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Let I be an ideal of an n-dimensional local Gorenstein ring R. In this paper
we will describe several necessary and sufficient conditions such that the ideal
I becomes a cohomologically complete intersection. In fact, as a technical tool,
it will be shown that the vanishing of the modules H}(R) = 0 for all i # ¢ =
grade(]) is equivalent to the vanishing of the Betti numbers of Hf(R). This
gives a new characterization to check the cohomologically complete intersections
property with the homological properties of the vanishing of Tor modules of
Hf(R).
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1. INTRODUCTION

For a commutative Noetherian local ring (R, m, k) and an ideal I C R we
denote H}(R), 1 € Z, the local cohomology modules of R with respect to I.
We refer to see [1] and [2] for the definition of local cohomology modules. It
is one of the difficult questions to compute the cohomological dimension cd (/)
of I with respect to R. Here cd(I) := max{i € Z : H:(R) # 0}. Moreover it is
well-known that grade(I) < cd(I).

The ideal I is called a cohomologically complete intersection if Hi(R) = 0
for all i # ¢ = grade(/). Note that cohomologically complete intersections pro-
perty helps us to decide whether an ideal is set-theoretically complete. As a
first step M. Hellus and P. Schenzel (see [5, Theorem 0.1]) have shown that if 1
is a cohomologically complete intersection in V(I)\ {m} over an n-dimensional
local Gorenstein ring R then Hi(R) = 0 for all i # ¢ = grade(I) if and only
if dimg(Ext%(k, H¢(R))) = 6. This was the first time that the cohomologi-
cally complete intersections property of I is completely encoded in homological
properties of the module Hf(R). Moreover the above characterization of coho-
mologically complete intersections looks like a Gorenstein property.
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After that several authors have studied this cohomologically complete
intersections property. For instance the author and M. Zargar (see [9, The-
orem 1.1] and [13, Theorem 1.1]) have generalized this result to a maximal
Cohen-Macaulay module of finite injective dimension over a finite dimensional
local ring. For an extension to an arbitrary finitely generated R-module we
refer to [6, Theorem 4.4].

Here we are succeeded to prove a dual statement:

THEOREM 1.1. Let R be a local Gorenstein ring of dimension n and I
an ideal with ¢ = grade(I). Then for all p € V(I) the following conditions are
equivalent:

(a) HY(R) = 0 for all i # c, that is I is a cohomologically complete inter-
section.
(b) The natural homomorphism

Tore™ (g, (k(p)), Hig, (Rp))) = Er, (k(p))

is an isomorphism and Torf%"(ERp (k(p)), Hpr(Rp)) =0 for all i # c.
(¢) The natural homomorphism

Er, (k(p)) — Hyg,(Hompg, (Hig, (Ry), Er,(k(p))))
is an isomorphism and H;Rp (Homp, (Hpr (Ryp), Egr,(k(p)))) = 0 for all
i # c.
(d) The natural homomorphism
Torz" (k(v), Hig, (Rp)) = K(p)
is an isomorphism and Torf"(k(p), Hip, (Ry)) =0 for all i # c.

In the above Theorem 1.1 k(p) denotes the residue field of the local Go-
renstein ring R, with the injective hull Eg,(k(p)). Moreover the existence of
the above natural homomorphisms is shown in Theorem 2.3. The new point
of view here is a new characterization of an ideal I to be a cohomologically
complete intersection is equivalent to the following property of Betti numbers
of H fR,, (1)

dimy ) (Tor,™ (k(p), Hfr, (Bp))) = be,
for all p € V(I).

2. PRELIMINARIES

In this section, we will recall a few preliminaries and auxiliary results. In
this paper, we will denote by (R, m) a commutative Noetherian local ring of fi-
nite dimension n with unique maximal ideal m. Let E = Eg(k) be the injective
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hull of the residue field £ = R/m. We will denote by D(-) = Hompg(+, E) the
Matlis dual functor. Moreover, for the basic facts about commutative algebra
and homological algebra we refer to [1,3,7] and [12].

Suppose that the homomorphism X — Y of complexes of R-modules
induces an isomorphism in homologies. Then it is called a quasi-isomorphism.
In this case we will write it as X —+ Y.

