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In this paper, we provide a new and simple proof for joint convexity and concavity
of some known trace functions due to Bekjan. Indeed, we will do this by making
use of the operator monotone functions and perspective of convex functions.
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1. INTRODUCTION

We are concerned with the joint concavity and convexity of some known
trace functions. The concepts and theorems on operator monotone functions
and perspective of convex functions play an essential role in the method of
proving our main results.

Let H be a finite dimensional Hilbert space, B(H) be the space of all
bounded linear operators from H to H, B*(H) be the set of all positive ope-
rators in B(H), B*(H) be the set of all Hermitian operators in B(H) and
B*t(H) be the set of all strictly positive operators in B(H), respectively.

A real valued function f(A,B) defined on B(H) x B(H) is said to be
jointly convez in (A, B) if

FOAL + (1= A)A2, AB1 + (1 = A\)Ba) < Af(A1, B1) + (1 = M) f(Az2, B2)

for all A;,B; € B(H), 1 <i<2and X €[0,1]. f(A,B) is said to be jointly
concave if —f(A, B) is jointly convex in (A, B). A function f : (0,00) — R is
said to be operator monotone if A > B > 0 implies that f(A) > f(B).

We remark that A > B for all A,B € B*(H) if A— B > 0. For more
information on the operator monotone functions and their relations with joint
convexity and concavity, the reader is referred to [1,2,7] and [12].

Let f be a real valued function defined on a convex set C C R™. The
perspective function [10] associated to f is a function of two variables on the
subset
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L:= {(t,8)|s >0, <i> c c} C R+

Pyt s) = f <t> ..

S

defined by

If f(x) is convex on C, then Pf(t,s) is jointly convex in (¢,s). In [5], Effros
introduced an operator version of perspective functions for commuting positive
operators L and R by

L
Pi(L,R) = — R
(L, R) = f ( R> ,
and proved the following theorem:

THEOREM 1.1 ([5], Theorem 2.2). If f(t) is operator convex and [L, R] =
0, then the perspective

1s jointly convex.

In [4], Carlen and Lieb proved the joint concavity of Tr (A} + AL + -
-I-Aﬂ)% for all 0 < p < 1 and A, B € B""(H). In 2014, Hansen [8] gave a
simple proof for joint convexity of T'r(AP + Bp)% when 1 <p < 2.

In this paper, we give a new and simple proof for the joint concavity of
Tr(A™P + B_p)_% when 0 < p < 1. We note that Bekjan [3] has proved the
joint concavity of Tr(A™P + B‘p)fi by Epstein’s method, while we give easier
proof by applying the perspective of convex functions and Effros’s convexity
theorem.

In [9], Hiai and Petz considered the trace function

%A, B,K) = TrK* [f(LaR;") Rz’ (K)

for a positive function f on (0,00), a non zero real parameter 6, an arbi-
trary operator K on H and A, B € BT (H). They proved various properties
concerning joint concavity and convexity of the function I?(A, B, K) in three
variables (A, B, K) or in two variables (A, B). Their main theorems clarified
what conditions of f and # are sufficient and necessary for joint convexity and
concavity of IJ‘?(A, B,K). For any 0 < p < 1, we prove the joint convexity of

Tr(AP+B7P )% and T'r( AP+ BP) s by applying the joint convexity conditions
of I9(A, B, K).



3 On joint convexity and concavity 71

Notice that the joint convexity of
_ _ 1
Tr (A7 + 4,7 + -+ A7)
and
p P P\~
Ir [(A1+A2+“‘+An) "}
was considered in [3], but in this paper, we introduce a simple and new proof.

Throughout this paper, we suppose that H = M,, have the usual Hilbert
space structure with inner product (A, B) := TrAB*. For all A, B € BT (H),
we define L4(X) := AX and Rp(X) := XB. They have the following proper-
ties [11]:

(1) La and Rp are commuting operators since

Rp[LA(X)] = AXB = Ls[Rp(X)];

(2) Ly and R4 are invertible, L -1 = Lzl and Rp-1 = Rgl;
(3) Lar = L and Ry» = RY for all p € R.

2. MAIN RESULTS

Now, we give our main results in this paper.

THEOREM 2.1 (Bekjan). If 0<p < 1, then f(A,B) =Tr(A™P + B‘p)_%
is jointly concave for A, B € BT (H).

