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This work introduces a new operator-splitting method for solving the two-dimen-
sional (2D) and three-dimensional (3D) parabolic equations. The aim is to reduce
the computational complexity without loss of accuracy. Firstly, we split the 2D
and 3D parabolic equations into a sequence of one-dimensional (1D) parabolic
equations respectively, then we solve each 1D parabolic equation by using finite
element method. In comparison with standard finite element method, the present
method can save much CPU time. Furthermore, the stability analysis and error
estimates for the proposed method are derived. Finally, numerical results of the
2D and 3D parabolic equations are presented to support our theoretical analysis.
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1. INTRODUCTION

Since the high storage requirement and computational complexity, obtai-
ning the numerical solution of high-dimensional parabolic equation is a hard
work. To overcome this difficulty, many effective methods were presented
[1, 3, 21, 23]. Among them, the sparse grid method [4–6] which is based on 1D
hierarchical basis through tensor products, is a popular method for handling
the high-dimensional parabolic equations. However, the theoretical analysis
of this method is more difficult. The other popular way for solving high-
dimensional parabolic equations is the operator-splitting method. In most of
the previous studies, scholars mainly consider the operator-splitting method
via finite difference method. The alternating direction implicit (ADI) method
is a powerful operator-splitting method and it is first introduced in [7, 8] for
solving the 2D heat equation. The ADI method is widely used for solving
parabolic equations [9,10,24,25], due to its unconditional stability and high ef-
ficiency. However, it is well known that finite difference methods [11–15,22] are
more difficult in solving the problem with irregular area and complex boundary
conditions and suffer from a serious accuracy reduction in space for interface
problems with different materials and nonsmooth solutions.
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Recently, the heterogeneous alternating-direction method for Fokker-
Planck equation has been studied by Knezevic and Sli [16]. Based on classical
finite element method (FEM), it is well suited to implementation on a parallel
computer and easy exploited to make largescale computations. Furthermore,
Ganesan [17] discussed the mathematical methods for the population balance
equations, where an operator-splitting Galerkin/SUPG finite element method
is considered. The key idea of this method is to split the high-dimensional pro-
blem into two low-dimensional subproblems, and discretize the low-dimensional
subproblems separately. In this article, the operator-splitting method via fi-
nite element method (OSFEM) is proposed to solve the 2D and 3D parabolic
equations, respectively [2,18,19]. The basic idea of OSFEM is that we first split
the 2D and 3D parabolic equations into a series of 1D parabolic equations, and
then solve each 1D parabolic equation by using the classical FEM. The main
advantages of this new method are problem simplification, low computational
cost, and adaptability to the complex computation domain.

In this paper, we mainly study the following parabolic equation:
∂u(t,x)

∂t
−∆u(t,x) = f(t,x) in Ω× J,

u(t,x) = 0 on Γ× J,
u(0,x) = u0(x) in Ω,

(1)

where x ∈ Ω ⊂ Rd (d = 2 or 3) can be defined as a Cartesian product, ∆
denotes the Laplace operator, Γ the boundary of Ω, u0 the known initial value,
f the known body force, and t ∈ J = (0, T ] (T > 0), respectively. In order
to introduce the OSFEM, we take the 2D parabolic equation for instance,
and present the stability analysis and error estimates. For the 3D parabolic
equation, similar results can also be obtained.

The rest of this paper is organized as follows. In the next section, we
present the finite element approximation for the parabolic equation (1). In
Section 3, we will deduce the split form of diffusion equation and convection-
diffusion equation by using the OSFEM, respectively. In Section 4, we present
the stability analysis and error estimates of the OSFEM on regular domain.
Furthermore, several numerical examples are given to show the effectiveness
and practicability of the OSFEM in Section 5. Finally, we discuss the conclu-
sions and suggestions of the OSFEM.

2. FINITE ELEMENT APPROXIMATION

For the mathematical setting of parabolic problem (1), we first introduce
the L2−inner product and norm over the domain Ω based on standard Sobolev
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spaces [1, 23]:

(v, q) =

∫
Ω
v(x)q(x)dx, ‖v‖20 = (v, v), ∀v, q ∈ L2(Ω).