In order to derive the natural homomorphisms of the next Theorem 2.3
we need the definition of the truncation complex. The truncation complex
is firstly introduce in [11, Definition 4.1]. Let E%z(R) be a minimal injective
resolution of a local Gorenstein ring R of dim(R) = n. Let I be an ideal of R
with grade(l) = ¢. Then there is an exact sequence

0 — Hf(R) = T1(Ep(R))* — T1(ER(R))“.

Whence there is an embedding of complexes of R-modules Hf(R)[—c|] —
L1(ER(R)).

Definition 2.1. Let Cy(I) be the cokernel of the above embedding. This
said to be the truncation complex of R with respect to I. Moreover there is a
short exact sequence of complexes

0 — Hf(R)[—c] = T1(Er(R)) — Cr(I) — 0.

Note that one can easily see that H'(Cr(I)) = 0 for all i < c or i > n and
HY(Cr(I)) 2 HY(R) for all c < i < n.

As a consequence of the truncation complex the following result was ori-
ginally proved in [5, Lemma 2.2 and Corollary 2.3]. Note that a generalization
of the next result to maximal Cohen-Macaulay modules was given in [9, The-
orem 4.3 and Corollary 4.4]. Moreover recently it has also been extended to
finitely generated R-modules (see [6, Lemma 4.2]). For the sake of completeness
we add it here.

LEMMA 2.2. Let (R,m) denote an n-dimensional Gorenstein ring. Let
I C R be an ideal with ¢ = gradel and d = n — c. Then there are an exact
sequence

0 — Hy H(Cr(I)) = Hy(Hf(R)) = E — Hy(CR(I)) =0,
and isomorphisms Hi ¢(H$(R)) = Hi Y (Cr(I)) for alli # n,n+ 1. Moreover
if in addition HY(R) = 0 for all i # c then the map HL(H¢(R)) — E is an
isomorphism and HE (HE(R)) = 0 for all i # d.
Proof. For the proof see [5, Lemma 2.2 and Corollary 2.3]. [

In the following we will obtain some natural homomorphisms with the
help of the short exact sequence of the truncation complex. These maps will
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be used further to investigate the property of cohomologically complete inter-
section ideals.

THEOREM 2.3. Let (R, m) be a Gorenstein ring of dimension n and I an
ideal with ¢ = grade(I). Then we have the following results:
(a) There are an exact sequence
0 — Tor® (E,Cxr(I)) — Tor(E, HS(R)) — E — TorlY(E, Cr(I)) = 0
and isomorphisms Tor® (B, H§(R)) = Tor _(H_l)(E, Cr(I)) for all i #
0, 1.
(b) There are an exact sequence
0 — Hy(D(CR(I))) = B — Hy(D(Hf(R))) = Hy(D(CR(I))) = 0
and isomorphisms HEM(D(HS(R))) & HLPY(D(CR(1))) for alli # 0, —1.

m
(¢c) There are an exact sequence

0 — Tor’®, (k, Cr(I)) — Torf(k, Hf

I
and isomorphisms Tor’ . (k, H{(R))
0,-1.

R)) — k — Torl(k,Cr(I)) = 0
Tor (z+1)(k=CR(I)) for all i #

1 ’\

Proof. Let F'E be a free resolution of E. Then the short exact sequence of
the truncation complex induces the following short exact sequence of complexes
of R-modules
(21) 0= (Ffep Hi(R)[~d = Ff@rT1(Ep(R)) = Ff @p Cr(I) — 0
Now let y = y1,...,y, € I such that Rad I = Rad(y)R and C denote the
Cech complex with respect to y. Since ER(R) is a complex of | injective R-
modules and F'® is a right bounded complex of flat R-modules. Then by [10,
Theorem 3.2] the middle complex is a quasi-isomorphic to F®p Cy@rER(R).

Moreover C‘y and F'® are complexes of flat R-modules so there are the
following quasi-isomorphisms

Flap C’g = FRog C’Q ®r ER(R), and
FE QR C'g S E®p C'g.

