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A generalization of the regular continued fractions was given by Burger et al.
in 2008 [3]. In this paper, we give metric properties of this expansion. For
the transformation which generates this expansion, its invariant measure and
Perron-Frobenius operator are investigated.
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1. INTRODUCTION

The modern history of continued fractions started with Gauss who found a
natural invariant measure of the so-called regular continued fraction (or Gauss)
transformation, i.e., T : [0,1] — [0,1], T(z) = 1/x — |1/z]|, = # 0, and
T(0) = 0. Here [-] denotes the floor (or entire) function. Let G be this
measure which is called Gauss measure. The Gauss measure of an interval
A € By is G(A) = (1/log2) [,1/(xz + 1)dx, where Bjgy denotes the o-
algebra of all Borel subsets of [0, 1]. This measure is T-invariant in the sense
that G(T~1(A)) = G(A) for any A € B;.

By the very definition, any irrational 0 < x < 1 can be written as the
infinite regular continued fraction

(1) x = L T = [a1, a2, as, .. ],
ar g
ag + ——
as+ .
where a,, € Ny :={1,2,3,...} [5]. Such a,’s are called incomplete quotients (or
continued fraction digits) of = and they are given by the formulas a1 (z) = [1/x]|
and ap41(x) = a1(T"(x)), where T™ denotes the nth iterate of T
Thus, the continued fraction representation conjugates the Gauss trans-
formation and the shift on the space of infinite integer-valued sequence (a,)nen, -
Other famous probabilists like Paul Lévy and Wolfgang Doeblin also con-
tributed to what is nowadays called the “metric theory of continued fractions”.
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The first problem in the metric theory of continued fractions was Gauss’
famous 1812 problem [2]. In a letter dated 1812, Gauss asked Laplace how fast
AT ~™(]0,z])) converges to the invariant measure G([0,z]), where A denotes
the Lebesgue measure on [0, 1]. Gauss’ question was answered independently
in 1928 by Kuzmin [10], and in 1929 by Paul Lévy [13].

Apart from regular continued fractions, there are many other continued
fraction expansions: Engel continued fractions, Rosen expansions, the nearest
integer continued fraction, the grotesque continued fractions, f-expansions etc.
For most of these expansions the Gauss-Kuzmin-Lévy theorem has been proved
[7,9,12,15-19]

The purpose of this paper is to show and prove some metric properties
of N-continued fraction expansions introduced by Burger et al. [3].

In Section 2, we present the current framework. Next we show a Legendre-
type result and the Brodén-Borel-Lévy formula by using the probability struc-
ture of (a,)nen, under the Lebesgue measure. In Section 6, we find the inva-
riant measure Gy of Ty the transformation which generate the N-continued
fraction expansions. In Section 7, we consider the so-called natural extension of
([0,1],Bj0,11,G N, Tn) [15]. In Section 8, we derive its Perron-Frobenius operator
under different probability measures on ([0, 1], Bjg1}). Especially, we derive the
asymptotic behavior for the Perron-Frobenius operator of ([0, 1], Bjo,1), GN, TN).

2. N-CONTINUED FRACTION EXPANSIONS AS DYNAMICAL SYSTEM

In this paper, we consider a generalization of the Gauss transformation.
Fix an integer N > 1. In [3], Burger et al. proved that any irrational 0 < z < 1
can be written in the form

(2) x = N = [a1, a2, a3, ...,
N
ag + —
ag+ -
where a,,’s are non-negative integers. We will call (2) the N-continued fraction
expansion of x.
This continued fraction is treated as the following dynamical systems.

Definition 2.1. Fix an integer N > 1.

(i) The measure — theoretical dynamical system (I, Br, ) is defined as fol-
lows: I :=[0,1], By denotes the o —algebra of all Borel subsets of I, and
Ty is the transformation
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N |N

_H ifoel,
(3) Tn:I—1; Ty =4 * LT

0 if x =0.

