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In this paper, we present some characterizations of the Birkhoff-James orthogo-
nality in B(H) the algebra of bounded linear operators on Hilbert space H and
we show that orthogonality of A and B implies orthogonality of A" and B for
positive operator A and n € N. We give an example to show that positivity of
A is required. We also investigate some related results to this issue.
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1. INTRODUCTION

Throughout this paper H will be a complex Hilbert space. Denoting by
B(H) the algebra of bounded linear operators on 7. The notion of Birkhoff-
James orthogonality in an arbitrary normed linear space is studied in literature
[7-9]. For A, B € B(H), the operator A is said to be Birkhoff-James orthogonal
(shortly orthogonal) to B, denoted by ALB, if ||A+AB|| > ||A]| for all complex
numbers of A.

In inner product spaces (such Hilbert spaces), this orthogonality is equi-
valent to the usual notion of orthogonality. Obviously, Birkhoff-James ort-
hogonality is nondegenerate, thus ALl A <= A = 0. It is homogenous, thus
Al B < MA1uB for A\, u € C, and not symmetric, thus A1 B need not imply
B A. However, Turnsek in [11] proved that AL B always implies BL A if and
only if B is a scalar multiple of an isometry or coisometry. If A is a Hilbert C*-
module, some characterizations of the Birkhoff-James orthogonality were given
by Arambasi¢ and Raji¢ in [1,2]. Characterizations of the Birkhoff-James ort-
hogonality in C*-algebras and B(H) were obtained in [5]. Bhatia and Semrl [4]
obtained one of the most important results of the Birkhoff-James orthogonality
in the C*-algebra B(H). The following result is the content of Theorem 1.1
and Remark 3.1 of [4].
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THEOREM 1. Let A, B € B(H). The following statements hold.

(1) If dim(H)< oo, then AL B if and only if there exists a unit vector £ € H
such that ||A&|| = ||A]| and (A&, BE) = 0.

(2) If dim(H )= oo, then ALB if and only if there exists a sequence of unit
vectors (§,) C H such that lim,_, || A& = ||A] and lim,— oo (A&,
Bfn> = 0.

The authors in [3] showed a similar theorem for the algebra of bounded
linear operators on a real finite dimention normed space X with the norm
induced by an inner product. Motivated by these, the purpose of this paper is
to improve these characterizations for elements of B(H). In addition, we show
that orthogonality of A and B implies orthogonality of A™ and B for positive
operator A and n € N. We give an example to show that positivity of A is
required. In addition, by giving an example we show that if AL B then A+ [
is not necessarily orthogonal to B. Also, some related results are discussed for
elements of B(H).

We recall some basic facts about the C*-algebra B(H), before stating
our results. For A € B(H) the symbol ||A| denotes the operator norm of A
satisfying ||A*A|| = ||A||>. Denoting by I the identity operator on H. An
operator A € B(H) is said to be positive if it is self-adjoint whose spectrum
is contained in [0, 00), or equivalently, (Ax,z) > 0 for all x € H. We write
A > 0, for a positive element A € B(H). If A, B are self-adjoint elements of
B(H) such that A — B > 0, we write A > B. For every A > 0, there exists a
unique positive B € B(H) such that A = B2, such an element B denoted by
A% . Our reference for the theory of C*-algebras and B(H) is [10].

2. MAIN RESULTS

We start this section with a lemma.

LEMMA 1. If A,B € B(H) and A is a nonzero positive operator. The
following statements hold.
(1) If dim(H)< oo, then ALB if and only if there exists a unit vector § € H
such that A¢ = ||Al|€ and (£, BE) = 0.
(2) If dim(H )= oo, then ALB if and only if there exists a sequence of unit
vectors (§,) C H such that limy, o A&, — ||A|&n = 0 and limy, o0 (&n,

BE,) = 0.
Proof. Let dim(H)= oo and let ALB. By Theorem 1 ((2)), there exists
a sequence of unit vectors (£,) C H such that lim, . ||A&,]] = ||A] and

lim,, 00 (A&, BE,) = 0. By Lemma 2.1 in [11], which shows that if (&,) is a
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sequence of unit vectors in H such that || A&, | — || A|| then A&, —|| A&, — 0,
we obtain lim,, oo A&, — ||A]|&, = 0. Also, we have 0 = lim,,_,o0 (A&, BE,) =

Conversely, the proof is obvious.
Using Theorem 1 (1), we can similarly prove the statement (1). O

Remark 1.1f A € B(H) is a nonzero positive operator then A" is a
nonzero positive operator for each n € N. Moreover, we have [|A"|| = || A|".

