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We analyze the regularity in Sobolev-Watanabe spaces of the local times of
Gaussian self-similar processes with a certain trajectorial regularity. The main
purpose is to understand which of these parameters (the self-similarity index or
the sample path regularity order) gives the regularity of the local time. We study
several examples, such as fractional Brownian motion, bifractional Brownian
motion or the solutions to the heat or wave equation with additive Gaussian
noise.
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1. INTRODUCTION

The local time of a stochastic process measures the time spent by the
process in a given Borel set. It is an important characteristic of a stochastic
process. Especially for Gaussian processes, the local time has been widely
studied. We refer, among others, to the recent monograph [18] for a complete
exposition.

In the case of the Gaussian processes, one of the methods which has been
widely employed to study their local time is the so-called chaos decomposition
into multiple Wiener-Ito stochastic integrals. This approach has been first
applied to the Brownian motion in [20,21] and then to several other Gaussian
processes, such as fractional Brownian motion [7,11], bifractional Brownian
motion [23] or the solution to the heat equation [25].

One of the problems analyzed via chaos expansion is the regularity of the
local time in the so-called Sobolev-Watanabe spaces. This is a kind of regula-
rity with respect to the variable of randomness w. In particular, it extends the
LP- regularity of the local time since the Sobolev-Watanabe space D2 coincides
with L2(2). We refer to Section 2.2 for the definition of these spaces which have
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been originally introduced by Watanabe in [28]. For instance, the local time
of the Wiener process belongs to the Sobolev-Watanabe space D72 for every
v < 3, see [20]. The result has been extended to fractional Brownian motion
(Bf');>0 (fBm in the sequel) in [11]. It has been showed that the local time of
the fBm belongs to D2 for every v < ﬁ — % Note that the index H represents
the self-similarity index of the fBm but also the order of the regularity of its
sample paths since for every s,t > 0 one has E|Bf —BE‘Q = |t — s|?H.
Consider now the bifractional Brownian motion (see Section 4). This Gaussian
process, denoted (B/"");>0, with H € (0,1) and K € (0,1] is HK-self-similar
and it satisfies the quasi-helix property: for every s,t > 0,

2
Ot — K < E|[BFK B;‘I,K’ < Colt — s|2HK

where C7, Cy are two strictly positive constants. In this case the local time of
the bi-fBm belongs to the space D72 for every v < s — 5 (see [23]) and the
index HK can be interpreted as the self-similarity index and simultaneously,
as the order of the sample paths regularity. The same phenomenon happens
in the case of the solution to the heat equation (see [25]).

The purpose of this work is to understand which of these two parameters
(the self-similarity index or the Holder continuity index) gives the regularity
of the local time. For certain Gaussian stochastic processes, these two para-
meters do no coincide. Such an example is the solution to the stochastic wave
equation with additive noise which will be discussed later. We will show that
the regularity of the local time in the Sobolev-Watanabe sense is rather related
to the sample path regularity than to the self-similarity index.

We organized our paper as follows. In Section 2, we present our main
assumptions and we introduce the multiple stochastic integrals and the local
time. In Section 3, we prove our main result and finally, in Section 4 we discuss
several examples.

2. PRELIMINARIES
2.1. ASSUMPTIONS

We consider throughout the paper a centered Gaussian process (X¢)i>0
with Xy = 0 and we denote by R(s,t) = EX; X, s,t > 0 its covariance function.
Fix an interval I = [¢,1] with € > 0 small enough.

Let us make the following assumptions:

C1) The process (X;)i>0 is self-similar of order H € (0,00), meaning that
for every ¢ > 0 the stochastic processes (X¢t)i>0 and (cHXt)tZO have the
same finite dimensional-distributions.
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C2) The process (X;)¢>0 satisfies, for every s,t € I,
(1) Cilt — s)** <B|X; — X > < Colt — s>

with some constants 0 < Cy < Cs and with « > 0. This property means
that the process X is a quasi-helix in the sense of [15,16].

C3) Foreverytel,

(2) VarX; > C > 0.

C4) The covariance function is continuous in the sense that the mapping
(t,s) = R(s,t) = EX; X, is continuous on [0, 00) x [0, c0).