Then, we have the following variational formulation of problem (1): given
u0 ∈ L2(Ω) and f ∈ L2((0, T ]× Ω), find u ∈ L2(0, T ;H1

0 (Ω)) such that

d

dt
(u(t), v) + (∇u(t),∇v) = (f(t), v), ∀v ∈ H1

0 (Ω),

(u(0), v) = (u0, v).
(2)

2.1. FINITE ELEMENT SPACES

Let Ωx = [0, 1], Ωy = [0, 1], and denotes, Ω = Ωx × Ωy. We know that
Hp(Ωx) and Hp(Ωy) are the usual Sobolev spaces containing L2-functions with
weak derivative of order p ≥ 0. Then, we define

Hp,p = Hp(Ωx;Hp(Ωy)) ∩Hp(Ωy;H
p(Ωx)),

and the associated norm and seminorm

‖v‖2p,p :=
∑
|β|≤p

∑
|α|≤p

‖∂βy ∂αx v‖2L2(Ω), |v|
2
p,p :=

∑
|β|=p

∑
|α|=p

‖∂βy ∂αx v‖2L2(Ω).

Next, we introduce the finite element spaces Vh ⊂ H1
0 (Ωx) and Wh ⊂ H1

0 (Ωy),
such that

Vh = span{φ1(x), φ2(x), . . . , φM (x)},
Wh = span{ψ1(y), ψ2(y), . . . , ψN (y)}.

The finite element space H1,1(Ω) is defined as follows:

Vh ×Wh = {εh : εh =

M∑
j=1

N∑
l=1

εj,lφj(x)ψl(y), εj,l ∈ R} ⊂ H1,1(Ω).

Further, the finite element functions can be written as:

uh(t, x, y) =

M∑
j=1

N∑
l=1

uj,l(t)φj(x)ψl(y).(3)

Hence, we can obtain

∇xuh =

M∑
j=1

N∑
l=1

uj,l(∇xφj)ψl, ∇yuh =

M∑
j=1

N∑
l=1

uj,lφj(∇yψl).(4)
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With the above definitions, the weak formulation of problem (1) can be written
as: given u0 and f , find uh(t) ∈ Vh ×Wh such that

d

dt
(uh(t), vh) + (∇uh(t),∇vh) = (f(t), vh), ∀vh ∈ Vh ×Wh,

(uh(0), vh) = (u0, vh).
(5)

2.2. TIME DISCRETIZATION: BACKWARD EULER SCHEME

Let m > 0 be a fixed integer number and 0 = t0 < t1 < . . . < tm = T be
the time discretization. Then δt = tn − tn−1, 1 ≤ n ≤ m, denote the discrete
time step. The backward Euler scheme of problem (5) is as follows:(unh − un−1

h

δt
, vh

)
+ (∇unh,∇vh) = (fn, vh), ∀vh ∈ Vh ×Wh,

(u0
h, vh) = (u0, vh).

(6)

Define the four matrices Mx, My, Ax and Ay as follows:

[Mx]ij =

∫
Ωx

φiφjdx, [Ax]ij =

∫
Ωx

∇xφi · ∇xφjdx, 1 ≤ i, j ≤M,

[My]kl =

∫
Ωy

ψkψldy, [Ay]kl =

∫
Ωy

∇yψk · ∇yψldy, 1 ≤ k, l ≤ N,

where ⊗ denotes the kronecker product of two matrices. Then, the mass matrix
[M ]MN×MN can be written as:

[M ]MN×MN = Mx ⊗My =

 [Φ1,1]k,l · · · [Φ1,M ]k,l
...

. . .
...

[ΦM,1]k,l . . . [ΦM,M ]k,l

 .
Moreover, the element of Mx ⊗My can be written as follows:

[Φi,j ]k,l :=

∫
Ωx

φiφjdx

∫
Ωy

ψkψldy, 1 ≤ k, l ≤ N.

Thus, the algebraic form of problem (6) reads:

{(Mx ⊗My) + δt((Ax ⊗My) + (Mx ⊗Ay))}Un

= δtFn + (Mx ⊗My)U
n−1,

(7)

where

[Fn]N(i−1)+k,1 =

∫
Ω
fnφiψkdxdy, 1 ≤ i ≤M, 1 ≤ k ≤ N,

and Un is the vectorization of matrix [unj,l]
T.
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3. THE OSFEM FOR PARABOLIC EQUATIONS

In this section, we will present the split form of parabolic equations.
Firstly, we use the OSFEM to solve 2D parabolic equation. Secondly, the split
form of 3D parabolic equation will be presented. Furthermore, we use the
OSFEM to deal with the convection-diffusion equation.