(ii) In addition to (i), we write (I, Br,Gn,Tn) as (I,Br,Txn) with the follo-
wing probability measure Gy on (I, By):

1 dx
4 Gn(A) = , Ae€bBj.
() = e [Ty AeE
Define the quantized index map n: I — N:= N, U{0} by
N
LJ if x #£0,
x

(5) 0 =
00 itz =0.

By using T and 7, the sequence (ay,) in (2) is obtained as follows:

(6) an =1 (T]’\lfl(:n)) , n>1

with T (z) = x. Since z € (0,1) we have that a,, > N for any n > 1.
In this way, Tn gives the algorithm of N-continued fraction expansion
which is an obvious generalization of the regular continued fraction.

PROPOSITION 2.2. Let (I,Br,Gn,Tn) be as in Definition 2.1(ii).
(i) (I,Br,GnN,Tn) is ergodic.

(ii) The measure G 1is invariant under T .
Proof. See [4] and Section 6.

By Proposition 2.2(ii), (I,Br,Gn,Tn) is a “dynamical system” in the
sense of Definition 3.1.3 in [1].

3. SOME ELEMENTARY PROPERTIES OF N-CONTINUED FRACTIONS

Roughly speaking, the metrical theory of continued fraction expansions is
the asymptotic analysis of incomplete quotients (a,)nen, and related sequences
[8]. First, note that in the rational case, the continued fraction expansion
(2) is finite, unlike the irrational case, when we have an infinite number of
digits. In [20], Van der Wekken showed the convergence of the expansion. For
x € I'\ Q, define the n-th order convergent [a1,az,...,ay)n of z by truncating
the expansion on the right-hand side of (2), that is,

(7) la1,a2,...,apn]N — &, 1 — oc0.
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To this end, for n € N, define integer-valued functions p,(x) and g, (z) by
(8) Pn(®) = appp-1+ Npp—2, n>2
(9) QN(x) = apgn-1+ Ngn—2, n=>1

with po(z) :=0, go(z) := 1, p_1(z) := 1, ¢_1(x) := 0, p1(z) := N, q1(x) := a;.
By induction, we have

(10) Pr1(2)qn () — pp(2)gn_1(xz) = (-N)", neN.
By using (8) and (9), we can verify that
_ pa(@) + TR (2)pn-1(2)

1 - L on>1.
. () + T )01 (7)
By taking T3 (z) = 0 in (11), we obtain [a1, ag, ..., an]n = pn(x)/gn(z). From
this and by using (10) and (11), we obtain
" N©™.Tn
()| gn(2) (TR (@)gn-1(2) + gn(z))
. " " qn—1(x)
Now, since T (z) < 1 and |T}(x) () + 1| > 1, we have
n N"
(13) _ bal2) ——, n>1.
()| qn(x)
In order to prove (7), it is sufficient to show the following inequality:
Pn () 1
14 z— |

From (9), we have that ¢,(x) > N¢,—1(x) and because gy = 1 we have ¢, (z) >
N™. Finally, (14) follows from (13).

4. DIOPHANTINE APPROXIMATION

Diophantine approximation deals with the approximation of real numbers
by rational numbers [5]. We approximate = € I\ Q by incomplete quotients in
(8) and (9).

For z € I\Q, let a, be as in (6). For any n € N and i(™ = (iy,...,i,) €
N", define the fundamental interval associated with i by

(15) IN<Z'(")>:{mEI\Q:ak(x):ikforkzl,...,n}
where we write In (i) = I'\ Q. Remark that In(i™) is not connected by

definition. For example, we have

(16) In(i) = {zr€I\Q:a; =i} = <I\@>m( NN

i—l—l’i) for any ¢ € N.
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LEMMA 4.1. Let A denote the Lebesque measure. Then

(17) A (IN (i(")» - qn@)(qn(g n+ Gn—1(7))’

where (qn) s as in (9).

