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We investigate several types of topological groups: 2-step nilpotent topological
groups, groups with Lie algebra and pre-Lie groups. We investigate the mutual
relations between these groups. We study tangent groups of topological groups
with Lie algebra and characterize the 2-step nilpotent topological groups for
which tangent groups are pre-Lie groups.
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1. INTRODUCTION

We present some elements of Lie theory for 2-step nilpotent topological
groups, that allows us to construct the topological Lie algebra of such a group,
and in particular we provide a detailed proof of Theorem 2.22 which says that
every 2-step nilpotent topological group is a group with Lie algebra. That fact
was discovered in [9]. We present some results on general topological groups
useful in characterization of the Lie algebra of a 2-step nilpotent topological
group. For clarity we recall below the definition of groups with Lie algebra and
pre-Lie groups. We introduce the tangent group of a topological group with Lie
algebra, denoted by T'(G). We show that the tangent group of a 2-step nilpotent
topological group is in turn a 2-step nilpotent group, and finally as the main
new result of the present paper, we characterize 2-step nilpotent topological
groups for which the tangent group is a pre-Lie group (Theorem 3.4).

The main tool used in the present investigation is the differential calculus
on topological groups which are not necessarily Lie groups. References for that
research area and its related topics include [1-4,6-10], and [5].

We conclude this introduction by the following definitions, which are basic
for the present paper.
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We define A(G) as the set of all continuous homomorphisms o : R —
G from the additive group (R,+) to G. The elements of A(G) are called
continuous subgroups of G with one parameter. The set A(G) is endowed with
a natural topology as follows (see for instance [6]).

Let G be a topological group with the set of neighborhoods of 1 € G
denoted by Vg(1).

For arbitrary n € N and U € V(1) denote

Wi = {(11,72) € AG) x A(G) | (¥t € [-n,n]) ~n(t)m()~" €U}

For every v € A(G) define Wy, p(71) = {72 € AG) | (m,72) € Wou}t
Then there exists a unique topology on A(G) with the property that for each
v € A(G) the family {W, y(y) | n € N, U € Vg(1)} is a fundamental system
of neighborhoods of ~.

Definition 1.1 ([6,8]). We say that the topological group G is a group with
Lie algebra if the topological space A(G) has the structure of a topological Lie
algebra over R whose algebraic operations satisfy the following conditions for
all t,s € R and \,v € A(G),

(EA)(s) = Alts);

O+ )(8) = lim (AW ()"
M) = Jim MG (DA=D (=)™,

with uniform convergence on the compact subsets of R.

The topological group G is a pre-Lie group if it is a group with Lie
algebra and for every nonconstant v € A(G) there exists a real-valued function
f of class C* on some neighborhood of 1 € G such that Df(1;~) # 0.

2. LIE THEORY FOR 2-STEP NILPOTENT TOPOLOGICAL GROUPS

In this section, we provide a detailed proof of [9, Th.IV.1.24] (see Theo-
rem 2.22 below)

Definition 2.1. Let G be a group. We denote
[G,G) = {zyz~'y H 2,y € G}

and

Z(G) ={g € G;zg = gz, (V)z € G}

which is called the center of G and is a commutative subgroup of G.
We say that G is a 2-step nilpotent group if [G,G] C Z(QG).
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We define the commutator map
c:GxG—Z(Q), clx,y) :=azyzy L

Everywhere in what follows we assume that G is 2-step nilpotent group,
unless explicitly stated that G is an arbitrary group.

2.1. SOME BASIC PROPERTIES OF THE COMMUTATOR MAP

LEMMA 2.2. The commutator map ¢ is a bi-morphism, that is for all
x,y,a,b € G we have:
(a) ey, ) = (c(z,y))"!
(b) c(z,ab) = ¢(x,b)c(x,a) = c(x,a)c(x,b)
(c) c(ab,x) = c(a,x)c(b, ).

Proof. The proof is based on direct calculations, thus:

a) (c(z,)) "t = (zyz~ly ™)t =yay~ta = c(y, @),
b) We have:
c(x,ab) = c(z,b)c(x,a) <= wabz b ra™t = xbe b waz " a !

— abz b7 = (ba7 b r)ax ™!