3.1. THE OSFEM FOR 2D PARABOLIC EQUATION

Setting

∆ = ∆x + ∆y, ∆x =
∂2

∂x2
, ∆y =

∂2

∂y2
.

After time discretization, we can split the 2D parabolic problem into two sub-
problems in (tn−1, tn) as follows:

Sp 1.1. We solve the 1D parabolic problem of Y−direction, that is: find
û(t, x, y) for all x ∈ Ωx such that

∂û

∂t
−∆yû = f in (tn−1, tn)× Ωy,

û = 0 on (tn−1, tn)× Γy,

û(tn−1, x, y) = u(tn−1, x, y).

(8)

Sp 1.2. We solve the 1D parabolic problem of X−direction, that is: find
ũ(t, x, y) for all y ∈ Ωy such that

∂ũ

∂t
−∆xũ = 0 in (tn−1, tn)× Ωx,

ũ = 0 on (tn−1, tn)× Γx,

ũ(tn−1, x, y) = û(tn, x, y).

(9)

With the fixed xj ∈ Ωx, j = 1, · · · ,M , and yl ∈ Ωy, l = 1, · · · , N of the
above subproblems, we define the finite element functions ûh(t, xj , y) ∈ Wh

and ũh(t, x, yl) ∈ Vh as:

ûh(t, xj , y) =

N∑
l=1

ûj,l(t)ψl(y), ũh(t, x, yl) =

M∑
j=1

ũj,l(t)φj(x).

Hence, the discrete form of subproblems (8) and (9) in (tn−1, tn) can be
written as:
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Dsp 1.1. Given ûn−1
h (xj , y) = un−1

h (xj , y) and fn(xj , y), find ûnh(xj , y) ∈
Wh such that for all vh ∈Wh with j = 1, · · · ,M satisfying( ûnh − ûn−1

h

δt
, vh

)
Ωy

+ (∇yûnh,∇yvh)Ωy = (fn, vh)Ωy .(10)

Dsp 1.2. Given ũn−1
h (x, yl) = ûnh(x, yl), find ũnh(x, yl) ∈ Vh such that for

all vh ∈ Vh with l = 1, · · · , N satisfying( ũnh − ũn−1
h

δt
, vh

)
Ωx

+ (∇xũnh,∇xvh)Ωx = 0.(11)

Then, we obtain the numerical solution

ũnh(x, y) =
M∑
j=1

N∑
l=1

ũnj,lφj(x)ψl(y),

and then let unh(x, y) = ũnh(x, y) to compute un+1
h (x, y) further.

Now we have the algebraic form of (10) and (11) as follows:

(My + δtAy)Û
n = δtFny +MyU

n−1,(12)

(Mx + δtAx)Ũn = Mx(Ûn)T.(13)

Where

[Fny ]k,i =

∫
Ωy

fnψkdy, 1 ≤ k ≤ N, 1 ≤ i ≤M.

Next, multiply (12) by Mx ⊗ IN , and (13) by IM ⊗ (My + δtAy) respectively,
we obtain

{(Mx ⊗My) + δt(Mx ⊗Ay)}Ûn = δt(Mx ⊗ IN )Fny + (Mx ⊗My)U
n−1,(14)

and

{(Mx ⊗My) + δt{(Ax ⊗My) + (Mx ⊗Ay)}+ δt2(Ax ⊗Ay)}Ũn

= {(Mx ⊗My) + δt(Mx ⊗Ay)}Ûn.
(15)

From (14) and (15), we have

{(Mx ⊗My) + δt{(Ax ⊗My) + (Mx ⊗Ay)}+ (δt)2(Ax ⊗Ay)}Ũn

= δt(Mx ⊗ IN )Fny + (Mx ⊗My)U
n−1.

(16)

The element of vector (Ax ⊗Ay)Ũn is as follows∫
Ω

M∑
j=1

N∑
l=1

ũnj,l
∂φi
∂x

∂φj
∂x

∂ψk
∂y

∂ψl
∂y

dxdy =
( M∑
j=1

N∑
l=1

ũnj,l
∂φj
∂x

∂ψl
∂y

,
∂φi
∂x

∂ψk
∂y

)
= (∇x∇yũnh,∇x∇yvh), ∀vh ∈ Vh ×Wh.
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With the property of finite element space Vh, we have∫
Ωx

M∑
j=1

φjdy = 1.

