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In this paper, we first investigate harmonic maps and harmonic morphisms be-
tween almost Kenmotsu manifolds and almost Hermitian manifolds, extending
some earlier results. Harmonic maps between almost Kenmotsu manifolds and
contact metric manifolds are also investigated.
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1. INTRODUCTION

In 1964, J. Eells and J. H. Sampson [5] started the study of harmonic
maps on Riemannian manifolds and proved that a holomorphic map between
Kaéhler manifolds is harmonic. Motivated by their interesting result, since then
many authors have investigated harmonic maps from both analytic and ge-
ometric points of view. Nowadays, the theory of harmonic maps becomes a
very important field of research in differential geometry. In 1970, A. Lichnero-
wicz in [17] considered harmonic maps between Riemannian manifolds endowed
with some special structures, namely, compact almost Kéahler, semi-K&hler and
quasi-Kahler structures, proving that a holomorphic map between two Kéahler
manifolds is not only a harmonic map but also attains the minimum of energy
in its homotopy class. As a counterpart, S. Ianus and A. M. Pastore in [12] first
studied harmonic maps on some odd dimensional smooth manifolds, namely,
contact metric and Sasakian manifolds, proving that any +¢-holomorphic map
between two contact metric manifolds is harmonic. Recently, D. Chinea in [2]
obtained some formula regarding the harmonicity of maps between two almost
contact metric manifolds, extending the above result proved by Ianus and Pas-
tore. Here we refer the readers to C. Gherghe [8,9], C. Gherghe, S. Ianus and
A. M. Pastore [10,11] and N. A. Rehman [20,21] for more recent results on har-
monic maps between almost contact metric manifolds and almost Hermitian
manifolds.
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One object of this paper is to extend some earlier results regarding har-
monic maps on Kenmotsu manifolds proved by Gherghe [8] and Rehman [20]
to some types of almost Kenmotsu manifolds. In Section 3, it is proved that
any (¢, J)-holomorphic map from a C R-integrable almost Kenmotsu manifold
to a quasi-Kéahler manifold is harmonic. Moreover, we also obtain that any
(J, ¢)-holomorphic map from a semi-Kéhler manifold to a C'R-integrable al-
most Kenmotsu manifold is harmonic if and only if it is a constant map. In
Section 4, a characterization of the harmonicity of a (¢, ¢)-holomorphic map
between two almost Kenmotsu manifolds is obtained. Finally, we prove that
a (¢, ¢)-holomorphic map from a contact metric manifold to an almost Ken-
motsu manifold is harmonic if and only it is a constant map. Some concrete
examples of almost Kenmotsu manifolds are given.

2. PRELIMINARIES

The following notions regarding harmonic maps can be seen from Eells
and Sampson [5] and Gherghe [8,9]. Let us consider two smooth Riemannian
manifolds (M, g) and (N, k) and a smooth map f : M — N. If we denote by
V and V the Levi-Civita connections of g and k, respectively, then the second
fundamental form oy of f is defined by

(2.1) ap(X,Y) = VL LY = £.(VxY)

for any vector fields X,Y € X(M), where X(M) and V7 are the Lie algebra
of all smooth vector fields on M and the pull-back connection of V to the
pull-back bundle f~'TN — M (which is defined by V&V = ﬁf* xV for any
vector field X € X(M) and any section V on the induced bundle f~1TN),
respectively. The energy density of f is a smooth function e(f) : M — [0, +00)
defined by

dimM

e(f)p = %traeeg(f*k:)p = % Z k(f«€i, frei),
i=1

where {e1,- - ,eqiman} is a local orthonormal basis of the tangent space T, M
at p € M. If M is compact, then the integral of the energy density of f defined
by

B = [ elhv,

is called the energy of f, where v, is the volume measure associated to the
metric g. A smooth map f: M — N is said to be harmonic if it satisfies

d

EE(ft)‘t:O =0
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for all variations {f;} of f. The trace of the second fundamental form of f,
denoted by

dimM
(2.2) T(f)p= Y aglene,
i=1

is called the tension field of f. Following Eells and Sampson [5], a map f :
M — N is said to be harmonic if and only if 7(f) = 0.

