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In this paper, we obtain some properties of pushout diagrams of H*-algebras.
We also prove that, in the commutative diagram of proper H*-algebras and
morphisms,

0 —— kerf L C B 0

| s | E

0 —— kerd ‘ A d X 0

if the right square is pushout, « is surjective and ker a Nker g+ = {0}, then ~ is
injective and v*§(a(ker 8)*) = B(ker 8F). Conversely if « is surjective and = is
injective, then the right diagram is pushout. Finally, we deal with the pushout
constructions in locally multiplicatively convex H *-algebras.
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1. INTRODUCTION AND PRELIMINARIES

The notion of a pushout diagram was introduced by Pedersen [9] in the

category of C*-algebras and some properties of these diagrams were investi-
gated. Some results of pushout diagrams are stable under H*-algebras. In
this paper, we use these properties to discover new ones for pushout diagrams
of H*-algebras. An H*-algebra, introduced by Ambrose [1] in the associative
case, is a Banach algebra A (over C or R), satisfying the following conditions:
(i) A is itself a Hilbert space under an inner product (.,.);
(ii) For each @ in A there is an element a* in A, the so-called adjoint of a
such that (ab,c) = (b,a*c) and (ab,c) = (a,cb*) for all b,c € A. In the rest
of the paper, we assume that all H*-algebras are complex H*-algebras, unless
otherwise specified.

Example 1.1. Any Hilbert space is an H*-algebra, where the product of
each pair of elements is zero. Of course, in this case the adjoint a* of a need
not be unique, in fact, every element is an adjoint of every element.
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Recall that Ag = {a € A: aA = {0}} ={a € A: Aa = {0}} is
called the annihilator ideal of A. A proper H*-algebra is an H*-algebra with
zero annihilator ideal. Ambrose [1] proved that an H*-algebra is proper if
and only if every element has a unique adjoint. The trace-class 7(A) of A
is defined by the set 7(A) = {ab : a,b € A}. The trace functional tr on
7(A) is defined by tr(ab) = (a,b*) = (b,a*) = tr(ba) for each a,b € A. In
particular, tr(aa*) = (a,a) = ||a/|? for all @ € A. Many mathematicians worked
on H*-algebras and developed them in several directions, see ( [2,3,7,8]) and
references cited therein.

The notion of locally multiplicatively convex H*-algebra (L.m.c. H*-
algebra in short) was introduced in [6] as a natural extension of the H*-algebra.
A locally multiplicatively convex algebra (l.m.c.a. in short) is a topological
algebra (A, 7), whose topology 7 is determined by a family {|.|x}xea of sub-
multiplicative seminorms. If A is endowed with an involution a +— a* such
that |a|y = |a*|a, for any a € A, A € A, then (A, {|.|x} ea) is called an l.m.c.
x-algebra.

Definition 1.2. Suppose that (A, {|.[x}xea) is @ complete L.m.c. *-algebra
on which a family of positive semi-inner products ({.,.)x)xea is defined such
that the following properties hold (i) |a|3 = (a,a)»,

(i) (ab,c) = (b,a*c)y = (a,cb*)y, for all x,y,z € F and A € A.
Then (A, {|.|a}rea) is called an l.m.c. H*-algebra.

Ezample 1.3. For eachn € N, put A, = Rand A =®;2;A,,. Then Aisa
real l.m.c. H*-algebra, whose topology is determined by the family {|.|, }nen of
submultiplicative seminorms such that |.|,, is defined by [(2n)neN|ng = |Tnglno
for each ng € N. On the other hand, A is not a real H*-algebra with usual ad-

(o]

dition and multiplication. Since the norm |[{n}| = (Zn2)% is not convergent.
n=1

For every A € A, Ny ={aec A: |a|, =0} is a closed self-adjoint
ideal in A and the quotient space Ay = A/N, is an inner product space under
(a,\,b)\>,\ = (a, b)), where ay = a+ Ny, by = b+ N, are in A,. The completion
A, of Ay, , is a Hilbert space. Moreover, the Banach -algebra (Ay, ||.|,) is an
H*-algebra, where |[a||y = |alx, (a € Ay).

