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In this article, we prove the existence of solutions for the nonlinear p(-)-degenerate
problems involving nonlinear operators of the form

— div a(z,u, Vu) + ao(z, u, Vu) = f

where a and ap are Carathéodory functions satisfying some nonst;cmdard groxyth
and coercivity conditions. The second member f belongs to W17 (2) (Q,p'~P (z))
where p(+) is a weight function on Q.
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1. INTRODUCTION

Spaces with variable exponent are relevant in the study of non-Newtonian
fluids. The underlying integral energy appearing in the modeling of the so-

called electrorheological fluids (see for instance [12,13]) is / IVulP®dz or
Q

/ p(2)|VuP®dz. Accordingly, this naturally leads to study these fluids in
Q

the weighted variable exponent Sobolev space I/VOl P (I)(Q, ).
In the theory of image restoration, Chen, Levine and Stanich proposed
in [9] the following model which minimizes the nonstandard growth functional

A
min qb:L‘Vu )dz + = (u—I)2
ueL?2(Q)NBV(Q)

where I is the observed noisy image, and
1

mlﬂp(“) Ir| < B,
o(z,r) = _ gplz)
r—= pr(l‘]))(x)B ’T“ > /Ba
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with 8 > 0 is fixed and 1 < p(z) < 2 (see also [4]). Such energies occur also in
elasticity [16].

Let Q be a bounded open subset of IR, N > 2. In this paper, we study
the problem of existence of solutions of the following nonlinear degenerated
p(x) elliptic problem

(1) — div a(x,u, Vu) + ap(z,u,Vu) = f in Q
u=0 on 0.

where p(-) : Q@ — IR is a continuous function satisfying
(2) 1<p™ <p(x) <p" < +oo,
and the log-Hoélder continuity condition, i.e. there is a constant C' > 0 such

— 1
that for every z,y € Q, © # y with |z — y| < 5 one has

C
(3) Ip(z) — p(y)| < m7

The operator — div a(z,u, Vu) is a Leray-Lions operator defined on
Wol’p(x)(Q, p), where p is a weight function, such that f € W‘l’p/(x)(Q, pl_pl(””))
satisfying some integrability conditions.

Our goal in this article is to prove, by using the theory of pseudo-monotone
operators and compactness arguments, the existence of a least weak solution
of problem (1). We then extend both a class of problems involving Leray-Lions
type operators with variable exponents (see [2,15]) and a class of some degene-
rate problems involving special weights [2,3,6,11,15]. The principal prototype
that we have in mind is the equation

— div (p(2)| VP2V u) + p(a)g(u)[Vul@1 = f i Q
u=0 on Of).
This paper is divided into three sections, organized as follows: in Section 2,

we introduce some basic properties of the space Wl’p(x)(Q, p) and some useful
lemmas. In Section 3, we prove the existence of solutions of our problem.

2. MATHEMATICAL PRELIMINARIES

2.1. WEIGHTED GENERALIZED LEBESGUE AND SOBOLEV SPACES

In what follows, we recall some definitions and basic properties of weigh-
ted Lebesgue and Sobolev spaces with variable exponents (more detailed des-
cription can be found in [1]). Let © an open bounded subset of RV (N > 1)
and p(-) satisfying (2) and (3).
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Definition 2.1. Let p be a function defined on €2, p is called a weight
function if it is a measurable and strictly positive a.e. in Q.

Let us introduce the integrability conditions used on the framework of
weighted variable Lebesgue and Sobolev spaces

(Hl) ‘pE Llloc(Q)
-1
(Hz) : p@T € Li,e(9)
We define the weighted variable exponent Lebesgue space by

LP®)(Q, p) = {u:Q — R measurable, / lu(z) [P p(z)dz < 00}
Q
The space L) (€, p) endowed withe the norm:

[ullpzy,p = inf {A >0, /| Jp(z)dz < 1}

is a uniformly convex Banach space, thus reﬂexwe We denote by L' @) (Q, p )
the conjugate space of LP#)(Q, p) where p(x) +p/(x) =1, and p*(z) = p(x)}~P / @)
As in [7] we can prove the following proposition:

PROPOSITION 2.1. (i) For any u € LP™)(Q,p) and v € LP'®)(Q, p*),
we have

]/uvdx|< *4‘ )HUHp o1Vl (),

(ii) For all py,p2 continuous on Q such that p1(z) < p2(z) a.e x € Q, we
have LP2®)(Q, p) < LP1(®)(Q, p) and the embedding is continuous.