2.2. MULTTPLE STOCHASTIC INTEGRALS AND WATANABE SPACES

Here we describe the elements from stochastic analysis that we will need
in the paper. Consider /¢ a real separable Hilbert space and (B(p),p € )
an isonormal Gaussian process on a probability space (€2, <7, P), that is a cen-
tered Gaussian family of random variables such that E (B(¢)B(v)) = (¢, V) .
Denote by I,, the multiple stochastic integral with respect to B (see [19]). This
I,, is actually an isometry between the Hilbert space /#®" (symmetric tensor
product i.e. the Hilbert space that contains the symmetrizations of the tensor
products hy ® ... ® hy,, with h; € 5, i = 1,..,n)) equipped with the scaled
norm ﬁ” - |l won and the Wiener chaos of order n which is defined as the
closed linear span of the random variables H,, (B(y)) where ¢ € 7, ||¢|
and H, is the Hermite polynomial of degree n > 1

= e () £ (e (-5)). wem

The isometry of multiple integrals can be written as: for m,n positive
integers,

w =1

E (I,(f)Im(g9)) = nlf,g)wpen ifm=n,
(3) E(I(f)n(g) = 0 ifm#n.
It also holds that

where f denotes the symmetrization of f defined by f (T1,...,xp) = % Yoves,
f(xa(1)7 s )$U(n))'
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We recall that any square integrable random variable which is measu-
rable with respect to the o-algebra generated by B can be expanded into an
orthogonal sum of multiple stochastic integrals

(4) F= ZIn(fn)

n>0
where f, € " are (uniquely determined) symmetric functions and Iy(fo) =
Let L be the Ornstein-Uhlenbeck operator
LF ==Y nly(fn)
n>0

if F'is given by (4).
For p > 1 and o € R we introduce the Sobolev-Watanabe space DP as
the closure of the set of polynomial random variables with respect to the norm

1Fllap = 11 = L)% Fll oo

where I represents the identity. In this way, a random variable F' as in (4)
belongs D%? if and only if

(5) S+ ) By = (14 n) 0l ful2pen < oo.
n>0 n>0

Throughout this paper we will denote by ps(z) the Gaussian kernel of
2

1
V2rs

variance s > 0 given by ps(z) = e %,z € Rand for & = (z1,...,124) € R

by pl(z) = [T ps(@:)-

2.3. THE LOCAL TIME

We first introduce the local time of a stochastic process (X¢)ier. See [3,4]
for a more complete exposition on local times for Gaussian processes. For any
Borel set I C T the occupation measure of X on [ is defined as

ur(A)=X(tel,X; € A), AecABR)

where A denotes the Lebesque measure. If uy is absolutely continuous with
respect to the Lebesque measure, we say that the process X has local time
on I. The local time is defined as the Radon-Nykodim derivative of u; with
respect to the Lebesque measure

L(I,z) = %(x), zeR.
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The local time L(I,z) measures the time spent in I by the process at = € R.
We will use the notation L(t,x) := L([0,¢],x), t & Ry, z € R. The local time
satisfies the occupation time formula

(6) / F(X)dt = / @) LI, z)dx

for any Borel set I in T and for any measurable non-negative function f : R
— R.

Let now X be isonormal Gaussian process with variance R(s,t) = EX; X,
as introduced in Section 2.2. The local time of X can be formally written as
(see e.g. [20] or [21])

(7) L(t,x)—/o d(z — Xy)ds

where 0 denotes the Dirac function and the quantity d(z — X;) can be under-
stood as a distribution in the Watanabe spaces, see Section 2.2.

We will use the following decomposition of the delta Dirac function (see
Nualart and Vives [20], Imkeller et al. [14], Eddahbi et al. [11,12]; see also [17]

for a general theory) into orthogonal multiple Wiener-It6 integrals

(8) 6(x = Xo) = R(s) 2 prs)(x) Hn (R(:Cl> I (1)

n>0 5)2

where R(s) := R(s,s), pr(s) is the Gaussian kernel of variance R(s), H, is
the Hermite polynomial of degree n and I, represents the multiple Wiener-
It6 integral of degree n with respect to the Gaussian process X as defined in
Section 2.2.