But Suppg(E) = V(m) it follows that E ®r C, = E. Therefore we get the ho-
mologies H (FE@RT[(ER(R))) =0 for all i # 0 and H/(FE@RT(ER(R))) =
E for i = 0. Then the statement (a) can be deduced from the homology
sequence of the above exact sequence 2.1.

Now apply the functor D(-) = Hompg(-, E') to the short exact sequence of
the truncation complex then it induces the following short exact sequence

0 — D(Ci(I)) = D(T1(Ex(R))) — D(HS(R))[c] — 0.
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Let F.(R/m®) be a free resolution of R/m® for each s € N. Apply
Homp(F.(R/m?®),-) to the last sequence. Then we get the following exact
sequence of complexes:

0 — Hompg(F.(R/m*), D(Cg(I))) — Homp(F.(R/m?®), D(T';(ER(R)))) —
Homp(F.(R/m*), D(HS(R)))[c] = 0.
Now we look at the cohomologies of the complex in the middle. By Hom-
Tensor Duality it is isomorphic to D(F.(R/m*) ®g I'1(Eg(R))) (see [3, Pro-
position 5.15]). Since the Matlis dual functor D(-) is exact and cohomologies
commutes with exact functor. So there is an isomorphism

H'(D(F.(R/w*) @ T1(ER(R)))) = D(H ' (F.(R/m*) @ L'1(ER(R))))

for alli € Z. Then by the proof of (a) we have D(H ~(F.(R/m*)@gl'1(ER(R))))
= 0 for each i # 0 and D(H *(F.(R/m*)®rT1(E»(R)))) = D(R/m®) for i = 0.
Recall that support of R/m?® is contained in V(m). Then by cohomology se-
quence there are an exact sequence
(2.2)

0 — Hompg(R/m*, D(Cr(I))) - D(R/m®) — ExtG(R/m* D(H{(R))) —

Exth(R/m*, D(Cx(I))) — 0,
and isomorphisms Ext ! (R/m?, D(Cy(1))) = Ext¢(R/m*, D(H{(R))) for all
i # 0,—1 and s € N. Since the direct limit is an exact functor. So by passing
to the direct limit of this gives rise to the following exact sequence
0 — Hy(D(CR(1) = B — Hg(D(HF(R))) = Hy(D(Cr(I))) = 0,
and isomorphisms
HiP(D(H{(R))) 2 HyH(D(CR(D))).

for all 4 # 0, —1. This proves the statement in (b).
Now let LT denote a free resolution of k. Then the short exact sequence
of truncation complex induces the exact sequence

(2.3) 0— (L @gr H{(R))[~d — LE @rT[(Ex(R)) — LE @r Cx(I) — 0.
Then by the proof of (a) the cohomologies of the middle complex of this last se-
quence are H(LE@ I (ER(R))) = 0 for all i # 0 and H{(LEQRI[(ER(R))) =
k for ¢ = 0. This gives the statement in (c¢) by virtue of long exact sequence of
cohomologies. This finishes the proof of the Theorem. [J

We close this section with the the following version of the Local Duality
Lemma. The proof of it can be found in [2]. Note that in [4, Theorem 6.4.1], [6,
Theorem 3.1}, and [8, Lemma 2.4] there is a generalization of it to arbitrary
cohomologically complete intersection ideals.
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LEMMA 2.4. Let I be an ideal of a Gorenstein ring R with dim(R) = n.
Then for any R-module M and for all i € Z we have:
(1) Torf ;(M,E) = HE(M).
(2) D(HL(M)) = Extly (M, R). Here R denotes the completion of R with
respect to the mazximal ideal.

3. ON COHOMOLOGICALLY COMPLETE INTERSECTIONS

In this section, we will see when the natural homomorphisms, described in
Theorem 2.3 above, are isomorphisms. In this regard the first result is obtained
in the following Corollary provided that the ideal I is of cohomologically com-
plete intersections. In fact the next result tells us that all the Betti numbers
of the module Hf(R) vanish except at degree c.