— abz ' = abs o gt

which is true.
c¢) We have

and the proof ends. [

LEMMA 2.3. Let G be a 2-step nilpotent group and a,b € G. Then we
have

(a) c(a™t,b71) = c(a,b)

(b) c(a,b™1) = ¢(b, a)

(c) c¢(at,b) = c(b, a)

(d) c(a™,b") = (c(a,b))™ for any m,n natural numbers.
(e) abba = baab = ab*a = ba?b
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Proof. a) c(a™!,b71) = c(a,b) <= a b7 lab = aba"'b"! =

(ba)~tab = ab(ba)~! <= abba = baab <= ab(bab la Ha" bl =1
<= aba"'b"lbab~ta"! =1 <= c(a,b)c(b,a) = 1 which is true and solve
point a).

b) c(a,b=t) = c(b,a) <= c(a,b7)c(a,b) =1 <= c(a,1) = 1 which is
true.

c) c(a™t,b) =c((a™ )L o71) = c(a,b71) = (b, a).

d) c¢(a™,b") = c(a™,b)c(a™,b)...c(a™,b) = (c(a™,b))" =

(c(a,b)c(a,d)...c(a,b)” = (c(a,b)™)™ = (c(a,b))™™. O

And finally, assertion e) is obvious from proof of point a).

2.2. LIE BRACKETS FOR CONTINUOUS SUBGROUPS
WITH ONE PARAMETER

LEMMA 2.4. Let G be a 2-step nilpotent topological group and o, 5 : R —
G two continuos morphisms of groups (from A(G)). Then we have

c(a(1), B(t%)) = c(a(t), B(t)), ()t € R

Proof. The above relation is obvious for ¢ = 0.

Let t = * with m, n nonzero natural numbers. If we denote

a(l) = a,3(Z) = b then the formula c(a(1),5(t?) = c(a(t), B(t)) is
equivalent to c¢(a”,b™) = c(a™,b") <= (c(a,b))™ = (c(a,b))™ which holds
true. Therefore we have shown that c(a(1), 8(t?)) = c(a(t), B(t)) for any t
positive rational number.

Let t € R,t > 0. There exists a sequence t, of positive rational numbers
such that 7}1_)1{.10 t, = t. Since «, § are continuous we obtain

(1), B() = Tim e(a(1), A(12)) = Tim c(alta), A(t)) = cla(t), B(1).
Ift € R,t <0 then we have

c(a(1), B(t%)) = c(a(=t), B(=1)) = c((a(=1)) "1, (B(=1)) 1) = c(a(t), B(1))
and the proof ends. [

LEMMA 2.5. Let G be a 2-step nilpotent group, a € G and 8 : R = G a
group morphism. We define A : R — G, \(t) := c(a, B(t)). Then X\ is again a
group morphism.

Proof. We have
AB)A(s) = c(a, B(t))c(a, B(s)) = cla, B(t)B(s)) = ca, B(t + 5)) = At + 5)
and this concludes the proof. [
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LEMMA 2.6. Let G be a 2-step nilpotent topological group and o, €
A(G). Then we have

[a, B](t) = c((1), B(1)), (V)t € R
and [a, 8] € A(G)

Proof. From
(DB~ )B(=)™ = (elal D), BN = ellal )", (B
= c(a(%n%ﬂ(%@) = c(a(t), B(t))
= c(a(1), (%))
we obtain

[, B](#%) = e(a(1), B(t%)) and [a, B](t) = e(a(1), B(1))

forallt e R, ¢t > 0.
From

[, B](—t%)

([e, B1(#2) ™" = (ee(1), B())) ™ = e(B(t?), (1))
c(a(1), (B(#*)) ™) = c(a(1), B(~1%))

we get [a, B](t) = c(a(l), (1)) for all t € R, ¢t < 0.
From the previous lemma it follows that [«, 5] : R — G is a morphism.

Since G is a topological group we obtain that [a, ] is continuous so

[, B] € A(G). O

2.3. SUM OF CONTINUOUS SUBGROUPS WITH A PARAMETER

LEMMA 2.7. Let G be a 2-step nilpotent group and o, 3 : R H G be two
group morphisms. Then (a(s)B(s))" = a(ns)ﬂ(ns)c(a(—s),ﬂ("" L) s)) for
any s € R and any natural number n > 2.