3. REGULARITY OF THE LOCAL TIME

Consider X a Gaussian process that satisfies the assumptions stated in
Section 2.1. We analyze in this paragraph the regularity of the local time
L(t,z) of X, with ¢,z fixed, viewed as a functional in the Sobolev-Watanabe
spaces. Before proving our main result, let us state and prove two auxiliary
lemmas.

LEMMA 1. Let X be a Gaussian process that satisfies the quasi-helix pro-
perty (1) and (2). Then there exists a constant ¢ > 0 such that

R(t,s)?> < R(s)R(t) — cE |X; — X,|?

for every s, t € I.
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Proof. This follows from relation (3.15) in [6] by using assumptions (2)
and (1). O
The following lemma is the key point for the obtention of the regularity

of the local time.

LEMMA 2. Assume that X is a Gaussian process satisfying conditions C1)
~C4). Then, for n large enough, there exist C' > 0 such that

1
J
[R(1,z[)

Proof. Let us denote by F(z) := IO

We will divide the integral above upon the intervals (0,1—40) and (1—9, 1)
with § an arbitrary point between 0 and 1. So

LRGN o i [ e g
/O<R(1)R(z)> R(z)72dz = /O [F(2)I"R(2)"2d2

1 1
+/1 |F(2)|"R(z)"2dz

5
= J1+ Jo.

Note that F' takes values in the interval [0, 1], it is continuous, F'(0) = 0, F'(1)
= 1. Moreover F(z) = 1 if and only if z = 1 from a well-known property of the
covariance function and the trivial fact that X; and X, are not proportional.
This implies that there exists a constant cg € (0,1) such that F(z) < ¢o for
every z € (0,1 — ). Thus

R(1,2)

—— 2 | R(z)"2dz < Cn 2.
R(1)R(z)

for every z € [0, 1].

J1 < C(H,a,0)cq.

Let us regard the term J,. By using Lemma 1, we see that the term J can be
bounded as follows (c is a generic constant small enough):

1 (1 _ z)?a % _%
Jy < /1—5 dz (1 - cR(l)R(z)) R(z)

1

c¢(H,d,a, 6)/ dz (1 —c(1 - z)zo‘)

1-6

n
2

IN

1
= (a0 [ dzederloeo)
1-46

where the constant ¢ in the exponential function also depends on H,J,d and
we noticed the trivial fact that R(z) is bounded below by a strictly positive
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constant for z outside the origin (condition C3)). Using the inequality — log z >
1 — z for every z € (0, 1] and hence for every z € (1 —6,1), we get

1 n 2H—d7a
5 < c(H,d ) / dre- o271 "F
1-6

6 —
= c(H,d,Oz,5)/ dze— 3" 7
0

and by %220‘ =y we find that
Jo < c¢(H,a,d, 5)n_ﬁ. O
Let us now state our main result. It gives the chaos expansion of the local
time of the process X and its regularity in the Watanabe spaces.

THEOREM 1. For everyt > 0 and x € R the local time L(t,x) of the pro-
cess X admits the following chaos expansion into multiple Wiener-1to integrals

(9)
L(t7x) :/0 5($—X5)d8 :/0 ZR(S)ing(s)(x)Hn (R(xs)l> In(1[0,8]®")d3'

n>0

Moreover L(t,z) belongs to the Sobolev-Watanabe space D2 for every

10 ! 1
(10) T<5, 73

Proof. The decomposition (9) follows from the chaos expansion of the
deta Dirac function (8) and (7). Let us compute the D72 norm of the random
variable L(t,x) with ¢ > 0 and x € R. The approach is classical and it has
been already used in several works (e.g. [11,20,23]). By using the isometry of
multiple Wiener-It6 integrals (3) and the expression of the Sobolev-Watanabe

norm (5), we can write

1Lt )3 o

= nzzo(l —|—n)7/0 /0 dudvR(u)™ 2 R(v)™ 2 ppeu)(z)Hy <R(u)§>
pR(v)(x)Hn (R(xv);> EIn(l([%Z])In(l([%g])

