Ll + 1.
=1 =1

Proof. Ramdani and Salman [20] constructed a totally irregular total

(ts(Dy))-labeling f : V(D,)UE(D,) — {1,2,...,ts(Dy,)} of D,, such that the
edge-weight and vertex-weight functions satisfy the assumptions of Theorem
2.6 and they proved that ts(D,,) = ts(C,,d0P) = n + 1. Hence from Theorem
2.6 for disjoint union of prism D, ¢ =1,2,...,m, it follows that

(26)

m m
ts UDm :Zts(Dni) —m+ 1.
i=1 i=1

As ts(Dy,) =n; + 1, for i =1,2,...,m, then from (26) we get

m

m m m
ts UD"i :Zts(Dni)ferl:Z(niqu)ferl:Zniqu. O
i=1 i=1

(1

[10]

i=1 i=1
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