Next we collect some basics concerning almost Kenmotsu manifolds. If
on a smooth Riemannian manifold (M?™*+! g) of dimension 2m +1, there exist
a (1,1)-type tensor field ¢, a vector field £ and a 1-form n such that

(2.3) ¢ =—id+n®¢ nE) =1,

(2.4) 9(¢X,9Y) = g(X,Y) = n(X)n(Y)

for any vector fields X,Y € X(M), then we call M?™ ! an almost contact
metric manifold denoted by (M?™+1 ¢, & n, g). Tt follows from (2.3) and (2.4)
that

(2.5) n=9(&), ¢ =0, nop=0.

The fundamental 2-form ® on M?™+1 is defined by ®(X,Y) = g(X, ¢Y) for
any vector fields X,Y € X(M). By an almost Kenmotsu manifold, we mean an
almost contact metric manifold M?™+! such that 7 is closed and d® = 2n A ®
(see Janssens and Vanhecke [14]). Moreover, from Blair [1], an almost contact
metric manifold satisfying dn = ® is said to be a contact metric manifold.

We consider on an almost Kenmotsu manifold (M?™+! ¢, ¢ 1, g) a (1,1)-
type tensor field h defined by h = %Eggf). From Kim and Pak [16] and Dileo
and Pastore [3,4] we have

(2.6) hé =0, traceh =0, h¢+ ¢ph =0,

(2.7) Vx§ =X —n(X)§+ hoX,

for any X € X(M), and h is symmetric with respect to the metric g. On the
product of an almost contact metric manifold M?™+! and R, i.e., M?*™ 1 x R,
it is easy to check that J(X,fd%) = (¢pX — fg,n(X)%) defines an almost
complex structure, where X denotes a vector field tangent to M?™+1 ¢ is the
coordinate of R and f is a smooth function on M?™*! x R. Moreover, M?>m+1
is said to be normal provided that J is integrable, i.e., the Nijenhuis tensor
of J vanishes. A normal almost Kenmotsu manifold is called a Kenmotsu
manifold (see Kenmotsu [15]) and a normal contact metric manifold is said to
be a Sasakian manifold (see Blair [1]).
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On an almost contact metric manifold (M2™*1 ¢, £ n, g), we denote by D
and Jp the distribution D = kern and the restriction of ¢ on D, respectively.
Therefore, M?*m*! admits an almost CR-structure (D, Jp). If the integral
manifolds of D of an almost Kenmotsu manifold M2?™+! are Kihlerian, then
M?m+1 is said to be a CR-integrable almost Kenmotsu manifold (see Dileo
and Pastore [4] and Wang et al. [22,23]). Following Falcitelli and Pastore [6,
Proposition 2.2] we see that M?™*! is C R-integrable if and only if

(2.8) (Vxd)Y = g(¢X + hX,Y)E — n(Y)(6X + hX)

for any X,Y € X(M). By Dileo and Pastore [3, Proposition 2], we know that
an almost Kenmotsu manifold is Kenmotsu if and only if it is C R-integrable
and h = 0, that is, (Vx¢)Y = g(Y, X )E—n(Y)(¢X) (see also Kenmotsu [15]).

If on a smooth manifold N2 of dimension 2n there exits a (1, 1)-type ten-
sor filed J satisfying J? = —id, then N?" is called an almost complex manifold
and J is called an almost complex structure. On an almost complex manifold
N?2" if there exists a Riemannian metric k satisfying k(JX, JY) = k(X,Y) for
any X,Y € X(N), k is called an almost Hermitian metric and in this case N2"
is called an almost Hermitian manifold, denoted by (N?",J, k). An almost
Hermitian manifold (N2", J, k) is said to be a quasi-Kdhler manifold if the fol-
lowing condition (VxJ)Y + (VyxJ)JY = 0 holds for any X,Y € X(N) and
this is a generalization of a Kdhler manifold (i.e., VJ = 0). If on an almost
Hermitian manifold (N2", J, k) there hold divJ = 0 or (VxJ)X = 0 for any
X € X(N), then N?" is said to be a semi-Kdhler or a nearly-Kdhler manifold,
respectively.

3. HARMONIC MAPS ON CR-INTEGRABLE
ALMOST KENMOTSU MANIFOLDS

Suppose that f : M — N is a smooth map from an almost contact me-
tric manifold (M?™*1 ¢, &, n, g) into an almost Hermitian manifold (N2, J, k),
then f is said to be a (¢, J)-holomorphic map if it satisfies

(3.1) feod=Jo fs.
Similarly, a map f: N — M is said to be a (J, ¢)-holomorphic if it satisfies
(3.2) feod =¢o f,

for more details see Ianus and Pastore [12] and Gherghe [8,9].