Let us denote I,( / luP@p(z)de Vu e LPP(Q,p). By taking
I(u) = I(p7u), where I(u) = [, [ulP@dz and o7 ullyu) = [[ullyo),pr we
can prove the following result as a consequence of the corresponding one in [7].

PROPOSITION 2.2. For each u € LP@%)(Q, p),

(1) Nullp@)y,, <1 (resp. =1 or>1) s I)(u) <1 (resp. =1 or>1),
(i) lullpa),p > 1= lullysy, < L) < lulbg, ,
Ml < 1= Nl D<) <l
(i) ullp@),, = 0 Ip(u) =0 and ||ullym), — 00 & IH(u) — oo.
We define the weighted variable exponent Sobolev space by
W@ (Q, p) = {u € LP®(Q) and |Vu| € LP®)(Q, p)}.

with the norm |[ully ), = [ullp@) + [[Vtllpe),,- We denote by Wol’p(m)(Q,p)
the closure of C§°(2) in WLP@)(Q, p).
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We will use the following result of compact imbedding which can be pro-
ved in a similar manner to that of Theorem 4.8.2. in [5] (see also [8])

PROPOSITION 2.3. Wol’p(x) (Q, p) = LP(@(Q).

The dual space of Wol’p(')(Q, p), denoted W~1P'0)(Q, p*), is equipped with
the norm

N
||U||W—1,p'<-)(g,p*) = inf {HUOHLP/(')(Q’p*) + Z HUiHLp’(->(Q,p*)}
=1

where the infinimum is taken on all possible decompositions v = vy — div F.

Remark 2.1. We can see following [14, Theorem 3] that the the Poincaré

inequality holds for the weighted Sobolev spaces VVO1 P (')(Q, p). In particular,
this space has a norm || - [|1 () given by

1,p(-
ull1 ) = HVUHLP(.)(Q,I)) for all u € W, p( )(Q,p),

which is equivalent to || - [|1 p(z),p-

3. MAIN RESULT
3.1. BASIC ASSUMPTIONS AND TECHNICAL LEMMAS

Throughout the paper, let € be a bounded open set of RY (N > 1), p(-)
satisfying (2) and (3) and p a weight function in Q satisfying (H;), (H2). The
function a : Q@ x RY — R¥ is a Carathéodory function satisfying the following
conditions: For all £, € R and for almost every x € Q,

(@) (a(a, 5,)| < o7 (k(a) + 5P 4 7 [P,
(5) [a(x787§) —a(afaSﬂ?)](f—U) >0 Vf?'é??;
(6) a(z, 5, €)& = ap(x) [P,

where k(z) is a positive function in L' *)(Q) and « and § are positive constants.
Let ag(z,s,£) : @ x R x RY — R be a Carathéodory function such that
for a.e. x € Q and for all s € R, £ € RY, the growth condition

(7) lao(z, 5,€)| < v(x) + g(s)p(z)||P@ T

is satisfied, where g : R — R™ is a continuous positive function that belongs
to L'(R), while v(x) belongs to L().

(8) few @, pM).
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LEMMA 3.1. Let g € L"®)(Q,p) and g, € L"®) (K, p) with lgnllr(z),p
for 1 < r(x) < oco. If gn(x) = g(x) a.e. on Q, then g, — g in L'@(Q, p).