COROLLARY 3.1. With the notation of Theorem 2.8 suppose in addition
that HY(R) = 0 for all i # c. Then the following are true:

(a) The natural homomorphism
Tor®(E, H{(R)) — E

is an isomorphism and Tor®(E, H§(R)) = 0 for all i # ¢
(b) The natural homomorphism

E — Hy(D(Hf(R)))
is an isomorphism and Hi(D(H¢(R))) =0 for all i # c.
(¢) The natural homomorphism
Torf(k, H{(R)) — k
is an isomorphism and Torf(k, H¢(R)) = 0 for all i # c. That is the
Betti numbers of Hf(R) satisfy
dimg (Torf(k, H{(R))) = dc..

Proof. Since Hi(R) = 0 for all i # ¢ so the complex Cy(I) is an exact
complex (by definition of the truncation complex). Let F®, F.(R/m®) and Ly,
be the free resolutions of E, R/m® and k respectively. Then it follows that all
the following complexes are exact:

F-R ®R CR(I)7

Homp(F.(R/m®), D(Cy(I))), and
Ly ®g Cr(l).
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Then from the long exact sequence of cohomologies of the sequences 2.1 and 2.3
we can easily obtain the statements in (a) and (¢). Moreover the sequence 2.2
provides that the following natural homomorphism

D(R/m®) — ExtR(R/m*, D(H{(R)))

is an isomorphism and Extz(R/m®, D(H$(R))) = 0 for all i # c. Note that
the direct limit is an exact functor so by passing to the direct limit we get the
statement in (b). Hence the proof of Corollary is complete. [

In order to prove Theorem 3.4 which is one of the main results of this
section we need the following result. Note that the next Theorem provides
us the equivalence of the natural homomorphisms of Theorem 2.3. Moreover
this equivalence related to the vanishing of the Betti numbers of Hf(R) for
grade(I) = c.

THEOREM 3.2. Let I be an ideal of an n-dimensional Gorenstein ring R
with grade(I) = c. Then the following conditions are equivalent:
(a) The natural homomorphism

E — Hy(D(H}(R)))
is an isomorphism and Hi(D(H¢(R))) =0 for all i # c.
(b) The natural homomorphism
Torf(k, HS(R)) — k
is an isomorphism and Torf(k, H¢(R)) = 0 for all i # c.
(c) The Betti numbers of H{(R) satisfy
dimg (Torf(k, H{(R))) = b ..

Proof. Note that the equivalence of (b) and (c) is obvious. Now we prove
that (a) implies (b). Since H.(D(H¢(R))) = 0 for all i # c. By Theorem 2.3 (b)
it follows that HE (D(Cy(I))) = 0 for all i € Z. Let Cy be the Cech complex
with respect to z = x1,...,25s € m such that Radm = Rad(z)R. Then it
implies that C, ®pg D(Cx(1)) is an exact complex.

Suppose that I, denotes a minimal injective resolution of D(C'(I)). Let
us denote X := Homp(k, F;) then there is an isomorphism

Ext (k, D(Cy(1))) = H'(X)

for all ¢ € Z. We claim that the complex X is homologically trivial. To this
end note that the support of each module of X is in {m}. It follows that there
is an isomorphism of complexes

Cr®r X =2 X.
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So in order to prove the claim it will be enough to show that H(C, ®g X) = 0
for all i € Z. Let L® be a free resolution of k. Then by the above arguments
the following complex is exact

Y := Homp(L",C, ®r D(Cx(I))).

Moreover LT is a right bounded complex of finitely generated free R-modules
and Cj is a bounded complex of flat R-modules. So by [3, Proposition 5.14]
Y is quasi-isomorphic to C; ®g Homp(LE, D(Cx(I))). So it is homologically
trivial. Since Fl is a minimal injective resolution of D(Cy([)) so the following
morphism of complexes

Cy @g Hompg (LT, D(CR(I))) = Cy @ g Homp(LF, Fi)
induces an isomorphism in cohomologies. Moreover we have

CV'g ®r X — CV'Q QR HOIHR(L_R7 Fp).
By the discussion above the complex on the right side is homologically trivial.
It follows that the complex Cz ®g X is homologically trivial. This proves the
claim. Therefore Exty(k, D(Cy(I))) =0 foralli € Z.