= T;(l +n)7n!/0 /0 dudvR(u)™ 2 R(v) ™ 2 pg(u) (7)Hy (R(u)é>

PRev) (2)Hy ( ) X (15 L)) em

R(v)2
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= Z(1+n)7n!/0/0dudvR(u)gR(v)ng(u)(x)Hn< i )

= R(u)2
Pr(o) () (R . ﬁ) R(u, )"

- 27;)(1—1—71)771! /Otdv/oudvR(u)’%R(v)SpR(u)(g;)Hn (R(“Z)J
Pr(o) () Hn (R (f));> R(u, )"

Above (-, -) denotes the scalar product in the Hilbert space associated with the
Gaussian process X. We use the identity (see e.g. [7])

2 w2 [
(11) H,(y)e T = (—1)["/2122,/ w"e ™ g(uyv/2)du
n.m Jo
where g(r) = cos(r) if n is even and g(r) = sin(r) if n is odd. Since |g(r)| < 1,
we have the bound

n 2 n+1
<22 —7T
- 2n!Tr ( 2

(12) (e )=,

Thus (with C' a generic strictly positive constant)

(13)
t u
IL(t,2)|2 5 < OZ(Hn)Wn!ci/ / dudvR(w)™ "% R(v)™ "% |R(u,v)|"
t n+1 1 n+1
= CZ(l + n)”n!ci/ duR(u)_2u/ dzR(uz)” 2 |R(uz,u)|"
"0 0 0

where we made the change of variables 7 = z in the integral dv.
Notice that for every u, z > 0 it holds that

(14) R(uz,uz') = u*1 R(z, 7).

This is an immediate consequence of the self-similarity property. From 14, we
immediately get

R(u,uz) = uv*! R(1,2), R(uz) =u**R(z), R(u)=u*"R(1)
and therefore, by (13)
¢
| L(t, x)||32 < C’Z(l—l—n)%z!ci/ duu! =24
0

n>0
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1 n
R(1
% / IR, 2)| R(z)"2dz
0 R(1)R(2)
and since n!c2 behaves as y/n for n large enough, and using also Lemma 2, we
obtain that, with some ng enough,

t 1
Z(l—l—n)vn!c%/ duul_QH/O (]]:((iR(

n>0 0

N
SN—
N
S~—
N———
3
)
—
N
S~—
|
2|
oL
N

<0 (1+n)Van =
n>ng

which is convergent if i -y — % > 1 which gives v < ﬁ — % O

4. EXAMPLES

In this paragraph, we will discuss several examples of Gaussian processes
that fulfill the conditions C1)-C4) in Section 2.1. In the first three examples
treated below (the fractional Brownian motion, the bifractional Brownian mo-
tion and the solution to the heat equation with fractional-colored noise) the
self-similarity index coincides with the order of the regularity of the sample
paths. In the last two examples, these two parameters are different.

4.1. THE FRACTIONAL BROWNIAN MOTION

The fractional Brownian motion with Hurst parameter H € (0,1) is a
centered Gaussian process (Bf);>¢ with covariance

1
(15) EBIBH = 5(stH + 52—t —s]2H),  s,t>0.
Notice that assumption C4) holds. The process B is self-similar of index H,
so it satisfies condition C1). It is actually the only self-similar Gaussian process
with stationary increments. Moreover, for every s,t > 0,

E|BI - BI|" = |t — s

and consequently C2) holds. Clearly C3) is satisfied on every interval I = [to, T
with g > 0. Then the local time of the fBm belongs to the Watanabe space
D72 with v < 5 — 3. This has been already proved in [11]. The order H
corresponds to the order of Holder regularity of Bf. It coincides in this case
with the self-similarity index.
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4.2. THE BIFRACTIONAL BROWNIAN MOTION

The bifractional Brownian motion (BtH ’K)tzo is a centered Gaussian pro-

cess, starting from zero, with covariance
1 K

(16) RH»K(t,s):TK((t?HJrs?H) —\t—sPHK>, 5,6 >0
with H € (0,1) and K € (0,1]. We refer to [13] and [23] for the definition
and the basic properties of this process. Note that, if K = 1 then B! is the
fractional Brownian motion with Hurst parameter H € (0,1). When K =1
and H = % then it reduces to the standard Brownian motion. It follows from
(16) that this stochastic process is self-similar of order HK. It has been proven
in [13] that for every s,¢ >0

2
27K’t_ S,QHK <E BE,K . BE’K < 217K|t _ S|2HK.