THEOREM 3.1. Let (M?*™*1 ¢ €.n,9) be a CR-integrable almost Ken-
motsu manifold and (N*", J, k) a quasi-Kdhler manifold, then any (¢, J)-holo-
morphic map f: M — N is harmonic.
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Proof. For any (¢, J)-holomorphic map f : M — N, it follows from
Gherghe [9] that

(3.3) J(7(f)) = f«(dive) — traceyf3,

where 3(X,Y) = (V&J)(f*Y) for any vector fields X,Y € X(M). Since f is a
(¢, J)-holomorphic map, then we have f.(¢§) = J(f«&) = 0 and hence we get
f+€ = 0. Considering a local orthonormal ¢-basis {, e1,...,em, pe1,...,den}
on T,M for any p € M, using f.(§) = 0 and omitting the summation symbol
for the repeated indices (1 < i < m), we obtain

traceg =(V r,eJ)(f+&) + (Ve ) (feei) + (V foge; T) (fudbes)
(3-4> :(ﬁf*ew])(f*ei) + (ﬁJf*eiJ)(Jf*ei)
=0,

where the last equality holds because N is a quasi-Ké&hler manifold. On the
other hand, by Wang and Liu [23, Lemma 3.4] we see that on a C'R-integrable
almost Kenmotsu manifold there holds divg = 0. Making use of this relation
and (3.4) in equation (3.3) we obtain J(7(f)) = 0 and hence we get 7(f) = 0.
This completes the proof. [

Let f: M — N be a smooth map between two Riemannian manifolds
(M, g) and (N,k). If for each open subset U of N with f~}(U) # () and
each harmonic function [ : U — R the composition [ o f : f~1(U) — R is
harmonic, then f is said to be a harmonic morphism. Following Fuglede [7]
and Ishihara [13], we know that f is a harmonic morphism if and only if it is
a horizontally conformal harmonic map.

COROLLARY 3.1. Let (M, ¢,&,m,9) be a CR-integrable almost Kenmotsu
manifold and (N, J, k) be an almost Hermitian manifold, then any (¢, J)-
holomorphic morphism f : M — N is harmonic if and only if N is a semi-
Kdhler manifold.

Proof. From Gherghe, Ianus and Pastore [10] we see that for a (¢, J)-
holomorphic map f from an almost contact metric manifold M into an almost
Hermitian manifold N, any two of the following statements imply the third: (7)
div(J) =0, (i9) f«(dive) = 0, (i77) f is harmonic and so is harmonic morphism.
Therefore, the following proof follows from Wang and Liu [23, Lemma 3.4], i.e.,
in this case there holds divg =0. [

LEMMA 3.1. Let f : N — M be a (J, ¢)-holomorphic map from an almost
Hermitian manifold (N, J, k) to an almost Kenmotsu manifold (M, $,&,1,qg),
then we have

(3.5) n(r(f)) = —tracerf*g.
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Proof. Given a vector field X € X(N), as f is a (J, ¢)-holomorphic map
then we have

(3.6) 9(f: X, &) = —g(foJ°X, &) = —g(¢(f.(J X)), &) = 0.

Considering a local orthonormal J-basis {ui,...,un, Jui,...,Ju,} on
T,N for any p € N, and omitting the summation symbol for repeated indices
(1 < j <n) we obtain
9(m(£):€) =g((V], fu; + (V) f)Ju5,€)

:g(vf*ujf*uj + vf*JuJ- f*Juja 5)

= — g(feuj, Viu; &) — g(fxJug, Vi, gu;6)

= — g(f*uj7 f*uj) - g(f*Juj7 f*Juj)a
where we have used relations (3.2), (3.6), (2.3), (2.4) and (2.7). This completes
the proof. [

THEOREM 3.2. Let (N, J, k) be a semi-Kdhler manifold and (M, ¢,&,n, g)
be a CR-integrable almost Kenmotsu manifold, then any (J,¢)-holomorphic
map f: N — M is harmonic if and only if it is a constant map.

