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Let G be a group and m.(G) be the set of element orders of G. Assume that
k € me(G) and let my be the number of elements of order k in G. Set nse(G) :=
{mi | k € m<(G)}. In this paper, we give a new characterization of the simple
group L2(127) by the set nse(L2(127)).
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1. INTRODUCTION

Throughout this paper, all groups are finite and G is always a group.
Denote by 7(G) the set of prime divisors of |G|, and by m.(G) the set of
element orders of GG. If r is a prime divisor of the order of G, then P, denotes
a Sylow r-subgroup of G' and n,(G) denotes the number of Sylow r-subgroups
of G. Let n be an integer. We denote by ¢(n) the Euler function of n. We call
that G is a simple K,-group if G is simple with |7(G)| = n.

Recall that the prime graph GK(G) of a group G is defined as a graph with
vertex set m(G) and two distinct primes p, g € 7(G) are adjacent if G contains
an element of order pg. Further, the connected components of GK(G) are
denoted by m;,1 <@ < t(G), where ¢t(G) is the number of connected components
of G. In particular, we denote by 7 the component containing the prime 2 for
a group of even order.

The motivation of this article is to investigate Thompson’s Problem re-
lated to algebraic number fields as follows (see [7, Problem 12.37]).

Let k € m.(G) and my be the number of elements of order k in G. Set
nse(G) = {my | k € m.(G)}. Write My(G) :={g € G | ¢! = 1}. G and G are
called of the same order type if and only if |[M;(G1)| = [M:(G2)|, t =1,2,....

Thompson’s Problem. Suppose that Gy and G5 are of the same order
type. If GG1 is solvable, is it true that G4 is also necessarily solvable?
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So far, no one could prove it completely, or even give a counterexample.
However, if groups G1 and G4 are of the same order type, we see clearly that
nse(G1) = nse(Gz). So it is natural to try to investigate the Thompson’s
Problem by |G| and nse(G).

Note that not all groups can be characterized by nse(G) and |G|. For
instance, in 1987, Thompson gave an example as follows: Let G; = (Co x Cy X
Cy x Cy) x A7 and Gy = L3(4) x C be two maximal subgroups of Maz. Then
nse(G1) = nse(Gs) and |G1| = |Ga|, but G1 2 Ga.

Then authors of [10] proved that all simple Kj4-groups can be uniquely
determined by nse(G) and |G|. Moreover, in [11], it is proved that Lo(3) = Ay,
Lo(4) = Ly(5) = As and Lo(9) = Ag are uniquely determined by nse(G). M.
Khatami, B. Khosravi and Z. Akhlaghi [6] deduced that simple groups Lo (p) are
characterizable uniquely by the set nse(La(p)) if p € {7,8,11,13}. Recently,
S.T. Liu [5] proved that L5(2) is uniquely determined by nse(G).

In this paper, by using prime graph properties and Lemma 2.2, we prove
that Lo(127) is characterizable by its associated set nse(L2(127)). Our result
is:

THEOREM A. Let G be a finite group with
nse(G) = {1, 16256, 48768, 97536, 292608, 8001, 16002, 32004,
64008, 128016, 256032, 16128} = nse(L2(127)),
then G = Ly(127).

In this paper, we denote n,(G) by n, and my(G) by my, if there is no
confusion. Further unexplained notation is standard, readers may refer to [2].

2. PRELIMINARIES

In this section, we give the lemmas which will be used in the sequel. We
begin with a classical by Frobenius.

LEMMA 2.1 ([3]). Let G be a group and m be a positive integer dividing
|G|. If L (G) = {g € G|¢g"™ = 1}, then m | |Ly,(G)].

Although the following lemma is simple, it is powerful in characterizing
simple groups G by nse(G).

LEMMA 2.2 ([9, Lemma 2.2]). Let G be a group and P be a cyclic Sylow
p-subgroup of G. Assume further that |P| = p®* and r is an integer such that
pr € me(G). Then mpay = my(Cq(P))mpe. In particular, ¢(r)mpe | mpay.
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LEMMA 2.3 ([8]). Let G be a group and p € ©(G) be odd. Suppose that P
is a Sylow p-subgroup of G and n = p*m, where (p,m) = 1. If P is not cyclic
and s > 1, then the number of elements of order n is always a multiple of p°.

Recall that GG is a 2-Frobenius group, if G has a normal series G>K>HP>1

such that G/H and K are Frobenius groups with K/H and H as Frobenius
kernel.

LEMMA 2.4 ([13, Theorem|). Let G be a group such that t(G) > 2. Then
G has one of the following structures:

(a) G is a Frobenius or 2-Frobenius group.