Hence, the element of (Mx ⊗ IN )Fny can be written as:∫
Ωx×Ωy

fnφiψk

M∑
j=1

φjdxdy =

∫
Ω
fnφiψkdxdy

(∫
Ωx

M∑
j=1

φjdx
)

=

∫
Ω
fnφiψkdxdy.

(17)

Using (7) and (17), we have (Mx ⊗ IN )Fny = Fn. As shown in [2], (16) can be
derived from(unh − un−1

h

δt
, vh

)
+ (∇unh,∇vh) + δt(∇x∇yunh,∇x∇yvh)

= (fn, vh), ∀vh ∈ Vh ×Wh.

(18)

From (7) and (16), we know that the solution Un of (7) is approximated by
Ũn of (16).

3.2. THE OSFEM FOR 3D PARABOLIC EQUATION

Assume that the domain Ω ⊂ R3 can be defined as a Cartesian product
of three subdomains Ω = Ωx × Ωy × Ωz. Setting

∆ = ∆x + ∆y + ∆z, ∆x =
∂2

∂x2
, ∆y =

∂2

∂y2
, ∆z =

∂2

∂z2
.

After the time discretization, we split the 3D parabolic problem (1) into three
subproblems in (tn−1, tn) as follows:

Sp 2.1. We solve the 1D parabolic problem of Z−direction, that is: find
û(t, x, y, z) for all (x, y) ∈ Ωx × Ωy such that

∂û

∂t
−∆zû = f in (tn−1, tn)× Ωz,

û = 0 on (tn−1, tn)× Γz,

û(tn−1, x, y, z) = u(tn−1, x, y, z).

(19)
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Sp 2.2. We solve the 1D parabolic problem of Y−direction, that is: find
ũ(t, x, y, z) for all (x, z) ∈ Ωx × Ωz such that

∂ũ

∂t
−∆yũ = 0 in (tn−1, tn)× Ωy,

ũ = 0 on (tn−1, tn)× Γy,

ũ(tn−1, x, y, z) = û(tn, x, y, z).

(20)

Sp 2.3. We solve the 1D parabolic problem of X−direction, that is: find
u(t, x, y, z) for all (y, z) ∈ Ωy × Ωz such that

∂u

∂t
−∆xu = 0 in (tn−1, tn)× Ωx,

u = 0 on (tn−1, tn)× Γx,

u(tn−1, x, y, z) = ũ(tn, x, y, z).

(21)

Here, u(tn, x, y, z) = u(tn, x, y, z), and the discrete form of (19)–(21) can be
presented as the 2D parabolic equation. And then, the algebraic form of the
3D parabolic equation will be obtained. In addition, we can also split the 3D
parabolic equation into the 2D and 1D subproblems in one time step.

3.3. THE OSFEM FOR CONVECTION-DIFFUSION EQUATION

In this subsection, we use the OSFEM to deal with the following 2D
convection-diffusion equation

∂u(t,x)

∂t
−∆u(t,x) + β · ∇u(t,x) = f(t,x) in Ω× J,

u(t,x) = 0 on Γ× J,
u(0,x) = u0(x), in Ω,

(22)

where Ω ⊂ R2 can be defined as a Cartesian product of two subdomains Ω =
Ωx × Ωy, β = (α1, α2) the known convection coefficient. Let β1 = (0, α1) and
β2 = (α2, 0). After the time discretization, we split the problem (22) into two
subproblems as follows:

Sp 3.1. We solve the 1D parabolic problem of Y−direction, that is: find
û(t, x, y) for all x ∈ Ωx such that

∂û

∂t
−∆yû+ β1 · ∇û = f in (tn−1, tn)× Ωy,

û = 0 on (tn−1, tn)× Γy,

û(tn−1, x, y) = u(tn−1, x, y).

(23)
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Sp 3.2. We solve the 1D parabolic problem of X−direction, that is: find
ũ(t, x, y) for all y ∈ Ωy such that

∂ũ

∂t
−∆xũ+ β2 · ∇ũ = 0 in (tn−1, tn)× Ωx,

ũ = 0 on (tn−1, tn)× Γx,

ũ(tn−1, x, y) = û(tn, x, y).