Proof. We will prove the assertion by induction on n > 2.
In the case n = 2 we have

(a(s)B(5))* = a(s)B(s)als)B(s) = a(s)a(s)a(—s)B(s)a(s)B(—s)6(2s)
= a(2s)c(a(—s), 5(5))B(2s) = a(2s)B(2s)c(a(—s), B(s))
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Induction step n to n + 1: We have
(a(5)B()™ = (a(5)B(5))"a(5)B(5)
— a(ns)B(ns)a(s)Bs)e(a(—s), A s
= alns)a(s)a(~5)B(ns)a(s)B(—ns)B((n + Ds)e(a(—s), B
D) )6+ 1)s)
= a((n+ Ds)8((n + D)s)e(a(~s), Bns + =o—s))

n(n+1)
)

=a((n+1)s)c(a(—s), B(ns))c(a(—s), 5(

= a((n+1)s)B((n + 1)s)c(a(—s), 5(
and this concludes the proof. [

LEMMA 2.8. Let G be a 2-step nilpotent topological group and o, €
A(G). Then we have

e(B(s), a(t)) = e(B(1), als)), (V)s, ¢ € R

Proof. The assertion is obvious for s = 0 or t = 0. If s,t are positive
rational numbers, then s = 7t = g where m,n,p,q are nonzero natural
numbers.

The equality c(5(s), a(t)) = c(B(t), a(s)) is equivalent to

My PN oY) o™
(8, a() = e(B(E), o)
= (B al))™ = (B2 al5)™
= () al )™ = (B0 a5 )™

1 1 mnpq _ c i o i mnpq
= (B ol )™ = (o) alo)

which holds true.

We thus showed that c¢(5(s), a(t)) = c(5(t), a(s)) is true for s,t positive
rational numbers.

Let s,t € R,s,t > 0. There exists sequences s,,t, of positive rational

numbers such that lim ¢, = ¢, lim s, = s. Since «,( are continuous we
n—oo n—o0
obtain
e(8(s). alt)) = lm_e(B(sa).0(tn)) = lim e(B(ta).a(su)) = e(B(1),(s))

There remain the cases (s < 0,t > 0), (s < 0,t <0),(s > 0,¢ < 0).
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In the case (s < 0,t > 0) we have

c(B(s), a(t)) = cla(t), B(=s)) = cla(=s), B(t)) = c(B(t), a(s))-

In the case (s < 0,t < 0) we have

(s
(

c(B(s), a(t)) = c(B(=s), a(=t)) = c(B(=1), a(=s)) = ¢(B(t), a(s))-
(

In the case (s > 0,t < 0) we have

c(B(s), a(t)) = c(a(=t), B(s)) = c(a(s), B(=1)) = c(B(t), o(s))-

Therefore in all cases we obtain

e(B(s), a(t)) = c(B(t), a(s)), (V)s, ¢ € R
and the proof ends. [

LEMMA 2.9. Let G be a 2-step nilpotent topological group and o, €
A(G). Then we have

c(B(s), a(t)) = c(B(1), afst)), (V)s, t € R

Proof. As in the proof of Lemma 2.8 it is sufficient to prove the required
relation for s,¢ positive rational numbers, s = ™ ¢t = £ where m,n,p,q are
q
nonzero natural numbers.

If we denote a(niq) =a, ﬁ(niq) = b it remains to prove that
c(a™ ") = ¢(a™,0"P) = (c(a,b))™"™ = (c(a, b))
which is true and the proof ends. [

LEMMA 2.10. Let G be a 2-step nilpotent group and o, 8 : R — G be two
group morphisms. We define A : R = G, \(t) := a(t)B(t)c(a(t), B(—%)). Then
A 1S a group morphism.