(3.7)

Proof. For any (J,¢)-holomorphic map f : N — M, it follows from
Gherghe [9] that

(3.8) O(7(f)) = f+(divJ) — tracey?,
where v is defined by v(X,Y) = (V&qﬁ)(ﬁY) for any vector fields X,Y €
X(N). By using relation (2.8) and a straightforward calculation we obtain
traceyy =(V1,0) fuu; + (V4, 6)fuTu;

=(V ;) fewj + (V fogu; &) feJ v

:g(hf*uj7 f*uj)f + g(hf*Juj, f*JUj)g
-0,

(3.9)

where in the last equality we have used relations (2.4), (2.6) and (3.1). Since
N is a semi-Kéhler manifold then we have divJ = 0. Therefore, making use of
(3.9) and divJ = 0 in (3.8) we obtain

(3.10) 7(f) = 9(r(f), €.
Thus, the proof follows from relations (3.5) and (3.10). O

Remark 1. Theorems 3.1 and 3.2 can be regarded as some generalizations
of the corresponding results shown in Gherghe [8,9] and Rehman [20].
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4. HARMONIC MAPS BETWEEN ALMOST KENMOTSU MANIFOLDS
AND CONTACT METRIC MANIFOLDS

Amap f: M — — M between two almost contact metric manifolds (M, ¢, &,
n,g) and (M, $,£,7,9) is said to be (¢, @)-holomorphic if it satisfies

(4.1) feop=¢o fu
The proof of the following result is similar to that of Ianus and Pastore [12,

Theorem 2.1].

LEMMA 4.1. Let (M, ¢,&,n,9) and (M, ¢,£,7,9) be two almost Kenmotsu
manifolds and f : M — M be a (¢, @)-holomorphic map, then there exists a
smooth function A on M such that

(4.2) [£ =X, [ =,

where A is invariant along the distribution D of M.

Proof. Since f is a (¢, ¢)-holomorphic map, we have f.,(¢&,) = gf(p)(f*fp)
= 0 and hence we obtain f.§, = )\pgf(p) for any point p € M, where X is given

by Ap =G (f*fp,ff y)- Using this, we obtain directly that f* = An, from
which it follows that f*(dﬁ) = d\An+ Adn. As M and M are both almost
Kenmotsu manifolds, then we get d\ A = 0. This completes the proof. [

THEOREM 4.1. Let (M, ¢,&,m,9) and (M ¢,£,7,9) be two almost Ken-
motsu manifolds and let f : M — M be a (¢, $)-ho lomorphzc map, then f is
harmonic if and only if

(4.3) trace,(f*g) = A2 + 2mA + £(N).

Proof. On an almost Kenmotsu manifold (M, ¢, £, 1, g) we have from Dileo
and Pastore [3] that

(4.4) (Vx@)Y + (Vox @)oY = —n(Y)oX —29(X, ¢Y )¢ — n(Y )X

for any vector fields X, Y € X(M). It follows from (4.4) that

(4.5) VxX +VexoX = ¢[oX, X] — g(X, X)§ — g(¢X, 0X)E

for any X € D. By (4.4) and a direct calculation we get

(4'6> o = (v6i¢)ei + <v¢)6i¢)¢€i + (vﬂb)é =0

where {&,e1,...,em, de1,...,Pen} is a local orthonormal basis on M and ¢ is

the coderivative (the summation symbol for the repeated indices (1 < i < m)
is omitted). Since f is a (¢, ¢)-holomorphic map, then we have

(4.7) N(fX) = -g(f0° X, &) = —g(8f.0X,) =0
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for any X € D. Making use of (4.1), (4.2), (4.4) and (4.7) we also have
(4.8)  tracegf" (Vo) = (Vy.e,0) frei + (Vi.ge, ) fudei + (Vyed) f.€ = 0.
It follows from (2.6) and (2.7) that dn = —2m. Next we compute
traceg f* (V1) =(V p.el) feei + (V pgell) fodei + (V.0 fu

= - g(gv vf*el f*ei + ﬁ‘)‘l*(ﬁ(il!}c>l<¢)ez)

=g(fsei, fxei) +G(fudei, fudes)

=trace, (*g) — \?,

where we have used relations (4.1) and (4.5) in the third equality. Notice
that the tension field of a (¢, ¢)-holomorphic map between two almost contact
metric manifolds is given by (see Chinea [2])

(4.10)  7(f) = g(traceg f* (Vo)) — f.(d¢ + dng) + (§(A) — tracey f*(VA))E.
Thus, making use of én = —2m, (4.6), (4.8) and (4.9) in relation (4.10), we get
the theorem. [

(4.9)

Remark 2. By Theorem 4.1, any (¢, ¢)-holomorphic map f between two
almost Kenmotsu manifolds is harmonic if and only if the energy density of f
is given by e(f) = A2+ mA + 1£(N).

Next we give some characterizations regarding the harmonicity of maps
between almost contact metric manifolds and almost Kenmotsu manifolds.