(24)

Here, u(tn, x, y) = ũ(tn, x, y), and the discrete form of (23) and (24) can also
be presented as the 2D parabolic equation. Furthermore, the 3D convection-
diffusion equation can also be solved similar to that.

4. STABILITY ANALYSIS AND ERROR ESTIMATES

In this section, we will present stability analysis and error estimates of
the 2D parabolic problem. To do this, let

dtu
n
h =

unh − u
n−1
h

δt
, f̂n =

1

δt

∫ tn

tn−1

f(t)dt.

4.1. STABILITY ANALYSIS OF THE OSFEM

Theorem 4.1. The numerical scheme (8)–(9) is unconditionally stable,
that is,

‖umh ‖20 +

m∑
n=1

δt2‖dtunh‖20 + 2δt2
m∑
n=1

‖∇x∇yunh‖20

≤ ‖u0
h‖20 + C

∫ T

0
‖f(t)‖20dt.

(25)

Proof. Taking vh = 2δtunh in (18) yields

2(unh − un−1
h , unh) + 2δt(∇unh,∇unh)

+ 2δt2(∇x∇yunh,∇x∇yunh) = 2δt(f̂n, unh).

With the identity 2(a− b, a) = |a|2 − |b|2 + |a− b|2 and the Cauchy-Schwarz’s
inequality, we deduce that

‖unh‖20 − ‖un−1
h ‖20 + δt2‖dtunh‖20 + 2δt‖∇unh‖20 + 2δt2‖∇x∇yunh‖20

≤ 2δt‖∇unh‖20 + C

∫ tn

tn−1

‖f(t)‖20dt.
(26)
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Further, we have

‖unh‖20 + δt2‖dtunh‖20 + 2δt2‖∇x∇yunh‖20 ≤ ‖un−1
h ‖20 + C

∫ tn

tn−1

‖f(t)‖20dt.(27)

The initial solution u0 is approximated by u0
h and sum (27) with respect to n

from 1 to m. Then, the proof is completed. �

4.2. ERROR ESTIMATES OF THE BACKWARD EULER SCHEME

First, we introduce the approximation properties of the finite element
spaces Vh and Wh (Theorem 4.8 in [20]). Assume that there are interpolation
operators Ix ∈ ζ(H1

0 (Ωx);Vh) and Iy ∈ ζ(H1
0 (Ωy);Wh) such that for all 1 ≤

s ≤ r + 1

‖u− Ixu‖L2(Ωx) + h‖u− Ixu‖H1(Ωx) ≤ Chs‖u‖Hs(Ωx),

‖Ixu‖Hs(Ωx) ≤ C‖u‖Hs(Ωx), ∀u ∈ H1
0 (Ωx) ∩Hs(Ωx),

‖u− Iyu‖L2(Ωy) + h‖u− Iyu‖H1(Ωy) ≤ Chs‖u‖Hs(Ωy),

‖Iyu‖Hs(Ωy) ≤ C‖u‖Hs(Ωy), ∀u ∈ H1
0 (Ωy) ∩Hs(Ωy).

(28)

Here, r is the order of finite element space Vh ×Wh and ζ(X;Y ) denotes the
set of continuous linear mappings from X to Y . Then, given an interpolation
operator Ih ∈ ζ(H1,1

0 (Ω) ∩Hr+1,r+1(Ω), Vh ×Wh) as

Ih := IxIy = IyIx.(29)

For the error estimates, we divide it into two parts and define

enh = u(tn)− unh = (u(tn)− Ihu(tn)) + (Ihu(tn)− unh) = ηn + ξn.(30)

Theorem 4.2. Assume that 0 < δt ≤ 1
2 and assumptions (28)–(29) hold,

then we have the following estimate:

‖enh‖20 ≤ C(h2r + δt2), n = 1, 2, · · ·m.(31)

Proof. Taking vh = ξn in (18) yields(ξn − ξn−1

δt
, ξn
)

+ (∇ξn,∇ξn) + δt(∇x∇yξn,∇x∇yξn)

=
(u(tn)− u(tn−1)

δt
− ηn − ηn−1

δt
, ξn
)

+ (∇(u(tn)− ηn),∇ξn)

+ δt(∇x∇y(u(tn)− ηn),∇x∇yξn)− (fn, ξn).