Proof. We must prove that for all s,¢ € R one has A(s +t) = A\(s)\(¢).
The equality A\(s +t) = A\(t)A(s) is equivalent to

a(t)a(s)B(t)B(s)e(a(t)a(s), B(=5)B(=3))
= a(NB(D)e(alt), B~ )als)Bls)e(a(s), B(—))
This equality is equivalent to:
a(5)B(1)B(5)ea(t), B(—5))e(alt), B~ 5))e(a(s), B~ 5))e(als), (~3))
t s

= Bt)e(a(t), B(=3))a(s)B(s)c(als), B(=3))
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The equivalence of equalities can be extended thus:

= (ClB5),al5)? = ((6(3), a(5)?

which holds true and the proof ends. [J

LEMMA 2.11. Let G be a 2-step nilpotent topological group and o, €
A(G). Then we have

(0 + B)(0) = a()B(D)ela(t), B 3)), (W)t € B

and oo+ B € A(G).

Proof. We have

t n—lt t (n—1)

cla(-1),8("5

Further

(a+6)(t) = lim (a(-)B(-))"

— a(t)ﬁ(t)c(oz(—%), B(t))
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= a(DB(e(B(y
= a(tB()e(3(;)

t
= a(t)(D)e(a(t), B(—3)).
Let us mention that we used above the continuity of the morphisms «, 8
when we passed to the limit. From Lemma 2.10 it follows that a+5 : R — G is

a morphism. Since G is a topological group we obtain that o+ 3 is continuous
soa+peANG) O

2.4. SUBGROUPS WITH ONE PARAMETER
IN GENERAL TOPOLOGICAL GROUPS

Lemmas (2.12-2.15) below are available for general topological groups, so
we will not use the hypothesis that the group G is a 2-step nilpotent group.

LEMMA 2.12. Let G be a topological group, o, : R — G be two continu-
ous morphisms of groups. We define A : R — G, \(t) := a(t)(t). Then X is a
morphism if and only if a, 8 commute and in this case A = a+ (.

Proof. The map A : R — G is morphism if and only if we have
(Vs,t € R) At +s) = A(t)A(s)
— (¥s,t € R) a(t)a(s)B1)A(s) = a(t)B(H)a(s)B(s)
<~ (Vs,t € R) a(s)B(t) = B(t)a(s) <= «,F commute.

‘We have
(o B)(0) = Jim (a()F)" = Jim (o)) (55"
= lim a(”%)ﬁ(n%) = a(t)B(t)

soA=a+g. O

In the following lemmas, for all « € A(G) and t € R we use the notation
ta for the element of A(G) defined by (ta)(s) = a(ts) for all s € R.

LEMMA 2.13. Let G be a topological group, o : R — G be a continuous
morphism of groups. Then

at+a+...+a=na,(V)n>2



20 Mihai Nicolae 10

Proof. We will do the proof by induction on n > 2.
In case n = 2 since o and o commute obtain for every t € R
(a+a)(t) = a(t)a(t) = alt +t) = a(2t) = 2a(t)

whence it follows that o + o = 2a.
Transition from n to n + 1. Since na and o commute obtain for every

teR
(a+a+...+a)(t) = (na+ a)(t) = na(t)a(t)

=a(nt)a(t) = ant +t) = a((n+ 1)t) = (n + 1)a(t)
whence it follows that a +a+ ...+« = (n + 1)a and proof ends. [0

LEMMA 2.14. Let G be a topological group, a,b € R and o : R — G a
morphism of groups. Then (a + b)a = aa + b and a(ba) = (ab)a.

Proof. Since ac, bao commute we obtain for every ¢t € R
(aa + ba)(t) = aa(t)ba(t) = alat)a(bt) = a(at 4+ bt) = a((a + b)t)
= (a +b)a(t)
so (a+ b)a = aa + ba.
We have a(ba)(t) = ba(at) = a(bat) = (ab)a(t) so a(ba) = (ab)a. O

LEMMA 2.15. Let G be a topological group, a € R and o, : R — G be
two continuous morphisms of groups.
Then a(a+ ) =aa+af ifa+ : R — G exist.

Proof. We have for all t € R,

at at. .,

(ala+ B))(t) = (a+ B)(at) = lim (a(—)B(—))" = lim (aa(f)ag(%))n

n—00 n n n—oo n
= (ax + ap)(t)

so a(la+ B) = aa+ afs.
Let us point out that we used only existence in G of the limit which defines
a + [ and not the fact that o + 3 is a morphism or a continuous map. O

2.5. TOPOLOGICAL LIE ALGEBRA
OF A 2-STEP NILPOTENT TOPOLOGICAL GROUP

In the following we will prove in detail Theorem 2.22, whose proof was
sketched in [9, Th.IV.1.24]. On the way we also get other useful results (for
example Proposition 2.20).