Proof. From the definition of Ty and (11), we have
(18) Iy (i) = (1@ 0 (i), 0@ ).,
where both u (i(”) ) and v (i(”)) are rational numbers defined as

pn(ﬂf) +pn—1(x)
Qn(x) + Qn—l(fE)

if n is odd,

if n is even,

and

) if n is odd,
gn\T
(20) UGWU::

if n is even.

By using (10), we have (17). O

We now give a Legendre-type result for N-continued fraction expansions.
For x € I\ Q, we define the approzimation coefficient Oy (x,n) by

(21) On(z,n) = In_y

where py, /gy is the nth continued fraction convergent of x in (2).

PROPOSITION 4.2. For xz € I\ Q and an irreducible fraction 0 < p/q < 1,
assume that p/q is written as follows:

(22) P i, inly
q
where [i1,...,in|N s as in (7), and the length n € Ny of N-continued fraction

expansion of p/q is chosen in such a way that it is even if p/q < x and odd
otherwise. Then

(23)  On(x,n) < % if and only if P s the nth convergent of x
q T gn-1 q
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where On(x,n) is as in (21) and the positive integer g,—1 is defined as the
denominator of the irreducible fraction representation of the rational number
[i1,. ., in—1]N with gqo = 1 for the sequence iy, ..., iy.

Proof. Fix x € I\ Q and n > 1. Let © := Op(x,n).
(<) Assume that p/q is the nth convergent of x. By (12) and the definition of
O, we have

2

(24) @:% @

B P’ _ Tx(z)q .4
q| q¢+TR(x)gn—1(z) =~ ¢+ gn-1

where we use ¢p,—1 = ¢n—1().
(=) Conversely,

NTL
(25) if@<L, then ¢ :L'—p‘<.
q+ gn—1 q q+ Gn—1
If n is even, then x > p/q and we have
NTL
(26) PO A
a  qa(g+an-1)
From these,
N™ _
(27) Pew<ly — PH P
q q 4@+ an-1) g+
where p,,_1 is defined as p,—1/qn—1 = [i1,...,in—1]n. Hence z € Iy (i(")), i.e.,
p/q = [i1,...,ix)N is a convergent of xz. The case when n is odd is treated

similarly. O

5. BRODEN-BOREL-LEVY FORMULA AND ITS CONSEQUENCES

We derive the so-called Brodén-Borel-Lévy formula [6,8] for N-continued
fraction expansion. For x € I, let a,, and g, be as in (6) and (9), respectively.
We define (sp,)n>0 by

(28) s0:=0, s,:= in , n>1.
dn—1
From (9), s, = N/(an + sn—1) for n > 1. Hence
N
(29) Sp = N = [an,an_l,...,ag,al]N,
n N
ap—1+ -+ —
ai

for n > 1.
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PrROPOSITION 5.1 (Brodén-Borel-Lévy formula). Let A denote the Le-
besgue measure on I. For any n € Ny, the conditional probability \(Tx <
xlay,...,an) is given as follows:

sn+ N)x
(30) )\(T]{‘,<$|a1,...,an):w, zxel
where sy, is as in (28) and aq,...,a, are as in (6).

Proof. By definition, we have

AN(TR <z)NiIn(ai,...,an))
A(In(at,...,an))

for any n € Ny and z € I. From (11) and (18) we have

(31) MNTN < zlai,...,an) =

n Pn Pn+ ZTPn-1

(32) AN(Ty <x)NIn(ag,...,ay)) = P r—
N™x

n(gn + 2qn-1)"

From this and (17), we have

AN(TR <z)NiIn(ai,...,an))
A(In(ay,...,ap))

n n— n N
(33) _ Z (qn + Gn-1) _ (sn + N)z
Qn + Tqn—1 SpT + N

MTy < zlat,...,ap) =

foranyn e Ny andxel. O

The Brodén-Borel-Lévy formula allows us to determine the probability
structure of incomplete quotients (an)n,en, under .