(32)

Since ξn|∂Ωx = 0 and ξn|∂Ωy = 0, we have

(∇x∇yu(tn),∇x∇yξn) = (∆x∆yu(tn), ξn).
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Using (2) for t = tn and v = ξn and setting

Sn =
u(tn)− u(tn−1)

δt
− ∂u(tn)

∂t
− ηn − ηn−1

δt
+ δt∆x∆yu(tn),

then (32) can be written as(ξn − ξn−1

δt
, ξn
)

+ (∇ξn,∇ξn) + δt(∇x∇yξn,∇x∇yξn)

= (Sn, ξn)− δt(∇x∇yηn,∇x∇yξn)− (∇ηn,∇ξn).

(33)

Further, we have

‖ξn‖20 + ‖ξn − ξn−1‖20 + 2δt‖∇ξn‖20 + 2δt2‖∇x∇yξn‖20 ≤ ‖ξn−1‖20
+ 2δt|(Sn, ξn)|+ 2δt|(∇ηn,∇ξn)|+ 2δt2|(∇x∇yηn,∇x∇yξn)|.

(34)

Using the Cauchy-Schwarz’s and Young’s inequality, we obtain

2δt|(Sn, ξn)| ≤ δt‖Sn‖20 + δt‖ξn‖20,
2δt|(∇ηn,∇ξn)| ≤ δt‖∇ηn‖20 + δt‖∇ξn‖20,
2δt2|(∇x∇yηn,∇x∇yξn)| ≤ δt2‖∇x∇yηn‖20 + δt2‖∇x∇yξn‖20.

Combining the above inequalities with (34) yields

(1− δt)‖ξn‖20 + δt‖∇ξn‖20 ≤ ‖ξn−1‖20 + δt‖Sn‖20
+ δt‖∇ηn‖20 + δt2‖∇x∇yηn‖20.

(35)

Applying Taylor’s theorem with integral remainder for Sn, we have

δt‖Sn‖20 ≤ C
(
δt2
∫ tn

tn−1

∥∥∥∂2u(s)

∂s2

∥∥∥2

0
ds

+

∫ tn

tn−1

∥∥∥∂η(s)

∂s2

∥∥∥2

0
ds+ δt3‖∆x∆yu(tn)‖20

)
.

Using 1 ≤ 1
1−δt ≤ 2 and combining the above inequality with (35), we obtain

‖ξn‖20 + δt‖∇ξn‖20 ≤ (1 + 2δt)‖ξn−1‖20

+ C
(
δt2
∫ tn

tn−1

∥∥∥∂2u(s)

∂s2

∥∥∥2

0
ds+

∫ tn

tn−1

∥∥∥∂η(s)

∂s2

∥∥∥2

0
ds

+ δt‖∇ηn‖20 + δt3‖∆x∆yu(tn)‖20 + δt2‖∇x∇yηn‖20
)
.

(36)

Summing (36) with respect to n from 1 to m, we have

‖ξm‖20 +
m∑
n=1

δt‖∇ξn‖20 ≤ ‖ξ0‖20 + 2
m∑
n=1

δt‖ξn−1‖20
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+ C
(
δt2
∫ T

0

∥∥∥∂2u(s)

∂s2

∥∥∥2

0
ds+

m∑
n=1

δt3‖∆x∆yu(tn)‖20

+

∫ T

0

∥∥∥∂η(s)

∂s

∥∥∥2

0
ds+

m∑
n=1

δt‖∇ηn‖20 +

m∑
n=1

δt2‖∇x∇yηn‖20
)
.

Finally, using the discrete Gronwall’s lemma, we deduce that

‖ξm‖20 +
m∑
n=1

δt‖∇ξn‖20 ≤ C exp(2T )
(
‖ξ0‖20 + δt2

∥∥∥∂2u(s)

∂s2

∥∥∥
L2(0,T ;L2(Ω))

+
m∑
n=1

δt‖∇ηn‖20 + δt2‖∆x∆yu‖2L2(0,T ;L2(Ω))

+

∫ T

0

∥∥∥∂η(s)

∂s

∥∥∥2

0
ds+ δt2

m∑
n=1

‖∇x∇yηn‖20
)
.