If A and B are H*-algebras (l.m.c. H*-algebras), then a continuous *-
homomorphism ¢ : A — B is called a morphism. For more details on L. m.c. H*-
algebras, see [4,5]. In the present, work we generalize the concept of pushout
diagram in the framework of H*-algebras and l.m.c. H*-algebras. This paper is
organized as follows: in Section 2, we introduce the concept of pushout diagram
in the framework of H*-algebras and investigate some conditions under which
a diagram of H*-algebras is pushout. In Section 3, we consider a commutative
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diagram of l.m.c. H*-algebras and obtain some conditions under which the
corresponding diagrams of H*-algebras are pushout. Throughout this paper,
H*-algebras are proper and if F is a subset of an H*-algebra A, then E+ and
Id(F) are denoted the orthogonal complement of E and the smallest closed
ideal generated by F, respectively.

2. PUSHOUT CONSTRUCTIONS IN H*-ALGEBRAS

In this section, we introduce a pushout diagram of H*-algebras and in-
vestigate some of their properties.

Definition 2.1. A commutative diagram of H*-algebras and morphisms

CLB

b

ALX

is pushout if X is generated by v(B) U §(A) and for every other pair of mor-
phisms ¢ : A - Y and ¢ : B — Y into an H*-algebra Y satisfying condition
poa = 1) o B, there is a unique morphism o : X — Y such that ¢ = 00 and

b=aon.
vy

X<TB

N

A<—°C

The following theorem is proved in the framework of C*-algebras ([9,
Theorem 2.5.]). It is easy to show that it holds in the category of H*-algebras.

THEOREM 2.2. In a commutative diagram of extensions of H*-algebras
and morphisms together with inclusion map 1

0 I 5o -, 8B 0
oo b
0 J A2 .x 0

the right square is pushout if and only if a(I) generates J as an ideal.
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Proof. Let Y be an H*-algebra and ¢ : A — Y and ¢y : B — Y are
a pair of morphisms such that ¢ o« = ¥ o 3. Since I = ker 3, we have
I C kertpofB =kerpoa. Then a(l) C kery, since Id(a(l)) = J we have
J C kerp. Suppose that b € B is arbitrary. Then there exists an element
¢ € C such that 5(c) = b. Hence

P(b) = (B(c)) = plalc)) = a(6(alc)) = a(v(B(c))) = a(7(b))),
whence ¢ = g o 7.

Conversely, let the diagram be pushout and Jy = Id(«(I)). Then J, C J
and consider the pair of morphisms (¢, 1) consisting of the quotient morphism
p: A= J% and the induced morphism ¢ : B — J% defined by (c+ 1) =
a(c) + Jo for each ¢ € C. By the assumption, ¢ = o o ¢ for some morphism
c: X — J%, which insures that

J=keroc Ckerocod =kerp=Jy=Ida(l). O
Remark 2.3. If I is an arbitrary ideal in H*-algebra A, then for a € I and
b e I+, we have ab € I N I+ = {0}.

LEMMA 2.4. Let A and B be H*-algebras and o : A — B be a surjective
morphism. If I is a closed, self adjoint ideal in A such that I Nkera = {0},
then a(I+) = a(I)*.

Proof. Let b € I*. Then by Remark 2.3, we have (a(b),a(a)) =
tr(a(b)(a(a))*) = tr(a(ba*)) = 0 for each a € I. So a(I*+) C a(I)*. Con-
versely, let ¢ € a(I)* C B. By surjectivity of a, ¢ = a(d) for some d € A.
Also, surjectivity of morphism « implies that a([) is an ideal in B. Applying
Remark 2.3, we get a(di) = ca(i) = 0 for each i € I. Hence for each i € I,
di € keranl = {0} and so (d,i) = tr(di*) = 0. It yields that d € I+ and
c=a(d) ea(lt). O

THEOREM 2.5. Let
0 —— kerf —— C

|ohers e |

LI 0

0 —— kerd : A

be a commutative diagram of extensions of H*-algebras and morphisms. If the
right square is pushout, o is surjective and ker o N ker B+ = {0}, then v is
injective and v*§(a(ker B)1) = B(ker f+). Conversely if a and v are surjective
and injective, respectively, then the right diagram is pushout.