PROPOSITION 5.2. For any ¢ > N and n € N;, we have

. N ,
(34) )‘(al = 2) = Z(Z T 1)’ A (an—i-l = ’L|CL1, ce uan) = VN,'L(Sn)
where (sy) is as in (28), and
x+ N

(3) Vi) = (x+i)(x+i+1)

Proof. From (16), the case A(a; = i) holds. For n > N and x € I\ Q, we
have T} (z) = [an+1, @n+2, - . .|n where (ay,) is as in (6). By using (30), we have

. N N
Maptr =tilar,...,ay) = )\(T]&G (z—{—l’z} |a1,...7an>.
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L NY (s, 4+ N
(36) — (S . ) i ( = )z+1 — VN7i(Sn). I:l

In (34), Y2 v AMany1 = ila1, . .., a,) must be 1 because A is a probability
measure on (I, By). This can be verified from (34) and (36) by using the partial
fraction decomposition. By the same token, we see that

(37) Z Vni(x) =1 for any x € I.
i=N

Remark 5.3. Proposition (5.2) is the starting point of an approach to
the metrical theory of N-continued fraction expansions via dependence with
complete connections (see [6], Section 5.2). We apply this method in [11]
to obtain a solution of Gauss-Kuzmin-type problem for N-continued fraction
expansions.

COROLLARY 5.4. The sequence (sn)neN+ with sg = 0 is a homogeneous
I-valuated Markov chain on (I, B, \) with the following transition mechanism:
from state s € I the only possible one-step transitions are those to states N/(s+
i), i > N, with corresponding probabilities Vi ;(s), 1 > N.

6. THE INVARIANT MEASURE OF Tn

Let (I,Br) be as in Definition 2.1(i). In this section, we will give the
explicit form of the invariant probability measure Gy of the transformation
Ty in (3), i.e., Gy (Ty'(A)) = Gn(A) for any A € B;. From the aspect of
metric theory, the digits a,, in (6) can be viewed as random variables on (I, Br)
that are defined almost surely with respect to any probability measure on B;
assigning probability 0 to the set of rationals in I. Such a probability measure
is Lebesgue measure A, but a more important one in the present context is the
invariant probability measure Gy of the transformation Ty.

PROPOSITION 6.1. The invariant probability density pn of the transfor-
mation Ty is given by
kn

(38) p(a) = =

where kn 1s the normalized constant such that the invariant measure Gy is a
probability measure. Furthermore, the constant ky is given in (4), i.e., ky =

(tog (254))

Proof. We will give a proof which involves properties of the Perron-
Frobenius operator of Ty under G. Therefore, the proof will be given in
Section 8. [

zel
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7. NATURAL EXTENSION AND EXTENDED RANDOM VARIABLES

Fix an integer N > 1. In this section, we introduce the natural extension
Ty of Ty in (3) and its extended random variables [15].
Let (I, Br,Tn) be as in Definition 2.1(i). Define (un;)i>n by

N
(39) un; L =1 uni(z) = a3 © el.

For each i > N, un; is a right inverse of Ty, that is,
(40) (Tnoun;)(z) =z, foranyx e l.
Furthermore, if n(z) = ¢, then (un,; o Tn)(z) = « where 7 is as in (5).

Definition 7.1. The natural extension (I?,Bj2,Tx) of (I,Br,Tx) is the
transformation Ty of the square space (I2,8%) := (I,B;) x (I,B) defined as
follows [14]:

(41) ﬁ (1P 12; ﬁ(mvy) = (TN(x)v uN,n(:v)(y)) ) ('Iay) € .