(37)

Moreover, we deduce from (28)–(30) that

‖∇η‖20 = ‖∇xη‖20 + ‖∇yη‖20,∥∥∥∂η
∂s

∥∥∥
0
≤ Chr

(∥∥∥∂u
∂t

∥∥∥
L2(Ωy ;Hr(Ωx))

+
∥∥∥∂u
∂t

∥∥∥
L2(Ωx;Hr(Ωy))

)
,

‖∇xη‖0 ≤ ‖∇xu−∇xIxu‖0 + ‖∇xIxu− Iy∇xIxu‖0
≤ Chr

(
‖u‖L2(Ωy ;Hr+1(Ωx)) + ‖u‖H1(Ωx;Hr(Ωy))

)
,

‖∇yη‖0 ≤ ‖∇yu−∇yIyu‖0 + ‖∇yIyu− Ix∇yIyu‖0
≤ Chr

(
‖u‖L2(Ωx;Hr+1(Ωy)) + ‖u‖H1(Ωy ;Hr(Ωx))

)
,

‖∇x∇yη‖0 ≤ ‖∇x∇yu−∇xIx∇yu‖0 + ‖∇y∇xIxu−∇yIy∇xIxu‖0
≤ Chr

(
‖u‖H1(Ωy ;Hr+1(Ωx)) + ‖u‖H1(Ωx;Hr+1(Ωx))

)
.

Combining the above inequalities with (37), we get the L2-error estimate for
ξn. It remains the L2-error estimate for ηn:

‖ηn‖0 = ‖u(tn)− IxIyu(tn)‖0
≤ ‖u(tn)− Ixu(tn)‖0 + ‖Ixu(tn)− IyIxu(tn)‖0

≤
(∫

Ωy

‖u(tn)− Ixu(tn)‖2L2(Ωx)dy
) 1

2

+
(∫

Ωx

‖Ixu(tn)− IyIxu(tn)‖2L2(Ωy)dx
) 1

2

≤ Chr
(∫

Ωy

‖u(tn)‖2Hr(Ωx)dy
) 1

2
+ Chr

(∫
Ωx

‖Ixu(tn)‖2Hr(Ωy)dx
) 1

2

≤ Chr(‖u(tn)‖L2(Ωy ;Hr(Ωx)) + ‖u(tn)‖L2(Ωx;Hr(Ωy))).
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Combining the above error estimate for ηn and ξn with

‖enh‖20 = ‖ηn + ξn‖20 ≤ 2(‖ηn‖20 + ‖ξn‖20),(38)

and using ‖ξ0‖0 ≤ ‖η0‖0, the desired result is obtained.

5. NUMERICAL EXPERIMENTS

In this section, we present some numerical examples to show the efficiency
and accuracy of the OSFEM. We first deal with the 2D parabolic equation on
complex region. Further, we provide the numerical result of the 3D parabolic
equation and give a comparison between the OSFEM and the classical FEM.
Finally, the numerical result of 2D convection-diffusion equation is presented.
For these numerical examples, we first split the parabolic equation into a series
of 1D parabolic equations, then we solve each 1D parabolic equation based on
P1-conforming element. These results suggest that the numerical scheme is
first-order accuracy in time and second-order accuracy in spatial. In order to
calculate the error, we define

‖u− uh‖∞ = max |u(tn)− unh|, ‖u− uh‖0 =
(∫

Ω
|un − unh|2dx

) 1
2
.

Example 5.1. The exact solution of 2D parabolic problem (1) is given as
u(t, x, y) = tcos(πx)cos(πy) with the final time T = 1. Let the computation
be carried out on L-type region Ω = [0, 2]2 \ [1, 2]2 with the Neumann boun-
dary condition. Using the OSFEM to split this 2D parabolic equation into
a sequence of 1D parabolic equation (Y−direction and X−direction), each
1D parabolic equation can be solved on P1-conforming element. We get the
numerical solution in Fig. 2(a) with the mesh grid as in Fig. 1(a). From Ta-
ble 1, we can see that the OSFEM work well and consistent with the theoretical

(a) (b)

Fig. 1 – Mesh grid of L-type region (a), mesh grid of circular region (b).
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(a) (b)

Fig. 2 – Numerical solutions of L-type region (a) and circular region

(b) at T = 1 with δt = h2 and h = 1/64.