Proof. By the surjectivity of a and Theorem 2.2, it is easy to verify that
Id(a(ker B)) = kerd is a closed ideal in A. By applying Lemma 2.4, where



5 Pushout diagrams of H™*-algebras 101

I = ker B+ we conclude that a(ker3) = a(ker B+1) = a(ker 3+)+. Then
a(ker 3) is a closed ideal in A and

(2.1) A = a(ker 8) & a(ker B)*.
On the other hand « is onto and
(2.2) A = a(ker 8 @ ker ) = a(ker ) @ a(ker 51)

As in the proof of Lemma 2.4, we get a(ker 8+) C a(ker 3)*. By (2.1) and
(2.2), we shall show that -~ is injective. Let b be a non zero element in B. Since
B = B(C) = B(ker B @ ker f+) = B(ker 1), there exists a non zero element
c1 in ker 8+ such that b = B(cy). In addition, by the commutativity of the
diagram, we get vy(b) = v(5(c1)) = da(cr). By the assumption, ¢; is not in
ker o and a(cy) € afker B+) = a(ker B)*+ = ker 6. Hence ~(b) = da(cy) # 0.

By the injectivity of v we have 7*(X)L = kery = {0}, so v*(X) = B. The
commutativity of diagram, surjectivity of 8 and ker 6+ = a(ker 3+) ensure that

y*da(ker fL) = ~*d(kerdt)
= ~*d(ker § @ ker §1)
*0(A)

2

~—

o =

= B(0)

= f(ker B @ ker 1)

= Bker g*).
Conversely, suppose that v and « are injective and surjective, respectively.
The surjectivity of « implies that «(ker 8) is an ideal in A. By Theorem 2.2,
it is enough to show that a(ker ) = kerd. Let ¢ € ker 8. The commutativity
of diagram implies that da(c) = v8(c) = 0, so «a(c) € kerd. This implies
that, a(ker 8) C kerd. For the reverse direction, assume that a € kerd. By
the surjectivity of «, there exists ¢ € C such that a(c) = a. Hence v6(c) =
da(c) = d(a) = 0. The injectivity of v, yields that S(c) = 0. So ¢ € ker § and
a=ac) € akers). O

In the following example, we show that the surjectivity of « in Theorem
2.5 is a necessary condition.

Ezxample 2.6. The Hilbert space R™ is a real H*-algebra, where for each
(a1, ...,apn) and (by,...,b,) in R™, (ay,...,an)(b1,....;bn) = (a1b1, ..., anby),
n

((a1y.eeyap), (b1, ...y by)) = Zaibi and (aq,...,an)* = (a1, ...,ay). Let 2 <m <
i=1
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nand \g € {2,...,m—1} be fixed. Consider the following commutative diagram
of the H*-algebras and morphisms,

R™ B Rmfl

| [
R™ 4 Rmfl

where «, 8,6 and  are defined as follows.

(i) a((at,...,am)) = (a1, ...,am,0, ..., 0).

(ii) B((a1ys .oy am)) = (A1, ey Grg—1, Argt1s - Gm)-

(iii) 0((aty .-y @n)) = (A1 ey Arg—1, Arg+1y -+ Crm)-

(iv) ~ is the identity operator.

Clearly, « is not surjective and ker 8 =
{(a1,...;am) 1 a1 = ... =ay,—1 = axg41 = ... = ay, = 0}. Hence a(ker §) =
{(a1,...;an) : a; =0, for every i€ {1,..., g — 1, 0+ 1,...,n}}, which it is an
ideal in R".

On the other hand, keré = {(a1,...,a,): a; =0 for every i € {1, ..., Ao —
1, + 1,...,m}. Then a(ker ) # kerd and so, by Theorem 2.2, the above
diagram is not pushout, although, 5 and § are surjective and -~y is injective.

3. PUSHOUT CONSTRUCTIONS IN l.m.c. H*-ALGEBRAS

In this section, we consider a commutative diagram of l.m.c. H*-algebras
and morphisms and obtain some conditions under which the corresponding
diagrams of H*-algebras and morphisms are pushout.