LEMMA 2.16. Let G be a 2-step nilpotent topological group and
a,8,v€ AG). Thena+B8=B+a and (a+B)+v=a+ (8+7).
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Proof. We have a4+ =0+ a <= (a+p)(t) = (b + a)(t) —

We denote a(%) =a, ) = b and the previous relation is equivalent to
a’b?c(b,a?) = b%a® (a b) <= a2b"2a%b%(c(b,a))? = (c(a,b))? +—=

c(a™?,07%) = (c(a,0))*(c(a,0)* <= c(a®,b%) = (c(a, )"

which holds true and we obtain oo + 3 = 8 + a.
We have

t

((a+5) +7)(t) = (a+ By (t)e(v(3), (a + B)(1)

We have

(a4 (B+7)1) = at) (B +)(E)e((B+7)(5), alt))

= OB (1)l (5), BENC(B(5), o)l

t
2 2
= ((a+B) + ()
so (a+B)+y=a+(B+7). O
LEMMA 2.17. Let G be a 2-step nilpotent topological group and

a, 3,7 € A(G). Then we have
(a) [B,a] = —[o, B]
(b) [lev, Bl +[[B,7), ] + [[v, 0], B] = 0 € A(G)
(c) [a+B,7] = [a,7] + [8,7]
(d) [aa,~] = ala, 7] for any a € R

Proof. For point a) we have
[6,0] = —[a, B] <= [B,a](t) = (=[a, B])(?)
= c(f(1),a ]

— (1),

which holds true.
For b) it is sufficient to show that [[«, 5],7] =0 € A(G). We have

(o, B1,9)(8) = e([a, 5](1), 7 () = e(e(a(D), B(1)),~(F)) = 1

for every ¢ € R hence we obtain [[a, 8],7] = 0 € A(G).
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For ¢) we have

[+ B,9](t) = ¢

We have

([, v+ [B,D() = [aﬂ](t)[ﬁﬁ](t)c([ﬁa’Y](%)a [a,7](2))
= c(a(1),~(t)c(B(1),~(t))
= [+ 3,7](t)
hence we obtain [a + £,7] = [a, 7] + [3,7]-

For d) we have [ac, ¥](t) = c(aa(1),7(t)) = c(a(a),y(t)). But ala,~](t) =
c(a(l),y(at)) = c(a(a),y(t)) = [acx,¥](t) hence we obtain [ac, 7] = ala,v]. O

Let X be a topological space and G be a topological group. On the set
C(X, G) of continuous maps from X to G we introduce the topology of uniform
convergence on compact subsets of X in which the sets

E(B,K.V)={y € C(X,G); (8(t))"1(t) e V,(V)t € K}
= {7 € C(X,G);n(t) € BV, (V)t € K}

for every compact subsets K C X and V' € V(1) form a fundamental system
of neighborhoods of 5. On the set A(G) we consider the topology induced on
CR,G).

LEMMA 2.18. Let G be a topological group and a € R. Then the map
f:CR,G) = CR,G), [f(B):=ap
18 continuous.

Proof. If a = 0 is evident because f is constant. If a # 0 continuity result
from E(af,aK,V)=E(B,K,V). O

The following lemma and proposition are well-known but we prove them
here for the sake of completeness

LEMMA 2.19. Let X,Y,T be topological spaces, yo € Y,tg € T and K
compact in X, f: X xY — T a continuous function for which f(K x {yo}) =

{to}. Then for every neighborhood V of ty there exists a neighborhood of U yo
such that f(K x U) C V.