TABLE 1

Numerical error and convergence order of Example 5.1 on L-type region with δt = h2

1/h ‖u− uh‖∞ order ‖u− uh‖0 order
8 6.848E-2 6.901E-2
16 1.787E-2 1.938 1.675E-2 2.042
32 4.517E-3 1.984 4.074E-3 2.039
64 1.132E-3 1.996 1.001E-3 2.024
128 2.833E-4 1.998 2.479E-4 2.013

TABLE 2

Numerical error and convergence order of Example 5.1 on circular region with δt = h2

1/h ‖u− uh‖∞ order ‖u− uh‖0 order
8 6.920E-2 6.430E-2
16 1.810E-2 1.934 1.730E-3 1.894
32 4.600E-3 1.976 4.400E-3 1.975
64 1.200E-3 1.938 1.100E-3 2.000
128 2.877E-4 2.055 2.798E-4 1.974

analysis. Besides, we consider the 2D parabolic problem (1) on a circular region
Ω = {(x, y)| x2 + y2 ≤ 1} with final time T = 1. And, the exact solution is
also given by u(t, x, y) = tsin(πx)sin(πy). Of course, this problem can also be
solved by the OSFEM. The numerical solution in Fig. 2(b) is obtained with
the mesh grid as in Fig. 1(b). The numerical errors are listed in Table 2, which
shows that the convergence rate of the OSFEM is first-order accuracy in time
and second-order accuracy in spatial.

Example 5.2. Given the exact solution of the 3D parabolic equation (1)
as u(t, x, y) = tsin(πx)sin(πy)sin(πz). And, we take the final time T = 1 and
domain Ω = [0, 1]3. Table 3 shows numerical results of the OSFEM with the
backward Euler scheme in time discretization. Besides, in order to illustrate
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the efficiency of OSFEM, we also solve this problem by applying the Q1-FEM
for spatial discretization and the backward Euler scheme in time discretization.
The CPU time of this method and the OSFEM in one time-step simulation are
presented in Table 4. It is clear that the OSFEM is more efficient.

TABLE 3

Numerical error and convergence order of Example 5.2 with δt = h2

1/h ‖u− uh‖∞ order ‖u− uh‖0 order
8 1.367E-1 6.000E-2
16 3.640E-2 1.909 1.620E-2 1.888
32 9.200E-3 1.984 4.100E-3 1.982
64 2.300E-3 2.000 1.000E-3 2.035
128 5.577E-4 2.044 2.460E-4 2.022

TABLE 4

Computational time for one time step of the 3D parabolic problem

1/h 8 16 32 64 128
Q1-FEM 2.28s 37.83s 396.50s >1h >3h
OSFEM 0.03s 0.26s 1.96s 15.19s 130.80s

Example 5.3. The exact solution of the 2D convection-diffusion equation
(22) is given by u(t, x, y) = tsin(πx)sin(πy) with the final time T = 1. Let
the computed region Ω be the unit square [0, 1]2 in R2 and the convection
coefficient β = (1, 1). The time discretization is based on the backward Euler
scheme. The numerical error and convergence rate of this numerical simulation
are presented in Table 5.

TABLE 5

Numerical error and convergence order of Example 5.3 with δt = h2

1/h ‖u− uh‖∞ order ‖u− uh‖0 order
8 7.006E-2 4.701E-2
16 1.841E-2 1.927 1.237E-2 1.926
32 4.686E-3 1.974 3.135E-3 1.980
64 1.175E-3 1.994 7.868E-4 1.994
128 2.942E-4 1.998 1.969E-4 1.998

6. CONCLUSIONS

In this work, we successfully apply the OSFEM to deal with the high-
dimensional parabolic equations. The main feature of the proposed method is
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that the high-dimensional parabolic equation can be simplified to a sequence
of 1D parabolic equations. Besides, each 1D parabolic equation can be sol-
ved by the classical FEM separately. The OSFEM is successfully applied in
convection-diffusion equation. So we can use this method to solve more com-
plicated parabolic equation. In addition, numerical examples illustrate that
the proposed method agree with the theoretical analysis. In the future, we
will pursue the higher-order operator-splitting method for time discretization
scheme.
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