By Hom-Tensor Duality D(Torf(k,C(I))) = Exty(k, D(Cr(I))) = 0
for all i € Z. Tt implies that Torf(k,Cp(I)) = 0 for all i € Z. Then from
Theorem 2.3(c) it follows that the natural homomorphism

Torl!(k, Hf(R)) — k

is an isomorphism and Tor(k, H§(R)) = 0 for all i # c.

Conversely, note that there is a short exact sequence:

0 — m®/m*™! - R/m*tt - R/m® — 0.
for all s € N. Now apply the functor Tor?(-, C3(T)) to this sequence then it
induces the following exact sequence
Tor(m® /m**!, Cx(1)) — Tor{(R/m*™!, Cx(I)) — Tor{(R/m*, Cx(1))
for all i € Z and s € N. Then by induction on s and Theorem 2.3(c) this proves
that Torl*(R/m*,C;,(I))) =0 for all i € Z and s € N. It follows that
Ext(R/m*, D(Cy(I))) = D(Torf (R/m*, C(I))) = 0
for all i € Z and s € N. Recall that m*/m**! is a finite dimensional k-vector
space. Then by the sequence 2.2 the natural homomorphism
D(R/m*) = Extg(R/m®, D(H{(R)))

is an isomorphism and Ext(R/m®, D(H$(R))) = 0 for all i # c. By passing to
the direct limit of it we can easily obtain the statement in (a). This completes
the proof of Theorem. [
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The next Proposition is indeed in the proof of Theorem 3.4. So we will
prove it firstly.

PRrROPOSITION 3.3. Let R be an n-dimensional local Gorenstein ring. Let
I be an ideal with grade(I) = ¢ and d :== n — c. If the natural homomorphism

Torf(k, HS(R)) — k

is an isomorphism and Tor?(k, H$(R)) = 0 for all i # c. Then the following
conditions hold:
(a) The natural homomorphism

Hy(H}(R)) — E

is an isomorphism and Hy(H§(R)) =0 for all i # d.
(b) The natural homomorphism

Tor(E, H{(R)) — E
is an isomorphism and Tor®(E, H§(R)) = 0 for all i # c.

Proof. Note that by Local Duality Lemma 2.4 (for M = H{(R)) it will
be enough to prove the statement in (b).

For this let N, := D(R/m®) for each o € N. Suppose that F.(N,) denote
a minimal free resolution of N,. Since the support of N, is contained in {m}.
Apply the functor - @ F.(N,) to the short exact sequence of the truncation
complex. By the proof of Theorem 2.3(a) this gives us the following natural

homomorphisms
fa s Tor®(N,, H§(R)) — N,

for all « € N. Now the short exact sequence 0 — m®/m**l — R/motl —
R/m® — 0 induces the exact sequence

0 = Ny — Noy1 — D(m®/m*t) =0

Moreover after the application of the functor Tort(-, H§(R)) to this sequence
we get the exact sequence

Tor;*(Na, H (R)) — Tor{ (Na+1, Hf(R)) — Tor{(D(m* /m* ), H(R))

for all ¢+ € Z. Since Ny = D(R/m) = k. Then by induction on « and the
vanishing of Tor modules this proves that Tor!*(N,, H§(R)) = 0 for all i # ¢
and a € N.

Now we show that f, is an isomorphism for all a € N. Clearly f; is
an isomorphism (by assumption). Then there is the following commutative
diagram with exact rows

Tor®(Na, Hf (M)) — Torf(Nas1, Hf(M)) — TorR(D(m®/m*H), Hf(M)) — 0
\Lfoa \Lfoc+1

0 — N. - Not1 - D(m® /m>t!) -0
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Note that the above row is exact because of Torl(N,, H§(R)) = 0 for all i # c
and o € N. Moreover m®/m*! is a finite dimensional k-vector space. Then the
natural homomorphism f is an isomorphism. Hence by induction and Snake
lemma it implies that f, is an isomorphism for all a € N. Taking the direct
limits of f, induces the isomorphism

Tor®(E,H{(R)) — E.