Proof. Let g(t) = (t 7P + 1)_% defined for t > 0 and 0 < p < 1. By simple
algebraic calculation, g(t) can be rewritten as follows:

g(t) — %
(7 + 1)

Since the function (P + 1)% is operator monotone ([1], Corollary 4.3), we have
t

Lo L

(tp + 1) P

is operator monotone and operator concave ([7], Corollary 2.6 and [12], Corol-
lary 6).

g(t)=(t"P+ 1)‘% =

1
Now, we obtain the perspective of g(t) = (t 7P 4+ 1) » as follows:

Py(t,s)=g <z> s=(tTP+ s‘p)‘% :
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So, for commuting operators L4 and Rp, we have

Py(La, Rg) = (L7 + RBP); .

Since g(t) is operator concave, Py(L, Rp) is jointly concave by Theorem 1.1.
Thus we conclude that following mapping

(2.1) (A, B) — Tr [(L;p + R;p)*%(K*)K]

is jointly concave in (A, B) for arbitrary operator K on H ([6], Theorem 1.1).
If we replace K with the identity operator I in (2.1), then the following

mapping

_1
(A, B) — Tr [(LAP + R;P) v (1*)1]
is jointly concave. According to the proof of ([8], Theorem 2.1), we have
1 1
(2.2) (L5 + Ry)7 (1) = [(47 + Br)3 ]

and so, by a simple algebraic calculation, we obtain

_1
Tr [(LA” +R) (1*)1] —Tr [(LAP +R) (I)] =Tr[(A7+B7) 5]
Thus
f(A,B) =Tr[(A7+ B*P)*ﬂ
is jointly concave in (A, B). This completes the proof. [

1
COROLLARY 2.2. If -1 <p <1 andp#0, then Tr (AP 4+ BP)r is jointly
concave for any A, B € BTt (H).

Proof. Tr (AP + Bp)% is jointly concave for any 0 < p < 1 ([8], Theo-
rem 2.1). Forany 0 <p <1, Tr (AP + B‘p)_% is jointly concave by Theo-
rem 2.1. So Tr (AP + B”)% is jointly concave for —1 < p < 0 and this completes
the proof. [

Remark 2.3. We notice that f(t) = (tP+ 1)_% is operator convex for t > 0
and 0 < p < 1 ([2], Corollary V.2.6). The perspective function

L _1
Pf(LA,RB) = f <R‘2> Rp = (Li —i—R%) PRZ ,

is jointly convex from Theorem 1.1 which means that the joint convexity of
1
g(A,B) = Tr (AP + BP) 7 is not followed by applying the method which is
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used in Theorem 2.1. A similar argument is hold for Tr (A™P + B_p)% with
1 1

f(t) = (t7P + 1)» (note that f(t) = (¢7P + 1)» is operator convex by ([12],

Theorem 4)).

Now, we are ready to give our new proofs for the joint convexity of trace
functions T'r (AP + Bp)_% and Tr (A™P + B_p)%. We do this according to [9]
(Theorem 3.2 and Theorem 3.3) and so, first, we state a necessary part of them
as a lemma for the convenience of the reader.

LEMMA 2.4. Let f is an operator monotone function on (0,00) and 6 €
(0,1]. Then

TrK* [f(LaR3 )Rp) " (K)

is jointly convex for all A, B € BT (H) and an arbitrary operator K on H.

THEOREM 2.5 (Bekjan). Let 0 < p < 1 and A,B € BT*(H). Then
1 1
Tr (AP + BP)"» and Tr (A™P 4+ B™P)?r are jointly conver in (A, B).

_1

Proof. At first, we prove the joint convexity of Tr (AP + BP) ». Let

1
f(t) = (t? +1)» for any t > 0 and 0 < p < 1. Since f(t) is an operator
monotone function, the following trace function

1

|

_ -1
(23)  TrK* [f(LaRj;")Rs] UQ:ﬂKﬂ@%H%)}(M
is jointly convex in (A, B) according to Lemma 2.4 with 6 = 1.
Now, if we substitute K with the identity operator I in (2.3), then it

follows that

=

Trr (L) + Ry | (1) = Trl* (L + Rp) 7 (1)

(1)

is jointly convex in (A, B). According to (2.2), (2.4) and a simple calculation,
we have

1

=

(2.4) =Tr (LY +RY)"

_1 _1
Tr (LY + RY) » (I)=Tr (AP + BP) 7,
which means that Tr (AP + Bp)_% is jointly convex in (A, B). Similarly, the
1
joint convexity of Tr (A™P + B™P)? can be proved. It is sufficient to replace

1
the operator monotone function f(t) = (¢t 7+41) » foranyt >0and 0 <p <1
in Lemma 2.4 with § = 1. This completes the proof. [
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