Thus C2) and C3) are satisfied on every interval I = [to, T'| with tp > 0. From
(16) we notice that C4) also holds. Consequently the local time of the fBm
belongs to the Watanabe space D72 with v < ﬁ - % We retrieve in this
way the result in [23].

4.3. THE SUBFRACTIONAL BROWNIAN MOTION

This process has been introduced in [5]. The subfractional Brownian
motion (sub-fBm ) is defined as a centered Gaussian process (Sf!);>o with
covariance

1
R(t,s) :s2H—f—t2H—§ ((s+t)* " + |t —s?), st>0

with H € (0,1).

The sub-fBm arises from occupation time fluctuations of branching parti-
cle systems (see [5]). It has properties analogous to those of fBm (self-similarity,
long-range dependence, Holder paths, variation and renormalized variation and
it is neither a Markov processes nor a semimartingale). The increments of the
process SH behaves in the following way

(2—22H Nt —sPH <B(SH - ST’ < |t — s, i H>1/2
and
t— s <B(SH - ST’ <(2- 22PNt — s, i H<1/2

See [5] or [24], see also [26,27] for other results on this process. That
means that the sub-fBm is, as the bi-fBm, a quasi-helix. Thus C2) and C3)
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are satisfied on every interval I = [tg, 1] with o > 0 and C4) also holds, so its

local time is in the space D72 with v < ﬁ — %

4.4. THE SOLUTION TO THE HEAT EQUATION
WITH FRACTIONAL-COLORED NOISE

First consider ”the noise” W defined as a centered Gaussian process
WH = {WH(t, A);t >0, A € B,(R%)} with covariance:

a7 B, AWH(s, B) = Ry(t,s) /A /B f(u — o)dydy.

where Ry denotes the covariance of the fractional Brownian motion (15) and
f is the Riesz kernel of order a given by

(18) f(z) = Ro (%) := Ya,al7| ™47, 0<a<d,

where 7,4 = 277920 ((d — a)/2)/T(a/2). Note that f is the Fourier trans-
form of the measure p(d§) = |£|7d€.
Consider the stochastic process (u(t,z),t > 0,2 € R?) given by

¢
(19) u(t,x):// Gt —u,x —y)WH(ds,dy), t>0,2€R?
0 JRd

where the above integral is a standard Wiener integral with respect to the

Gaussian noise W (see [1]) and G is the solution of % = ZAu. The process

u is actually the mild solution to the heat equation

0 1 .
(20) 8—7; = §Au—|—WH, t>0, z€R?
u(0,z) = 0, zeR%

where A denotes the Laplacian on R? and the noise W is defined by (17).
Recall (see [1,2]) that the process (u(t,))icjo,r)zcre €xists and satisfies

sup E (u(t,:c)z) < 400
te[0,T],z€R4

1 2H
fum) - rmas <o

and this translates into

if and only if

(21) d < 4H + a.
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The covariance of the process (u(t,z));>o (here x € RY is fixed) is given
by
(22)

t s
R(t,s) = Eu(t,z)u(s,x) = d(a, H) / / lu— v 2t +5 —u— v)_%dvdu.
0o Jo

with d(a, H) a strictly positive constant and as mentioned before H € (3, 1)
and 0 < a@ < d < 4H + «a. From (22) we notice that the process t — u(¢, x) is
self-similar with parameter
d—«

R
The self-similarity index is strictly positive under (21). Therefore condition
C1) is satisfied.

The increments of the solution to (20) satisfy the following (see [22]):

there exists two strictly positive constants C7,Cs such that for any t,s > 0
and for any z € R?

H —

(235 Cilt= s <Bult2) — uls,2) < Coft - 52175

Therefore again assumptions C2) and C3) are satisfied on intervals of the form
I = [to, T] with ¢ty > 0. It is not difficult to see that C4) holds true.