Proof. Let

E(N)={z e Q:|gn(z) —g(x)] <1,Vn > N}.
Since meas(E(N)) — meas(f2) as N — oo, and setting
F={on € L"@Q,p"@): on =0 ae. in QO\E(N)},

where L (®)(Q, p'="'(#)) is the conjugate space of L"(*) (€, p) we shall show that
Fis dense in L ®)(Q, p'=""@). Let f e L"®)(Q, p'=7'*)) we set

) f(z) ifze E(N),
Inle) = {o itz € Q\E(N).

<C

Then
Loty o (fy — f) = L )~ F@ gt

/ (@) — @)@ pla)da
Q\E(N)

- / [F(@)" @ p(a)da
Q\E(N)
:/ £ (@)]" W p(@) xo s vy de

Taking Y (z) = | f(z i XQ\E(N) for almost every x in €2, we obtain
Yy = 0ae inQ and || < |f]7@.

Using the dominated convergence theorem, we have I,/(;) ,(fn — f) = 0

as N — oo; therefore fy — f in L7 ®)(Q, pl="' (@), Consequently F is dense
in the space LT/(””)(Q, plfrl(‘”)). Now we shall show that

lim | o(z)(ga(z) — g(x))p(z)dz =0, V€ F.

n—oo 0

Since ¢ =0 in 2\ E(N), it suffices to prove that

/ o()(gn(z) — g(z))p(z)de - 0 as n — oco.
E(N)

We set ¢ = @(ga — 9). Since (@) gn() — ()| < lo()] ae. in B(N)
and ¢, — 0 a.e. in Q, thanks to the dominated convergence theorem, we

deduce ¢, — 0 in L'(©2). Which implies that

lim o()(gn(z) — g(z))p(z)de =0, VepeF

n—o0 0
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Now, by the density of F in L™ ®)(Q, p=""(#)), we conclude that

lim [ ognp(a)ds = / pgp(z)dz, Vo e L"@(Q,p ),
Q

n—o0 Q
Finally g, — ¢ in L"@)(Q, p!="'@). O

LEMMA 3.2. Assume that (4)—(6), and let (un)n, be a sequence in
Wol’p(x)(ﬂ,p) such that u, — u weakly in Wol’p(x) (Q, p) and a.e in Q and

9) /Q[a(x,un, Vuy) — a(z, up, Vu)|V(uy —u)dz — 0.

Then u, — w strongly in Wol’p(x)(Q, p).
Proof. Let D,, = [a(x, upn, Vuy,) —a(x, Uy, VUu)|V(up, —u). Dy, is a positive
function, and by (9) D,, — 0 in L!(Q2) and for a subsequence D,, — 0 a.e. in Q.
Since u,, — u weakly in VVO1 P(®) (€, p) and a.e in €, there exists a subset
B of Q, of zero measure, such that for x € Q\ B, |u(z)| < oo, |Vu(z)| < oo,
k(x) < 00, up(xz) = u(x), Dp(z) — 0. Defining &, = Vu,(x), £ = Vu(z), we
have
Dy (z) = [a(z, un, &) — alz, un, §)](€n — §)
CL(LU Unp, fn)fn + CL(% U, 5)5 CL(.’E, Un, gn)é - Cl(fE, U, é)fn
L _
> ap(a)[€aP) + ap(@)|E[PT) — Bp(a) 7 (k(x) + PO ) ¢]
1 _
= Bp() 7 (k(w) ") €
Z a‘fn‘p(m) - CJ? [1 + ‘gn‘p(m)il + |§n|]a
where C}, is a constant which depends on x, but does not depend on n. Since
un(x) — u(z) we have |u,(z)| < M,, where M, is some positive constant.