Since the direct limit commutes with Tor functor and Supppr(E) C V(m).
Moreover note that the vanishing of the above Tor modules implies that
Torf(E, H{(R)) =0 for all i #¢. O

Now we are able to prove our main result. Before proving it we will make
some notation. Let R be a Gorenstein ring of dimension n and I an ideal with
c = grade(I). We will denote by k(p) the residue field of R, with the injective
hull Eg, (k(p)) for p € V(I). Moreover we set h(p) = dim(R,) — c.

THEOREM 3.4. Fix the previous notation. Then for all p € V(I) the
following conditions are equivalent:
(a) HY(R) = 0 for all i # c, that is I is a cohomologically complete inter-
section.
(b) The natural homomorphism

h c
Hy D (Hi, (Ry)) — Eg, (k(p))
is an isomorphism and H;Rp (Hig,(Ryp)) =0 for alli # h(p).
(¢) The natural homomorphism
R c
Torc® (ER, (K(p)), Hig, (Ry))) = Er, (k(p))

is an isomorphism and TorZR"(ERp (k(p)), Hig, (Rp)) = 0 for all i # c.
(d) The natural homomorphism
ER, (k(p)) = Hyg, (Homp, (Hig, (Ry), Er, (k(p))

is an isomorphism and H;Rp (Homp, (Hig (Rp), Er,(k(p)))) = 0 for all
i # c.

(e) The natural homomorphism
R c
Tore™ (k(p), Hig, (Rp)) — k(p)

is an isomorphism and Torf”(k(p), Hip (Ry)) =0 for all i # c.
(f) The Betti numbers of Hip (Ry) satisfy

dimyp) (Tor;? (k(p), Hig, (Rp))) = Oc
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Proof. We firstly prove that the statements in (a) and (b) are equivalent.
Suppose that Hi(R) = 0 for all i # c. Then by [9, Proposition 2.7] it follows
that Hng(Hpr(Rp)) = 0 for all i # ¢ = grade(/Ry) and p € V(I). So the
result follows from Lemma 2.2.

Conversely, suppose that the statement in (b) is true. We use induction
ondimp(R/IR). Let dimpr(R/IR) = 0 then it follows that Rad(/R) = m. This
proves the result since R is Gorenstein. Now let us assume that dim(R/IR) >
0. Then it is easy to see that dim(R,/IR,) < dim(R/IR) for allp € V(I)\{m}.

Moreover by the induction hypothesis for all i # cand p € V(1) \ {m} we
have

Hip, (Ry) = 0.

That is Supp(H%(R)) C V(m) for all i # c. Since our assumption is true for
p =m. So by Lemma 2.2 it follows that H},(Cy(I)) = 0 for all i € Z.

Since Suppr(H'(C;,(I))) € V(m). So by [9, Lemma 2.5] in view of
definition of the truncation complex we have

0= Hy(Cr(1)) = H(CR(I)) = Hj(R)

for all ¢ < i <n. That is H{(R) = 0 for all i # c. This completes the proof of
the equivalence of (a) and (b).

Similarly we can prove that the statements in (b) and (c) are equivalent.
Moreover by passing to the localization the statements in (c), (d) and (e) are
equivalent (see Theorem 3.2 and Proposition 3.3). Finally the equivalence of
the statements in (e) and (f) is obvious. This completes the equivalence of all
the statements of Theorem. [

Remark 3.5. Note that in Theorem 3.4 above one should have localization
with respect to all p € V(I). To prove this let R = k[|xo, 1, 22, 3, z4|] denote
the formal power series ring over any filed k. Suppose that I = (xg,21) N
(x1,22) N (z2,23) N (23, 74). Then Hellus and Schenzel (see [5, Example 4.1])
proved that dimy Ext’(k, H?(R)) = 63; and HH(R) # 0 for all i # 2,3 with
grade(]) = 2.

Then by [9, Corollary 4.7] it follows that the natural homomorphism
HI(H$(R)) — E is an isomorphism and H{ (H¢(R)) = 0 for all i # 3. This
shows that the local conditions are necessary in order to prove Theorem 3.4.
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