THEOREM 3.1. Let (Aa{H/\A}AAGAA)f <B7{H)\B}>\B€AB)7 (Cv{H)\c})\ceAc)
and (X, {|.[xx trxenry) be Lm.c. H*-algebras and let

OLB

IE
A X
be a commutative diagram of l.m.c. H*-algebras and morphisms. Fix Ao €
Ac. If there exist Ap € A, Aa € Aa and \x € Ax such that the following
conditions hold
(i) a(Nxg) € Nay,
(ii) B(Nac) € Nag,
(iii) 6(N)\A) C Ny,
(iV) V(N)\B) - N)\X7
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(v) v *({x}) N Ny, # ¢ for each x € Ny,
(vi) 6 and B are bijective and surjective morphisms, respectively,
then the right square in the following diagram of pre-H*-algebras is pushout,

—1
where I' = w, J’:%N:X) and o/ (c+ Ny,) = a(c) + Ny, for each
ce C. The maps ', &' and ' are defined similarly.
/ ¢ C g’ B
0 7 I N)\C N)\B ONfB
fo Lk
/ v A ¢’ X
0 d Nxa Nax ONfX

Proof. Consider ¢ + Ny, € ker(f') if and only if ¢ € 371(N,,). This
ensures that I’ = ker(8’). A similar argument shows that J' = ker(¢’). The
diagram of extensions on pre-H *-algebras is commutative since the initial di-
agram is commutative. By Theorem 2.2, the right square of the diagram is
pushout if and only if Id(a/(I’)) = J’. We shall show that this equation holds
if and only if 6(Id(a(B871(Ny,)))) = Nay-

If Y C A, then for each finite subset F' of N

= {Z Aid(yi)" wi6(z:)", A € C, my,ni €N, g5,z €Y, m; € X} :
icF

By the surjectivity of ¢, for each i € F, there exists a; € A such that x; = §(a;).
Hence

Id( { Z)\Zyl a;z,'), i€ C, mj,n; €N, y;,2, €Y, aZGA}

= 0(Id(Y)).
Since a(871(Ny,)) C A, by the above discussion, we get
(3.1) S(Id(a(B™H(Nxp))) = 1d(6(a(B™(Nap)))-

Conditions (iv), (vi) and commutativity of the diagram imply that

S(a(B7H(Nag))) = v(BB™ (Nag) = 7(Nag) C Nay-
Since Ny, is an ideal in X, we get Id(6(a(871(Nxz)))) € Nay-
Conversely, suppose that there exists € Ny, such that ¢ §(Id(a(87"
(Nx;)))). Thus 6~ 1(z) ¢ Id(a(B71(Ny,))). Condition (v) implies that z =
v(b) for some b € Ny . By the surjectivity of 3, there is an element ¢ € C such
that b = B(c). Hence ¢ € 71(N,,). On the other hand, it follows from the
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commutativity of the diagram and bijectivity of § that 6! (x) = 6~ (y(b)) =
(5*1(76( ) = 6~ ((504( )) = a(c). Therefore, 7 1(z) = alc) € af 1 (Nyy,),
so 6 1(z) € Id( (B71(N»xp))). This is a contradiction. Therefore Ny, C
Id(6(a(B7Y(Nay)))). Hence Id(§(a(871(Nyxy)))) = Nay. By (3.1), we reach
S(Id(a(B71(Nxg)))) = Nay. Since § is one to one, we have Id(a(871(N,y,))) =
6_1(N)\X) So

;0 (Nay)  Td((B71(Nyy))) (87 (Nay))
T N>\A B N)\A =1 < Ny >

= Id <o/ (W)) = 1d(d/(I")).

Note that the condition (v) implies that Ny, C a(371(Ny,)). O

A

COROLLARY 3.2. If the assumptions of Theorem 3.1 hold, then the right

square in the following diagram of H*-algebras is pushout, where I' = [T]\SB)
and J' = /]\(,;A:?X)
0 Pt e A B 00
e e b
0 y J — ;f; > ;f: Oﬁ

—

Proof. We show that o, 3,4, are well-defined. Assume that z € WCC
Then z = lim (¢, + N)) for some sequence {cy}, in C. The morphism
a is comtinuré)?lgf> so it is bounded. For each Ac € Ac, Aa € Ay, there exists
My, x, = Osuchthat  ||a(z)|x, < Mxoa,llz]s for each z € C. Since {c, +

Ny, }n is Cauchy and « is bounded, it is easy to show that {a(c,)+ Ny, }n is a

Cauchy sequence in NA and so it is convergent. Set o/ (x) = h_)m alcp)+ Ny,
n—oo

The proof can be complemented by using the same argument as in the proof
of Theorem 3.1, so we omit it. [

In the next example, we show that the condition (v) of Theorem 3.1 is
necessary.