Then by a standard argument |£,| is bounded uniformly with respect to n, we
deduce that
Cy Cy Cy

@) (- 2% _Jr T
Dy (x) > [§afP (a ’gn’p(ﬂc) €0 ] |§n|P(a:)—1)'

If |£,| = oo (for a subsequence), then D, (x) — oo which gives a contra-
diction. Let now £* be a cluster point of &,. We have |£*| < oo and by the
continuity of a we obtain

[a(z,u, &) — a(z,u, §)|(§ — &) =0.
In view of (5), we have £* = £, which implies that
Vuy(x) = Vu(z) a.ein Q.
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Since the sequence (a(z, U, Vi ))r is bounded in the space (LP () (€2, p*))N
and a(x, un, Vuy,) = a(x,u, Vu) a.e. in €, then by Lemma 3.1 we get

a(z, tn, V) — a(z,u, Vu) in (LP@(Q, p*))N ae. in Q.
We set g, = a(x, Vu,)Vu, and § = a(z, Vu)Vu. We can write
Un — 7§ in LYQ).

We have
a(, U, Vn) Viay > ap(@)| Vi, [P

Let z, = p|Vu,|PV), z = p|VulPV), y, = %, and y = g By Fatou’s
lemma,
/ 2ydx < liminf/ Y+ Yn — |20 — 2| da;
o) n—oo o)
i.e., 0 < —limsup [, |z, — z|dz. Then
n—oo
0< liminf/ |zn, — zldz < limsup/ |zn, — z|dz <0,
n—oo  Jo n—oo JQ
this implies
Vup, — Vu  in (LP@(Q, p)V.
O

Hence u, — u in I/VO1 P (w)(Q, p), which completes the proof.

3.2. EXISTENCE OF WEAK SOLUTION

Definition 3.1. A bounded operator T from Wol’p(x) (Q, p) to its dual is
called pseudo-monotone if for all sequences (ug)y in WO1 P (x)(Q, p) satisfying:
urp — u  weakly in Wol’p(x)(Q,p)

Tup, — xweakly in W‘l’p/(‘”)(Q, %)

lim sup(Tug, ug) < (X, u).
k—o0

(10)

then
X =Tu and (Tug,ur) — (x,u) as k — +oc.

Let us first define the weak solution of problem (1).
Definition 3.2. Let f € W12 (@)(Q, p*) a weak solution of the problem

(1) is a measurable function u € WO1 P (I)(Q, p) such that

(11) /a(m,u, Vu)Vvd:c+/ ao(z,u, Vu)vde =< f,v >
Q Q

for all v € Wol’p(x)(ﬂ,p).
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The main result of this paper is the following theorem.

THEOREM 3.1. Under assumptions (2), (3) and (4)—(8), there exists at
least a weak solution of (1).

Let us define the operator Ay : Wol’p(x)(Q, p) — WL @)(Q, p*) by

(Agu,v) :/ao(x,u, Vu)vdez,
Q

and Aju = — div a(x,u, Vu). Let us denote A = Ay + Ap, we can write the
equation (11) as (Au,v) = (f,v).

Step 1. Let’s show that the operator A is bounded. Firstly, by using
(H3), (7) and Proposition 2.2 we can easily prove that ||ag(z, u, Vu)p(a:)ﬁ;) 1@ @)
is bounded for all u € VVO1 P (m)(Q, p). Therefore, thanks to Holder’s inequality,
we have for all u,v € Wol’p(m)(Q,p),

(Agu,v) = ’/ ao(x,u, Vu)vdz| =
Q

1

‘ / ag(x,u, Vu)p(z) ﬁ;)up(;g) p(@) dx’
Q

1
vp(2)?@ || Lo ()

< /Q (@, 1, Vo) o e

< CHUHLP(I)(Q,p)a

which implies that the operator Ay is bounded. Similarly by using (4) and
Holder’s inequality, we can see that A; is bounded and by consequent A is
bounded.