From (40), we see that Ty is bijective on I? with the inverse

(42) (In) " (z,y) = (un (@), In(y)), (z.y) € I*.
Iterations of (41) and (42) are given as follows for each n > 2:

(43) (Tn)" (z,y) = (TR(), [Tn, @1, w2(2), 21+ y]N ),
44 (Tn) " @y = (WnYn-1-592 y1 +2]n, TR(y))

where x; :==1n (Tf\fl(x)) and y; :==1n (T]i\fl(y)) fori=1,....n.
For Gy in (4), Dajani et al. [4] define its extended measure Gy on (12, %)
as

—— Ndzdy 9
45 Gn(B) := B e B35.
(45) ~(B) log N+1 / (xy + N)?’ €51

Then Gy(A x I) = Gn(I x A) = Gn(A) for any A € B;. The measure Gy is
preserved by T [4].

Define the projection E : I? — I by E(x,y) := z. With respect to Ty in
(41), define extended incomplete quotients a;(x,y), | € Z at (x,y) € I? by

(46) ale,y) = o E) (TN (z.y)). 1L
)

Remark 7.2. (i) Remark that a;(z,y
I <0 because Ty is invertible. By (43)

in (46) is also well-defined for
d (44), we have

an
(47) En(az,y):xn, 60(x7y) Y1, n(x7y):yn+17 n e N+, (x,y) € 12

where we use notations in (43) and (44).
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(ii) Since the measure Gy is preserved by Ty, the doubly infinite sequence
(@ (z,y))1ez is strictly stationary (i.e., its distribution is invariant under
a shift of the indices) under Gy .

THEOREM 7.3. Fiz (z,y) € I? and let @, := @/(x,y) for | € Z. Define
a:=[ap,a_1,...|n. Then the following holds for any x € I:
(N +a)x
ax + N
Proof. Recall fundamental interval in (15). Let Iy, denote the funda-
mental interval In(@g,a—1,...,a_,) for n € N. We have

(49) Gn([0,2] x I |ag,a_1,...) = lim Gn([0,7] x I |ag,...,a_,) Gn-as.

(48) Gn([0,2] x I'|ag,a_1,...) = Gpy-a.s.

and
—— Gn([0 I
G (0.2] x I |ag,....a) = Cal0e]xIva)
GN([ X INn)
B / / Ndu
GN IN n) Inm (yu + N
+ N
= / 2y ) ~(dy)
GN(IN,n) Inn TY+N
N
TYyn + N
for some y,, € I, where ky, is as in Proposition (6.1). Since
(51) lim y, = [ap,a-1,...]nv = a,
n—oo

the proof is completed. [
The stochastic property of (@;);ez under G is given as follows.
COROLLARY 7.4. For any i € N, we have
(52) Gn(ay =ilag,a—1,...) =Vn,(a) Gpy-as.
where a =[Gy, G_1,...]n and Vi, is as in (35).
Proof. Let Iy, be as in the proof of Theorem 7.3. We have
(53) Gy(ay =i| ag,a_1,...) = nli_}n;OGiN(al =i| Inn)-

Now
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1

= GN(INn)/INn Vn,i(y) Gn(dy)

(54) = Vni(yn)
for some y,, € In,. From (51), the proof is completed. O

Remark 7.5. The strict stationarity of (;),c;, under Gy implies that
(55) Gn(a1 =i| a,a-1,...) = Vyila) Gy-as.

for any i € N and | € Z, where a = [a;,a;_1,...]n. The last equation empha-
sizes that (@;);c; is a chain of infinite order in the theory of dependence with
complete connections [6].

8. PERRON-FROBENIUS OPERATORS

Let (I,Br,Gn,TnN) be as in Definition 2.1(ii). In this section, we derive
its Perron-Frobenius operator.

Let p be a probability measure on (I,B;) such that u (Ty'(A4)) = 0
whenever p(A) =0 for A € B;. For example, this condition is satisfied if Ty is
p-preserving, that is, MTJQI =p. Let LY(I,p) :=={f : 1 — C: [;|f]du < oo}
The Perron-Frobenius operator of (I, By, i1, Gn) is defined as the bounded linear
operator U on the Banach space L'(I, 1) such that the following holds:

(56) /deu:/ fdu forall Ae By, feL'I,p).
A TS 1(A4)

N
For more details, see [1,8] or Appendix A in [12].
PROPOSITION 8.1. Let (I,Br,Gn,Tn) be as in Definition 2.1(ii), and let

U denote its Perron-Frobenius operator. Then:
(i) The following equation holds:

(57) W) =3 Vsl f ( al

T+
i>N -

>, fELl(I,GN),

where Vi ; is as in (35).