THEOREM 2. Let A, B € B(H) and let A be a positive operator. If ALB
then A™ 1B for all m € N. Moreover, if A™ 1 B for some m € N then A1B.

Proof. Let A > 0 and AL B. Then by Lemma 1, there exists a sequence
of unit vectors (&,) C H such that A, — ||A||&, — 0. Now we have:

i ATE = lim A™TH(AG)
= lim AN (JAllg) = lim [JAJA™ (&)
= lim |4 A" (4g,)
= lim [JA[PA™ (&)

By continuing this process we obtain that lim, oo A&, = limy, e ||A]|"&n.
Hence

lim A™&, — [|A™]|§, = lim [|A[™E, — [A™]|€n = 0.

n—oo n—oo

Since (&, B&,) — 0 we get A™ LB for all m € N.
Moreover, if A™ 1B for some m € N then there is a sequence of unit
vectors (&,) C H such that lim, o [|[A™(&)] = [ A|™ and hmn_moA &n —

|A||™E, = 0 and limy, o0 (A™E,, BE,) = 0. Put n, = ||AH’" 1 which is a
sequence of unit vectors. So we obtain that:

lim A = tim (AT Sy =4
Jm )] = Jim JAGE2] = 4],
Thus lim, o0 ANy — ||A||9n = 0. Also:
. 1 m
m 1 m
= lim ( A™E,, BEy) =0

n—oo || A|mt

Hence AL B. O
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The following example shows that the positivity condition is required in
the last theorem.

Ezample 1. Let A : 2 — [? such that A(z1,x9,23,...) = (Ax2,0, \1z3,
AoZy4,...) that 0 < A; < Ay < ... < Aand A; — A. Clearly, A is not positive.
Also, we have

lAz? = I(Az)f?
=1

oo
= APl + ) Niwigal
i=1

o0
< PP el
i=1

Thus ||A]| < A. Since Aey = (A,0,0,....), we have ||Aes|| = A. So [|A]| = A.
Hence ||Aes]| = A = ||A]. If B(z1,z2,23,...) = (Ax1,0, \z3, Aozy,...) then
B(ez) = 0. Therefore ALB.

On the other hand, A%(z1, 2, x3,...) = (0,0, \3z3, \324, ...) and we have

o o
1A% = Y [N wial® < A*Y Jail.
i=1 i=1

So [[A%]| < A%, Also, sup; [|A%e;|| < [|A%]| and [|A%¢;| = )\? for 7 > 3. Thus
| A%]| > lim; )\3 = A2. Hence ||A?|| = A\2. But for every z € H, we obtain that
A%z # ||A%||z = A\%z. Tt means that A2 is not orthogonal to B.

PROPOSITION 1. Let A,B € B(H) and A be a positive operator. The
following statements hold.
(1) If dim(H) < oo, then ALB if and only if there is a unit vector & € H
such that ||A|| = (A, &) and (&, BE) = 0.
(2) If dim(H) = oo, then ALB if and only if there is a sequence of unit vec-
tors (&) € H such that || Al| = limy,—00(A&p, &) and limy, o0 (§n, BE) =
0.

Proof.

(1) Let ||A|| = (Ag,€) for some € € H. Put A := ||A|l — A. We have
(AE,€) + (A, &) = ||A]|l. So (Ag,€) = 0. Since A is positive we obtain
that A¢ = 0, so ||A||¢ = A¢. Hence ALB.

Conversely, the proof is obvious.

(2) The proof is similar to the last part. [

In the next example, we want to show that if ALB then A + I is not
necessarily orthogonal to B.
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Example 2. Let ‘H be a Hilbert space with an orthonormal basis (e;);.
We define the operator A : H — H by Ae; = Njej and B : H — H by
Bej = \jej1 with A\j = a;; +48; which a? +5]2 =land0<a; <ag<..<a«
with a;j — o. We can see ||Az|| = ||z|| for all x € H. Since ||Aei| = |le1]| =
1=|A| and Be; =0, so ALB.