The local time of the process t — u(t,z) (z € R? is fixed) belongs to the
Sobolev-Watanabe space D2 for every

(24) V< o4

Let us notice the following facts: the Holder regularity index and the self-
similarity index coincide once again as in the previous examples. On the other
side, in this case the order v may be always negative. Actually, the solution to
the fractional-colored heat equation (20) admits a local time in L?(Q) = D2 if
d—a 3
< —.
2 T2

2H —

4.5. THE SOLUTION TO THE WAVE EQUATION
WITH WHITE NOISE IN TIME

Consider the linear stochastic wave equation driven by a white-colored
noise W. That is

(25) 7(757‘7:) = Au(t,:c) + W(t,JZ‘), t> 07 VIS Rd
u(0,2) = 0, zeR?
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ou
ot
Here A is the Laplacian on R? and W = {W;(A);t > 0,4 € B,(R)} is a

centered Gaussian field with covariance

(26) E(W,(A)W(B)) = (t A 5) /A /B f( — y)dady

—(0,z) = 0, zeR%L

where f is Riesz kernel (18). The solution of (25) is a square-integrable process
u = {u(t,z);t > 0,7 € R?} defined by the Wiener integral representation with
respect to the noise (26)

(27) u(t,z) = /0 o Gi(t — s,z —y)W(ds,dy)

with G the fundamental solution of aatfj (t,x) — Au = 0. The solution exists
when the above integral is well-defined. As for the heat equation, it depends
on the dimension d and on the spatial covariance. For example, when the noise
is white both in time and in space the solution exists if and only if d = 1.
The necessary and sufficient condition for the existence of the solution
follows from [8]. The stochastic wave equation (25) admits an unique mild

solution (u(t,))¢>0 4egrae if and only if

1
. () v <

which means d < 2 + a.
Fix x € R%. The covariance of (u(t,z)¢>0 can be expressed as

Bt )0 /tAsdu/Rd dgsm )IEI)Sm(( |€|u)|€|)|§|dd§'
d+

It follows that the process u(t,x),t > 0 is self-similar of order 372 & so condi-
tion C1) is satisfied. Also, let tg, M > 0 and fix x € [-M, M]%. Then (see [9])
there exists two positive constants ¢, ca such that for every s,t € [to, T

crlt — s < B u(t, z) — uls, z)]* < eolt — s[>~

and this implies that C2)- C3) are satisfied on I = [tg,T] with tgp > 0 for every
€ [-M, M2
Let us point out an interesting fact: in the case of the solution to the wave
equation, the Holder regularity order and the self-similarity order are different.
The local time belongs to the space D72 with v < ﬁ — % It is always a
random variable in L?(Q) because ﬁ —1>0.
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4.6. THE SOLUTION TO THE WAVE EQUATION
WITH FRACTIONAL NOISE IN TIME

Now, the noise (26) is replaced by the fractional colored noise W whose
covariance is defined by (17). The mild solution of (25) is a square-integrable
process u = {u(t,z);t > 0,2 € R} defined by:

(29) u(t,x) = /0 o Gi(t — 5,2 — y)WH(ds,dy).

Again (7 denotes the fundamental solution of the wave equation that already
appeared in the previous paragraph. The above Wiener integral is well-defined
if

1 H+1
(30) L (i) <
This means that
(31) d<oa+2H +1.

Note that the condition is different from the case of the heat equation (compare
(31) and (21)).
The covariance of u can be expressed as
t s
Eu(t, x)u(s,x) = a(H)/ du/ dv|u — v 2
0 0
sin((t — w)|&|) sin((s — v)|€ _
[ R e

€] €]
It is easy to note that this process is self-similar of order
d—«
H+1-
+ 2

which is positive, so assumption C1) holds true. From [10], there exists a
positive constants ¢y, co such that for every s,t € [tg, T

crlt — s|PHHB < E|u(t, ) — u(s, z)* < eoft — s[2T15,

The above inequality gives C2) and C3) for every time interval outside the
origin. Finally, we note that C4) is clearly satisfied.
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