13 2-step nilpotent pre-Lie groups 23

Proof. Let x € K. Since f is continuous in (z,yo) and f(z,yo) = to it
follows that there exists D open neighborhood of (z,yo) such that f(D) C V.
We may assume D = S, x U, where S, is an open neighborhood of x and U, is
an open neighborhood of yy and we have f(S, x U,) C V. From K C Uk Sy
using K compact we obtain a finite sub-covering, so there exists n > 1 and
Z1,...,%, € Ksuchthat K C S, US,,U...US;, . Wedenote U = Uy, N...NU,,
and U is open in Y and yg € U, so U is a neighborhood of yg. We show that
f(KxU)CV.Let x € K and y € U. There exists j € {1,...,n} such that
x € Sy; andy € Uy,. From f(z,y) € f(Sz,; xUy,) €V we obtain f(KxU) CV
and the proof ends. [

PROPOSITION 2.20. Let X be a topological space and G be a topological
group. Then the map ¢ : C(X,G) x C(X,G) —» C(X,G),d(a, B) := aff is
continuous, where aff € C(X,G) is defined by af(t) := a(t)B(t) for allt € R.

Proof. Let o, 8 € C(X,G), K compact in X and V € Vz(1). We must
find K, Ky compacts in X and Vi,V € Viz(1) such that

¢(E(a, K1,V1) x E(B,K2,V2)) C E(afB, K, V)

We take K1 = K9 = K. Let o € E(a, K1,V1) and py € E(B, K2, Va)
and let t € K. There exist v; € V] and ve € V3 such that ag(t) = a(t)v; and
Bo(t) = B(t)ve.

We have ao(t)Bo(t) = a(t)u1B(t)va = a(t)B(t)(B(t)) w1 B(t)va.

We show that (8(t))"tv18(t)ve € V for every v1 € V; and vy € Vi and
any t € K. Let f : G x G xG — G, f(x,y,2) = v~ 'yzrz. Applying the
previous lemma for the continuous function f and X = G,Y = G x G ,
yo = (1,1),tg = 1 and the compact set B(K) C G we obtain that there exist
U an open neighborhood of (1,1) such that f(S(K) x U) C V. Because U is
open neighborhood of (1,1) in G X G we may assume U = V; x V5 with V;,V; €
Vg(1). From f(B(K) x V4 x V) C V it follows that (8(t)) " tv13(t)ve € V for
every v1 € Vi,v9 € V5 and any t € K and the proof ends. [

PROPOSITION 2.21. Let G be a 2-step nilpotent topological group. Then
(1) The map ¢ : A(G) x A(G) = A(G), (e, B) := a+ B is continuous.
(2) The map ¢ : A(G) x A(G) = A(G),Y(«, B) := [a, B] is continuous.

Proof. For (1) since G is a 2-step nilpotent topological group it follows
that we have the relationship

(0 + B)(1) = al®BWe(alt).B(—5) = al)FHa(B(-Ha(-15()

so ¢ is a product of three functions from A(G) x A(G) to C(R, G) which are
continuous by Proposition 2.20. Then ¢ is continuous. For (2) we use the



24 Mihai Nicolae 14

equality [a, B](t) = ¢(a(1), 5(t)) and continuity of the map 1 follows with the
same reasoning as for the assertion (1). O

From the preceding results on 2-step nilpotent topological groups we
obtain the following theorem.

THEOREM 2.22 ( [9, Th.IV.1.24]). Every 2-step nilpotent topological group
s a group with Lie algebra.

3. TANGENT GROUP OF TOPOLOGICAL GROUP WITH LIE ALGEBRA

In this section, we introduce the following new notion, which generalizes
the fact that the tangent bundle of any Lie group has a natural structure of
Lie group.

Definition 3.1. Let G be a group with Lie algebra. The tangent group
of G is T(G), which is the set G x A(G) endowed with the group operation
(z,a)(y, B) = (zy,a¥ + f).

Here we define o¥ € A(G) by a¥(t) = ya(t)y ™' forallt € R,y € G,a €
A(G).

PROPOSITION 3.2. Let G be a group with Lie algebra. Then T(G) is a
topological group.

Proof. Associativity follows by the relationship

(V2 € G)(Ya, B € A(G)) (a+B) = a® + B

which can be verified by direct calculation.

The unit element of T'(G) is (1,0) € T(G) and the inverse of (z,«) is
(z=!,—a* ). Continuity of operation on T(G) results from the fact that G is
a topological group, Lie algebra A(G) is a topological algebra, and the action
of G on A(G) is continuous. [

PROPOSITION 3.3. Let G be a 2-step nilpotent topological group. Then
T(G) = G x A(G) is a 2-step nilpotent group.