Now we want to show A+ 1 is not orthogonal to B. Since for every x € H
we have = (7, ej)ej, we get Av+x =3 (14 Aj)(z,e5)e;. So

1Az +2l? = 11+ Ml )/
i
= Y @A+ A
i

= 22 (1 + ;) |[{(w, ;)
j

< 201 +a)]al?.

On the other hand, [|[(A + I)e;|| = 2(1+ ;) and ||A + I]| > lim; [[(A +
Dej|l = /2(1 4+ o). Thus ||[A+I|| = y/2(1 + «). But for every € H we have

I(A+ I)z|| < ||A+I|. Hence A + I is not orthogonal to B.

Now we define [A] := inf),;)—; [[Az|| and show that if ALB then (A" —
[A]"I) L B. At first, we need the following lemma.

LEMMA 2. Let H be a Hilbert space and A € B(H) be a positive operator
then [A]|l]2 < (Aw,2).

Proof. If Ker(A) # 0 then [A] = 0. Let Ker(A) = 0. We have
[(Az,y)|? < (Az,x)(Ay,y), for z,y € H. Put y := ﬁ So we obtain

(2.1) |Az|? < (Az, z)(—— (Ax),7A$>.
HA | [ Az]
On the other hand, put B := A — [A]I. So

0<|Bzl|* = (Az,Az) — (Az, [Alx) + ([Alz, [A]z) — ([A]z, Az)

= || Az|® - 2[A)(Az, z) + [A]||z]?

2| Az — 2] (Az, z).
Hence [A](Ax, a:) § |Az|?. By combining this with 2.1 we have [A] <
HAla:HA(Ax) HASCH Az). If we write H = Ker(A) @ (Ker(A))* then we get
H = A(H). Hence [A]||z|? < (Az,z) for every z € H. O

THEOREM 3. Let A be a positive operator in B(H) and ALB. Then
(A™ — [A]™I)LB for each m € N.

IN

—~
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Proof. If dim(#H) = oo and AL B then there is a sequence of unit vectors
(&n) € H such that ||A||"™ = limy,—e0(A™E, &) and limy, o0 (&n, BE,) = 0.
Since by Lemma 2, ((A™ — [A]™])x,z) = (A™x, x) — [A]™||z]|*> > 0 for every
x € H,so (A™ — [A]™I) is a positive operator. Hence
[A™ = [A™ I = ||81H11_31<(Am — [A]" D)z, x)
= AT = A" = lim (A7) — ()"

= lim ((A™ = [AJ"1)&n, &n)-

n—oo
So by Proposition 1 we get (A™ — [A]™I)LB.
If dim(#H) < oo, the proof is similar. [

Next we obtain some characterizations of the Birkhoff-James orthogona-
lity for elements of B(H).

THEOREM 4. Let dim(H) = oo and A € B(H) then ALB if and only if
limy, o0 (A*AE, — ||A]126,) = 0 and lim, o0 (A, BE,) = 0. If dim(H) < oo
we use a unit vector & € H instead of a sequence of unit vectors.

Proof. Let AL B, then there exists a sequence of unit vectors such that
lim,, o0 || A&n|| = ||A||. Since we have

: X ANEe 12 1 2 _ 2 _ * A\ =12
Tim [|(A*A)3¢, 2 = Tim [JAg12 = [ A]* = |(4"4) |

So limn%oo(A*A)%fn — ||A||&, = 0. Hence we obtain that lim,, o, (A*A), —
| A[[&, = 0.
The converse is obvious. O

THEOREM 5. Let A, B be two operators with ALABA. Then A* 1 B.

Proof. Let dimH = oo. Since AL ABA, there exists a sequence of unit vec-
tors such that lim,, .o (A* A&, — ||A||%€,) = 0 and lim,, oo (A&, ABAE,) = 0.

So Timy e (A A&y, BAS,) = 0. Also, we have limy, o ||A*(A(H11M§n)\ _

1
|Al = [|A*||. Put n, := (A(mfn) Obviously, the sequence (7,) is a se-

quence of unit vectors that ||A*n,| — [|A*| and (A*n,, Bn,) — 0. Hence by
Theorem 1 A* 1 B.
In the case of dimH < oo, the proof is similar. [J
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