(ii) Let p be a probability measure on (I,Br) such that p is absolutely con-
tinuous with respect to the Lebesque measure A and let h := du/dX a.e.
in 1. Then the following holds:

(a) Let S denote the Perron-Frobenius operator of Txn under u. Then
the following holds a.e. in I:
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(60)

(61)

(62)

(63)

(1@ - hﬁ)zh%)gf( =)

for f € LMI, 1), where f(z) := (x+N)f(z)h(z), x € I. In addition,
the nth power S™ of S is written as follows:

v AU
{5% /1) (x + N)h(x)
for any f € LY(I,u) and any n > 1.

(b) Let K denote the Perron-Frobenius operator of Tx under . Then
the following holds a.e. in I:

(K =S 2 f( al ),feLl(I,)\).

= (x+14)2" \z+i

In addition, the nth power K™ of K is written as follows:

() = EE e,

for any f € LYI,)\) and any n > 1, where f(z) := (z + N)f(z),
xel.

(¢) For anyn € Ny and A € By, we have
p (13()) = [ (U7} (@G ()
A

where f(z) := (log (%)) (z + N)h(z) for x € I.

Proof. (i) Let T ; denote the restriction of Ty to the subinterval I; :=

(N %],iZN, that is,

i+17

(64)

N
T

TN,i(a:) = -1, x€l,.

Let C(A) := (Ty) (A) and C;(A) := (Ti;)" " (A) for A € By. Since C(A) =
U; Ci(A) and C; N Cj is a null set when ¢ # j, we have

(65)

/ FAGy = Z/ FdGy, feLMI,Gy), A€ B
C(A) Ci(A)

i>N
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For any i > N, by the change of variables z = (Tn;) ' (y) = -, we

successively obtain

/C PRICENCERE <1og <N;1>>_1 /C » J@ g

- (e (5)) 2
(66) = /A Vni(y) f <yN+Z> Gy (dy).

Now, (57) follows from (65) and (66).
(ii)(a) From (64), for any f € L'(I,Gy) and A € B;, we have

(67) /C " fl@) p(dz) = /

i>N

Then

(68) / o / A)Mh(m)dm://;f <yﬁi>h<yﬁi>(yf®2dy-

From (67) and (68),

(69) /C(A uldz) /;V <:r—|—z> <:r]—\|]—z> (:c—]fi)de'

Since du = hdx, (58) follows from (69). Now, since f(z) = (z + N)f(z)h(z),
from (58), we have

L
(70) {Uf} (@) = (HN)Z?x(f;)z (x]-vl-l>

i>N

From (58) and (70), (59) follows immediately.

(ii)(b) The formula (61) is a consequence of (59) and follows immediately.
(i) (c) We will use mathematical induction. For n = 0, the equation (63) holds
by definitions of f and h. Assume that (63) holds for some n € N. Then

1) (130W) = (T (3 ) = [ (U@ G (o)
C(A)
Since U = Ur,, and (56), we have

n = ntl ey g ).
(72) /C D@ Gxtar) = /A (U™ f}(x) G (dx)
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Therefore,

(73) p (T30 ) = [0 ) Gntas)
which ends the proof. [

For a function f : I — C, define the variation varaf of f on a subset A
of I by b1
(74) varaf :=sup » | f(tip1) — f(ti)]

i=1

where the supremum being taken over t; < --- < tg, t; € A, 1 < i < k, and
k> 2 ([8], p. 75). We write simply varf for var;f. Let BV(I) :={f : I —
C :var f < oo} and let L>°(I) denote the collection of all bounded measurable
functions f : I — C. It is known that BV (I) C L>®(I) C L*(I,p). Let L(I)
denote the Banach space of all complex-valued Lipschitz continuous functions
on I with the following norm || - ||z:

(75) Ifllz == iléllﬂf(x)HS(f),

with

(76) s(f) := sup M, fe L.
TF#Y |$ y|

In the following proposition we show that the operator U in (57) preser-
ves monotonicity and enjoys a contraction property for Lipschitz continuous
functions.