(b) G has a normal series 1 <N 1G1 <G such that 7(N)Un(G/G1) C m
and G1/N is a nonabelian simple group.

LEMMA 2.5 ([1, Theorem 2]). If G is a 2-Frobenius group of even order,
then t(G) = 2 and G has a normal series 1 <H UK <G such that 7(K/H) = 73,
r(H)Un(G/K) = m, |G/K| | |Aut (K/H)|, G/K and K/H are cyclic. In
particular, |G/K| < |K/H| and G is solvable.

LEMMA 2.6 ([10, Lemma 2.5]). Let G be a group with a normal series:
K AL <G. Suppose that P € Syl,(G), where p € n(G). If P < L and p{|K]|,
then the following statements hold:

(1) |G : Ng(P)| = |L : Nr(P)|, that is, ny(G) = nyp(L);

(2) [L/K : Npg(PK/K)|[t = |G : Ng(P)| = |L : Np(P)| , that is,
np(L/K)t = ny(G) = np(L) for some positive integert. Furthermore, [Ny (P)[t
= | K.

LEMMA 2.7 ([4, Theorem 2]). If G is a simple Ks-group, then G is iso-
morphic to one of the following groups: As, Ag, La(7), L2(8), L2(17), L3(3),
U3(3) or U4(2).

LEMMA 2.8. Let G be a simple K4-group. If n(G) = {2,3,7,127}, then
G = Ly(127).

Proof. This follows from [12. Corollary 3]. O

3. PROOF OF THEOREM A

The necessity is obvious by [2]. We only prove the sufficiency. Let n €
Te(G) and k be the number of cyclic subgroups of G of order n. Then m,, =
k- p(n). In particular, ¢(n) | my. Further, along with Lemma 2.1 we obtain
that for any positive integer n | |G|, the following hold:

p(n) | mn

(1) n]Zmd

dn
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For convenience, we denote by €2; the set of all elements of order ¢ in G.

Proof. Note that nse(G) = {1, 16256, 48768, 97536, 292608, 8001, 16002,
32004, 64008, 128016, 256032, 16128} = nse(L2(127)). By (1), it follows that
m(G) C {2,3,5,7,127}, 2 € m(G) and my = 8001. Moreover, if 3,5,7,127 €
(@), then mz = 16256, ms = 32004, my; = 48768, mia; = 16128. Assume
that exp(P,) = 2°. Since ¢(2°%) | mas € nse(G), we obtain s < 9. Moreover,
(1) indicates that |Pa| | (1 +mg + - -+ mas), and thus |P2| < 2'2. Similarly, if
5,7,127 € ©(G), then exp(Pia7) = 127, |Pia7| < 127%, |Ps| =5 and |P7| = T.

We prove that 7(G) = {2,3,7,127}. If 5 € n(G), then n5(G) = ms/4 =
32 . 7127, which implies that 127 € 7(G). On the other hand, Lemma 2.2
indicates that 5 - 127 & 7.(G). Hence, P5 acts fixed-pointed-freely on j97.
That is, 5 | mi27, a contradiction. Hence 7(G) C {2,3,7,127}.

If 3 € 7(G), assume that exp(P3) = 3°. Then s < 3 since ¢(3%) | mss €
nse(G). If s =1, then | P3| | 14+ms3 by (1), implying P is cyclic. If s > 2, again
by applying (1), mg = 48768 and me7 € {16002, 64008, 256032}. Along with
Lemma 2.3, we see that P3 is always cyclic. Hence ng = mass/p(3%), leading
to 127 € 7(G). Therefore {2,3,127} C 7(G). Similarly, if 7 € 7(G), then
n7(G) = m7/6 = 20 - 127, also implying that 127 € m(G). Consequently, we
only need to consider one of the following cases {2}, {2,127}, {2,3,127} and
(2,7,127).

Easily, G is not a 2-group since |nse(G)| = 12. Assume that 7(G) =
{2,127} Tt follows |G| < 2'% 127 = 520192 < 3, = 975360 that
|Pio7| = 1272, Further, |G| = 2% - 1272 > 975360 implies that a > 6.

Note that exp(P) < 2% and exp(Py27) = 127. Hence 7.(G) C {1,2,22,-- -,
29} U {127,2-127,---,28.127}, which indicates that |G| = 24127% = 975360 +
16256k; + 48768ky + 97536k3 + 292608k, + 16002ks + 32004ke + 64008k +
128016kg + 256032k9 + 16128k and Z}il k; < 9. Moreover, a < 7. If
|Py| = 27, then P, is not cyclic since otherwise, myr = 16128 and thus
ng = myr/p(27) = 22.32 .7, a contradiction. Hence exp(P2) < 2° and
Zzﬁl ki < 2. Easily, a < 6, leading to a = 6. However, the equation
26 .1272 = 975360 + 16256k; + 48768ky + 97536k3 + 292608ks + 16002ks5 +
32004k + 64008k + 128016k + 256032kg 4 16128k1o = 2937 < 4779264 and
thus 26127 = 7680 4 27ky 4 27 - 3kg +2- 3% - Ths + 22 - 3% - Thg with 320 | k; < 2
has no solutions.