THEOREM 4.2. Let (M, ¢,€&,m,9) and (M, $,£,7,9) be a contact metric
manifold and an almost Kenmotsu manifold, respectively, and let f: M — M
be a (¢, ¢)-holomorphic map, then f is harmonic if and only if it is a constant
map.

Proof. By Lemma 4.1, f being a (¢, ¢)-holomorphic map implies that
there exists a function A such that f*(dn) = d\ A n+ Adn, where A is given in
Lemma 4.1. Notice that M is a contact metric manifold and M is an almost
Kenmotsu manifold, then we get from the above relation that dAAn+ A® = 0.
Using this, we get A\g(X, ¢Y) = 0 for any X,Y € D and hence we have A = 0.
From Blair [1], on a contact metric manifold (M, ¢,&,n,g) we have

(4.11)  (Vx9)Y + (Vex¢)oY = 29(X,Y)E — n(Y)(X + hX +n(X)E)

for any vector fields X,Y € X(M). Then the following relations are easy to
check (see also Blair [1])

(4.12) 0p =2m&, dn=0.
Making use of (4.12), (4.8) and (4.9) in relation (4.10) we get

(4.13) T(f) = —(@(fuei, feei) + G(fudei, fudei) )€
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By relation (4.13) we complete the proof. O

THEOREM 4.3. Any (¢, ¢)-holomorphic map f: M — M from an almost
Kenmotsu manifold (M, $,£,m,9) to a contact metric manifold (M, $,€,7,9)
is harmonic if and only if £(\) = 0, where X is invariant along D of M.

Proof. Following the proof of Lemma 4.1 we see that in this context
fr(dn) = dX An+ Adn is true. As M is an almost Kenmotsu manifold and M
is a contact metric manifold, then it follows that f*® = dA A n and hence

(4.14) [*®(¢X,9Y) = g(f.0X, ¢f0Y) = 0

for any vector fields X,Y € X(M). Replacing X by ¢X in (4.14) and using
(4.1) and (4.7) we obtain

(4.15) X, LY) = Xn(X)n(Y) = 0

for any X,Y € X(M). This implies that f,X = 0 for any X € D. Therefore,
using f.¢X = 0 for any X € X(M) and (4.1) in relation f*® = d\ A n we
obtain dA A = 0. Thus, A is invariant along the distribution D of M.

Moreover, using (4.11) we obtain Vx X + Vyx¢X 4 ¢[X, ¢X] = 0 for any
X € D. By using this relation and f.¢X = 0 in (2.2) we finally get

(4.16) T(f) = ﬁf*ﬁf*g - f*(veiei + v¢ei¢ei) = E(A)Z
Therefore, the proof follows from (4.16). O

Before closing this paper, we present some classes of almost Kenmotsu
manifolds.

Example 4.1. Let N?™, n > 1, be a strictly almost Kéhler manifold. The
warped product R x ..+ N2 admits an almost Kenmotsu structure which is not
Kenmotsu and not C'R-integrable, where ¢ is the coordinate of R and c is a
constant. For more details we refer the reader to [3, pp. 345].

Example 4.2. Let M; be a strictly almost Kéhler manifold and let My be
a non-Kenmotsu almost Kenmotsu manifold. The product manifold M; x M,

admits a strictly almost Kenmotsu structure. For more details we refer the
reader to [19, Theorem 2.1.13].

On an almost Kenmotsu manifold M?"*! we set b’ = ho ¢. If the
characteristic vector field ¢ satisfies the generalized (k,u)’-nullity condition,
1.€.,

R(X,Y)E = k(n(Y)X —n(X)Y) + p(n(Y)'X —n(X)h'Y)

for any vector fields X, Y and two functions k, u, then M?"*! is called a genera-
lized (k, ) -almost Kenmotsu manifold. Similarly, if £ satisfies the generalized
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(k, p)-nullity condition, i.e.,
R(X,Y){ =k(n(Y)X —n(X)Y) + p(n(Y)hX — n(X)hY')

for any vector fields X,Y and two functions k, p, then M?"+! is called a
generalized (k, p)-almost Kenmotsu manifold.

Ezample 4.3. A generalized (k,pu) or (k, p)'-almost Kenmotsu manifold
satisfying h # 0 is C R-integrable. For more details and concrete examples we
refer the reader to Corollaries 4.1, 5.1 and Section 6 of [18].

Finally, we remark that a 3-dimensional almost Kenmotsu manifold is
always C R-integrable. For more details we refer the reader to [4, Section 5].
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