PROPOSITION 8.2. Let U be as in (57).

(i) Let f € L*°(I). Then the following holds:
(a) If f is non-decreasing (non-increasing), then U f is non-increasing
(non-decreasing).
(b) If f is monotone, then

(77) var (U f) < Nl -varf.
(i1) For any f € L(I), we have
(78) s(Uf) < q-s(f),
where N N
1+1—
(79) 1=N| > <i3(i+ TR >

i>N

Proof. (i)(a) To make a choice assume that f is non-decreasing. Let x < y,
z,y € I. We have {U f}(y) — {Uf}(z) = S1 + Sz, where



15 Metric properties of N-continued fractions 179
N N

80 S = VN —

w s Swe(() ().

(81) Sy = Z (Vni(y) — V() f <$J_\(_ z> .

>m

Clearly, S1 < 0. Now, since ) .5 Vy,i(z) = 1 for any z € I, we can write

8 s=-Y (f(5ox) -/ (55)) i) - ViaGo).

i>N

As is easy to see, the functions Vi ; are increasing for all ¢ > N. Also, using

that f (sz) > f (g) we have that Sy < 0. Thus {Uf}(y) — {Uf}(z) <0

and the proof is complete.
(i)(b) Assume that f is non-decreasing. Then by (a) we have

3) varUf = OOV AW =3 (a0 (T ) -viawr (1))

SN 1+

By calculus, we have
N N N+1 N
wvt = 2 (! (F) e (71)

1 ! o
- w0~ ey’ (79)

i>N
1 1 1
= J\wlf(l)_iw(wl_wz)f(o)
1 1
= m(f(l)—f(o)): N+1varf.

(ii) For x # y, x,y € I, we have

{Ufy) —{Uf} () _ ZVN,i(y)_VN,i(x)f< N )

Yy—T = Yy—x T+
@) -1(3) (o~ N
84 - Vi . - ).
(84) ;\7 Nﬂ(y) %_% <.7}+Z> <y+z>
Remark that B
i1+1—N N —1%

85 Vi = >N
(85) N =y Y 2
and then

DZJ:V VN,i(y; : ;/N,z‘(af)f <xji Z>
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®6) = Z(y—i-ii—:_li(;fi-i-l) (f <x+]j+ 1)_f<$]j:i>)'

i>N

Assume that > y. It then follows from (86) and (84) that

{UfHy) —{Uf}(=) N(@i+1-N) N - Vni(y)
) y—x S(f)§<(y+i)(y+i+1)3+ (y +1i)? >

(87) < q-s(f)

where ¢ is as in (79). Since

{Uf}(y) —{Uf}(2)

(88) s(Uf)= suwp -

zyel, x>y

then the proof is complete. [

Proof of Proposition 6.1. For (I,Br,Gn,Ty) in Definition 2.1(ii), let U
denote its Perron-Frobenius operator. Let
kn

—_— el
LU—f-N, z )

(89) PN () =

where ky = (log (%))71 From properties of the Perron-Frobenius operator,

it is sufficient to show that the function py defined in (89) satisfies Upy = pn.

N
Since Tﬁl(a:):{ +,,z’2N,x€I},wehave
T+

d pN (1)
{Upn}(z) = — pn (t) dt = TR
dz Jr51(0,4)) tGTzN;(I) [(Tn)'(1)]
N N
(90) - DZN(Hz‘)?pN(xH)'
By definition of py, we see that
1
(o1) o)) = T ey — 0

Hence the statement is proved. [
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