Assume then 7(G) = {2,7,127}. Further, 127? ¢ 7.(G). Assume that
|Pio7| = 1272, then 127 | |Cq(P5)| since |G : Ng(P7)| = 2°-127. By Lemma
2.2, 126my7 | mr.127, a contradiction. Hence |Pia7| = 127. By Lemma 2.2 and
(1), we have that 127r & 7.(G), where r = 2,7 and 14 € 7.(G). It follows
that t(G) > 2. By Lemma 2.4, G is not solvable. Note that there is no simple
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K3-group of order divisible by 127, also a contradiction. Hence the remaining
case is m(G) = {2, 3,127}.

We show that 3% - 127 & 7.(G). If not, (1) indicates that (3% - 127) |
mg2.197 € nse(G), a contradiction. Suppose that |Pio7| = 127. If exp(P3) >
32, then Pjo7 acts fixed-point-freely on €252, which implies that 1272 | mg, a
contradiction. Hence exp(Ps;) = 3. Recall that |P3| = 3, leading to ng =
ms/p(3) = 25 -127. As a result, 127 | |[Ng(Ps)|. Let N € Sylior(Ng(Ps)).
Then N < P3N by Sylow’s Theorem and thus 3-127 € 7.(G). Lemma 2.2 gives
that 126mg | mg.127, this is impossible and as a result, |Pio7| = 127. Again
by Lemma 2.2, it follows that 3 - 127 € m.(G) and 2 - 127 ¢ 7.(G). Hence
t(G) > 2. As there is no simple K3-group whose order is divisible by 127, G is
solvable. Further, we see from Lemma 2.5 that G is either a Frobenius group
or a 2-Frobenius group. If the former holds, write G = K x H, then either
|H| =127 or |K| = 127. Suppose that |H| = 127. Then mg < |K3| —1 < 4095,
a contradiction. If |K| = 127, then mq97 = 126, also a contradiction. Hence G
is a 2-Frobenius group and then G has the following normal series 1 <<H I K G
with |[K/H| =127 and |G/K| | 126.

Therefore, 7(G) = {2,3,7,127}. By the same reasoning above we deduce
that |Pio7| = 127 and |P7| = 7. Further, |G : Ng(P;)| = 29 -127. Let
N €Syla(Cq(Py)). Then P; x N < G. Since 14 ¢ 7.(G), P;N is a Frobenius
group with Frobenius kernel P;. Hence |N| | 2, leading to |P»| = 26 or 27. If G
is solvable, then G is either a Frobenius group or a 2-Frobenius group. Write
G = K x H, where K and H are Frobenius kernel and Frobenius complement,
respectively. Then either |H| = 127 or |K| = 127. Assuming first that |H| =
127, then mg < |K3| — 1 < 3% — 1 = 26, a contradiction. On the other hand,
if |[K| = 127, then mia; < |K| —1 < 3% — 1 = 126, also a contradiction.
As a result, G is unsolvable and has a normal series 1 < H < K < G such
that |K/H| = 127, |G/K| | |Aut K/H| = 126 and G/K is cyclic. Since K
is a Frobenius group with kernel H, we have that 127 | |Hs| — 1. However,
exp(P3) < 3 and P is cyclic, we have that H is a 2-group. By the same reason,
we have that 127 | (|H| — 1). So we have that |H| = 28. Since |G/K| | 126,
we have that |P3| < 3% and |P»| < 2°. Hence |G| < 2% -32.127 = 585216 <
Yiense(@)? = 975360, a contradiction. Hence G is unsolvable.

Further, Lemma 2.4 shows that G has the following normal series:

19HAK 4G

with K/H a simple Ky-group and 127 1 |H|. By Lemma 2.8, we have that
K/H = Ly(127). By Lemma 2.6, |Ng(Pi27)|t = |H| and njor(K/H)t =
77,127(K). Since K/H = L2(127), we have that m127(K/H) = my97. Hence
ni27(K/H) = ni27(K) and thus ¢ = 1. Furthermore, we have that H <
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Ng(Pio7). Tt follows that H x Pjoy < G. Note that 127r ¢ 7.(G), we have
that H = 1. So we have that K = Ly(127) and G/K < Cy. If G = K .2,
then mo = 16129 & nse(G), a contradiction. Hence G = K =2 Ly(127). This
completes the proof.
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