Proof. Let (g, ), (h,8) € T(G). We have
c((g.a), (h, B)) = (g,0)(h, B)(g,0) "} (h, )
= (gh,a" + B) (g tht, =g —as T
= (c(g,h), (" +B)7 T —ghT s
= (c(g,h),a9 " hT gt gh T qeT TR
= (c(g, h), (P71 — 0 h Ty (g g ),
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We now show that
Z(T(G)) = {(z,0) € T(G);2 € Z(G), Im(a) € Z(G)}.

If (x,a) € Z(T'(G)) then (z,)(g,A) = (9, A)(z, o) for every (g, \) € T(G).

Soz € Z(G) and a9 + X = N 4+ «,(V)g € G,(V)A € A(G). From
x € Z(G) we obtain that A* = X and o9 = «, (V)g € G hence it follows that
Im(a) C Z(G) and we obtain relationship required.

Since G is 2-step nilpotent group we have that if o, € A(G) and
Im(a),Im(B) C Z(G) then Im(a + ) C Z(G). To complete the proof we
will show that if z,y € G and 8 € A(G) then Im(8* — Y) C Z(G).

We have

(57 B)(1) = B (8" (~0)e(B" (1), B(5))
= o B(t)ay ™ B(-1)ye(B(0), B(5))
= c(a™ L, BB,y (5 (1), 5(5))

which belongs to Z(G) because G is a 2-step nilpotent group.
It follows that Im(8* — 5Y) C Z(G) and the proof ends. [

Now we can obtain the main result of the present paper.

THEOREM 3.4. Let G be a 2-step nilpotent topological group. Then T'(G) =
G x A(G) is a pre-Lie group if and only if G is pre-Lie group and for every
a € A(G), o # 0 there exists a continuous linear functional ¢ : A(G) — R with
Pla) # 0.

Proof. We first assume that T(G) = G x A(G) is a pre-Lie group. Let
v = (11,7) € A(T(G)) with y1 # 0 € A(G). Since G is pre-Lie group it follows
that there exists f : G — R of class C*° on a neighborhood U of 1 € G such
that Df(1;7v1) # 0.

We define h : T(G) — R by h(x,\) := f(x) which is of class C* on the
neighborhood U x A(G) of (1,0) € T(G). We have

Dh((1,0); (71,72)) = Df(15m) # 0.

Now let v = (y1,72) € A(T(G)) with 3 =0 € A(G) and 2 : R = A(G)
for which there exists typ € R such that v2(tg) # 0 € A(G). In addition o
verifies y2(t + s) = 72(t) + 12(s), (V)t, s € R so 7 is a continuous morphism of
groups and we have v, (t) = ty2(1), (V)t € R.

From 72(tg) # 0 € A(G) it follows that there exists ¢ : A(G) — R linear
continuous such that ¥ (v2(t9)) # 0.
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We now define h : T(G) — R by h(z, \) := () which is of class C* on
T(G). We have

Dh((1,0); (y1,72)) = lim ’1(1’72(75)7)f — h(1,0)

P(ra(t) — ¥(0)
t
tp(12(1))
t

= lim
t—0

= lim
t—0

=1Y(2(1)) =

so T'(G) = G x A(G) is pre-Lie group.

Conversely, we suppose that T'(G) = G x A(G) is a pre-Lie group and we
prove that G is a pre-Lie group. Let o € A(G), a # 0. Since T(G) = G x A(G)
is pre-Lie group for (a,0) € A(T(G)) exists h : T(G) — R of class C*° on a
neighborhood U x V of (1,0) € T(G) and Dh((1,0); (e, 0)) # 0.

We define f:G — R by f(x) := h(x,0). Since D f(1;a)=Dh((1,0); (e, 0))
it follows that Df(1;a) # 0 hence we obtain that G is a pre-Lie group.

Let a € A(G), o # 0. We must find ¢ : A(G) — R linear and continuous
such that ¥ («) # 0. Since G is pre-Lie group it follows that exist f : G — R
of class C* on a neighborhood U of 1 € G such that Df(1,«a) # 0. Let
Y A(G) — R given by ¢(A) := Df(1, ).

Since ¢ (a) = D f(1, ) # 0 and the derivative of f is linear and continu-
ous it follows that v verifies the requirement and the proof ends. [J

vl
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