Ezample 3.3. Let A = {1,...,n}, where n > 2 and {(Aj, ||.][x) }rea be a
family of H*-algebras, in which A,,_1 = A,. Then Hycpr Ax = {(z)); zx € Ax}
is an l.m.c. H*-algebra, whose topology is determined by a family {|.|x}rea of
submultiplicative seminorms such that |.|y, is defined by [(zx)xealr, = [|Zx0]120
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for each Ao € A. Further, @\cpA) is an Lm.c. H*-algebra, whose topology
is determined by the family {|.|x ,}xuen of submultiplicative seminorms such
that |.|x,,u, is defined by ‘($)‘)/\€A|§\o,uo = [z 13, + 10 17, for each Ao, o € A.
Note that Hycp Ay and @rcp Ay are both H*-algebras with usual addition and
multiplication. Consider the following commutative diagram of l.m.c. H*-
algebras and morphisms.

Drendn SN Haer A

[ b
rerdy —2 Bacady

The morphisms «, 8,§ and v are defined as follow.
(i) a((zx)rea) = (Yr)rea, where yy =z for A # n and y, = 0.
(ii)) B((za)aca) = (2x)ren, where zy = z) for A € {1,2,...,n — 2} and
Zn—1 = Tn, Zn = Tn—1-
(iii) v((2x)xen) = (wx)aea such that wy = z) for A # n—1 and w,—1 = 0.
(iv) 0 is defined in the same way as 3.
Now consider the diagram of extensions,

0 T i Daeads B Baea A 0
n—1,n Nn
K | [
/ i Dreadn 6" | Bieadn
O J anl,n Nn—l O

where

Nn—1 = {(ax)aen : [(@x)realn—1 = 0} = {(ar)ren : an—1 =0},

Np ={(ax)rea = [(ax)realn =0} = {(ar)rea : an =0},

Nn—1n = {(ax)xen : [(ax)realn-1,n = 0} ={(ar)rea : an-1 = an =0},
I'=%er 8 ={(a1,...,an—2,0,a,) + Np—1n:a; € A, i€ {1,2,...n—2,n}}
and J' = kerd’ = {(a1,a2,....,an—1,0)+ Np_1:a; € A, i€ {1,2,....,n—1}}.

Clearly, conditions (i), (ii), (iii), (iv) and (vi) of the preceding theo-
rem hold. If a = (a1,as,...,0,a,) € N,_1 in which a, # 0, then v !(a) =
(a1, as, ...,an_1,ay) for arbitrary element a, 1 € A and y~!(a) N N,, = 0.

We are going to show that the right square in the diagram above, is
not pushout. It is enough to show that Id(a/(I')) # J’. This holds, since
O/(F) = {(CLl,CLQ,...,CLn_Q,0,0) + Np—1pn @ a; € A for ¢ € {1,2,....,n — 2}},

Dreadn
anl,n

In the special case of above example, where n = 2 we have the following
diagram

which is an ideal in and not equal to ker ¢’
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0 I = AeA — 4 — 0
bbb
07— aea g
where A = A7 = As, so that ‘;‘\;LA =A®DA, A]%%A — é&?ﬁ, AEQA _ IZ‘XEB%‘?
o ((x1,22)) = (21,0),
B ((x1,22)) = (z2,71)+ABO,
v ((x1,22) + A10) = (0,22) +0EA
§'(z1,22) = (w2,m1)+0BA

Also I’ =kerf = 0® A and J' = kerd = A® 0. It is easy to see that all
conditions of the preceding theorem hold except (v). In addition, o/(I') =
d(0pA) =080 and J' = Ad 0 are valid. The right square in the diagram
above, however is not pushout, since Id(a/(I")) # J'.
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