Step 2. In this step, we show that A is coercive. For that, let v €
Wol’p(x)(Q,p). From (6), we have by using the Proposition (2.2) and Re-
mark (2.1)

< Ayv,v > C

ollip@)e — 10l pe)
< Agv,v >

al, (Vo) > ']}

for some r > 1. On the other hand, is bounded, by consequent

HUHLp(x)
< Av,v >
T —> 00 as ||V p(a),, — 00
||U||17p(:v),p

Step 3. It remains to show that the operator A is pseudo-monotone from
Wol’p(w)(ﬂ,p) into WL () (Q, p*). Let (ug), be a sequence in Wol’p(m)(Q,p)
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such that
up —u  weakly in Wol’p(x)(Q, )
(12) Aug, — x weakly in W*Lp/(m)(Q, p*)
lim sup(Aug, ux) < (x, ).
k—o0

We will prove that
x = Au and (Aug,ug) — (x,u) as k — +oo.

Since (ug)r is a bounded sequence in V[fol’p(x)(Q7 p) , then by using the
Propositions 2.2 and 2.3, there is a subsequence still denoted by (ug)x such
that

up — u in Wol’p(x)(Q,p),
up, — u in LP@(Q) and a.e in Q.
By the growth condition, the sequence (a(x,u,Vug))r is bounded in
(LP'@)(Q, p*))N, therefore there exists a function ¢ € (LF'®)(Q, p*))N such
that

13 a(z, up, Vug) — ¢ in - (LX®Q, p )Y as k — oo.
(13) ( )= ( p

Similarly, since (ag(x, ug, Vug))r is bounded in L' () (Q, p*), then there
exists a function ¢ € L' (#)(Q, p*) such that

(14) ao(x,up, V) = ¢ in - LP@(Q,p*) as k — oo,
It is clear that, for all v € Wol’p(x)(Q, 0),
(Aug,v),

= 1
(x,v) Jim

(15) = klggo ; a(x, ug, Vug) Vo dz + kli)ngo A ap(x, ug, Vug)v dz.
= / ngvd:U+/ Yo da.
Q Q
On the one hand, by (14) we have
(16) /ao(az,uk,Vuk)uk de — / Yudr as k — oo.
Q Q

by combining (12) and (15), we have
lim sup(A(ug), ug) = limsup/ a(m,uk,Vuk)Vukda?—i—/ ag(x, ug, Vug)ugde,
Q Q

k—o0 k—o0
§/<,0Vuda:+/zj)udx.
Q Q
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Therefore

(17) limsup/a(x,uk,Vuk)Vuk de/ngudm.
Q Q

k—oo

On the other hand, thanks to (6), we have
(18) /(CL(CC, ug, Vug) — a(z, ug, Vu))(Vug, — Vu) de > 0.
Q

then

/ a(x, ug, Vug)Vuy dz > —/
Q

a(x,uk, Vu)Vu da:—l—/ a(x,ug, Vug)Vu dz
Q

Q
+/ a(x, ug, Vu)Vuy dz,
Q

by (13), we get

k—o00

liminf/a(a:,uk,Vuk)Vuk dxz/chud:c.
Q Q

This implies, by using (17) that

(19) lim [ a(z,u, Vug)Vug de = / oVudz.
Q

k=00 Jo
By combining (15), (16), and (19), we obtain
(Aug, ug) — (x,u) as k — 4oc.
On the other hand, by (19), and the fact that a(z, ug, Vu) — a(z,u, Vu)
in (L7 @) (€, p*))N we deduce that

lim [ (a(z,uk, Vug) — a(x, ug, Vu))(Vug — Vu) dz = 0,
k—+oco Jo

by Lemma 3.2, we obtain
U —> U in W&’p(m)(ﬂ,p),

then, for a subsequence denoted u; we have Vup — Vu a.e. in Q.
Since a and ag are Carathéodory functions we can write

a(x,ug, Vug) = a(z, ug, Vu) in (LY @ Q)N
and
ap(z, ug, Vug) — ao(x, ug, Vu) in v (@) (Q),

by consequent, x = Au which allows to conclude that the operator A is pseudo-
monotone. By using the theory of pseudo-monotone mappings (see [10]) there
exists at least a weak solution of (1), which complete the proof of Theorem 3.1.
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