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Let L be a finite dimensional nilpotent Lie algebra and N, K be ideals of L
such that L = N & K, with dimN = n and dimK = m. We denote t =

1n(n +2m — 1) — dimM(L, N), where M (L, N) is the Schur multiplier of a
pair (L, N). In the present paper, we characterize the pair (L, N) for which
t=0,1,...,6. Also we prove dimM(L,N) < %(n —1(n—-2)+1+ (n—1)m,
when N is a non-abelian ideal of L and classify the pair (L, N) for s’ = 0,1, 2,
where s’ = %(n —1(n—=2)+1+ (n—1)m—dimM(L,N)..
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1. INTRODUCTION AND PRELIMINARIES

Let L be a Lie algebra over a field 2 with characteristic different from
2 and a free presentation 0 - R — F — L — 0, where F' is a free Lie
algebra. Then the Schur multiplier of L, denoted by M(L), is defined to be

. (RN F?) T e
the factor Lie algebra TR Batten (1993) showed that if L is finite
dimensional, then its Schur multiplier is isomorphic to H?(L, F), the second
cohomology of L. The classification of finite dimensional nilpotent Lie algebras
has interested the works of several authors both in topology and in algebra, as
we can note from [1,6]. Moneyhum [7] obtained the following upper bound for
Schur multiplier of Lie algebras.

Let L be a finite dimensional Lie algebra of dimension n, then
1
dimM (L) < in(n —1).
1
The above upper bound implies that dimM (L) = §n(n — 1) — t(L),

where t(L) is non-negaive integer. The n-dimensional nilpotent Lie algebras
were characterized for (L) = 0,1, ...,8 as follows:
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THEOREM 1.1 ([3-5]). Let L be a n-dimensional nilpotent Lie algebra.

(a) t(L) =0 if and only if L be an abelian Lie algebra ;

(b) ¢(L) =1 if and only if L = H(1);

(¢) t(L)=2"if and only if L= H(1) ® A(1);

(d) ¢(L) =3 if and only if L = H(1) & A(2);

(e) t(L) =4 if and only if L= H(1) ® A(3), L(3,4,1,4) or L(4,5,2,4);

(f) ¢(L)=5 zf and only if L= H(1) ® A(4) or H(2 )

(g) t(L) = 6 if and only if L = L(3,4,1,4) & A(1),L(4,5,1,6), H(2) @
A(1),H(1) @ A(5) or L(4,5,2,4);

(h) ¢«(L) =7 if and only if L = H(1) ® A(6), H(2) ® A(2),H(3), L(7,5,2,7),
L(7,5,1,7), L'(7,5,1,7), L(7,6,2,7), or L(7,6,2,7, 51, B2).

(i) t(L) =8 ifand only if L = H(1)® A(7), H(2)® A(3), H(3)® A(1), L(3,4,

1,4) ® A(2),L(4,5,1,6) & A(1) or L(4,5,2,4) & A(2).

Here H(n) denotes the Heisenberg algebra of dimension 2n + 1, A(n) is
an n-dimensional abelian Lie algebra and L(a,b, ¢, d) will denote the algebra
discovered during t(L) = a case in [5], where b = dimL, ¢ = dimZ(L) and
d = t(L), the Lie brackets of them are described at the end of next section.

Niroomand et al. [8] proved the better upper bound for non-abelian nil-
potent Lie algebras as follows:

THEOREM 1.2 ([8]). Let L be a nilpotent Lie algebra of dim(L) = n and
dim(L?) = m(m > 1). Then

1
dimM (L) < (n—l—m 2)(n—m—-1)+1
Moreover, if m = 1, then the equal@ty holds if and only if L = H(1) ® A, where
A is an abelian Lie algebra of dim(A) =n — 3.
The above upper bound implies that

dimM (L) = %(n ) (n—-2)+1—s(L)

where s(L) > 0. Niroomand et al. in [8,9] classified the structure of L when
s(L) =0,1,2 as follows:

THEOREM 1.3. Let L be a non-abelian n-dimensional nilpotent Lie alge-
bra. Then
(i) s(L) =0 if and only if L = H(1) ® A(n — 3);
(ii)) s(L) =1 if and only if L = L(4,5,2,4);
(iii) s(L) =2 if and only if L = L(3,4,1,4), L(4,5,2,4)® A(1), H(m)® A(n—
2m —1)(m > 2).
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Let (L, N) be a pair of Lie algebras, where N is an ideal in L. In 2011
Saeedi et al. [10] defined the Schur multiplier of the pair (L, N) to be the
abelian Lie algebra M (L, N') appearing in the following natural exact sequence
of Lie algebras
L
H3(L) — Hg(ﬁ) — M(L,N) — M(L)

L L L L

M) TN T T e N

0

where M (—) and Hs(—) denote the Schur multiplier and the third homology
of a Lie algebra, respectively. In this case, for each free presentation 0 — R —

RNI[S, F
F — L —0of L, M(L,N) is isomorphic to the factor Lie algebra M,
where S is an ideal of F such that % ~ N. In particular, if N = L, then the

F2
Schur multiplier of (L, N) will be M (L) = (}B;F])

paper, we use the above results and the following lemmas to classify the pair
of nilpotent Lie algebras by their Schur multipliers.

LEMMA 1.4 ([3]). Let L be a finite algebra and N, K be ideals of L such
that L= N @& K. Then

dimM (L, N) = dim(N) + dim(N® @ K®),

where N9 = ﬁ and K% = [K{(K].

(see [3,11,12]). In this

LEMMA 1.5 ([8]). Let L be an n-dimensional Lie algebra and dimL? = 1.
Then for some m > 1

L=H(m)® A(n —2m —1).

We can use the Schur multiplier for classifying the pairs of nilpotent Lie
algebras. In fact Saeedi et al. [10], obtained the following upper bound for
Schur multiplier pair of nilpotent Lie algebras.

THEOREM 1.6 ([10]). Let (L, N) be a pair of finite dimensional nilpotent
Lie algebras and K be the complement of N in L. Assume N and K are of
dimension n and m respectively. Then

dimM (L, N) + dim[L, N] < —n(n +2m — 1).

DN | =

The above result implies that there exists a non-negative integer ¢(L, N)

1
such that dimM (L, N) = Qn(n +2m — 1) — t(L,N). Arabyani et al. [2],
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charactrized all the pairs (L, N), with t = ¢(L,N) = 0,1,2,3,4 under some
conditions. In the present paper, we classify all the pairs (L, N), when L =
N® K and t <6.

THEOREM 1.7. Let L be a finite finite dimensional nilpotent Lie algebras
and N, K be ideals of L such that L = N @& K. Let dimN =n , dimK = m.

1
and dimN? = d > 1. Then dimM (L, N) < §(n+d—2)(n—d—1)—|—1+(n—d)m
Proof. We can obtain the result from Theorem 1.2 and Lemma 1.4. [

We can see
1 1
§(n+d—2)(n—d—1)+1+(n—d)m§ 5(n—1)(n—2)+1+(n—1)m
This upper bound is better than the one obtained in Theorem 1.6. We take
1
s = s(L,N) = §(n —1(n—-2)+14 (n—1)m — dimM(L,N), and then
characterize the pairs (L, N) for ' =0,1,2.

2. MAIN RESULTS

In this section, first we characterize all finite dimensional pairs of nilpotent
Lie algebras with t = 0,1,2, ...,6 and then determine the structure of all finite
dimensional pairs (L, N) with s’ =0, 1, 2.

THEOREM 2.1. Let L be a finite dimensional nilpotent Lie algebra and
N, K be ideals of L such that L = N & K. Let dimN = n, dimK = m and
dimM (L, N) = in(n+2m — 1) — t, where t > 0. Then:
(a) If N is an abelzan Lie algebra, then (L,N) = (A(n) @ K., A(n)), where
r > 1 andt = nr and K, is a m-dimensinal Lie algebra with dim(K]) = r.
(b) If N is a non-abelian Lie algebra, then:
(i) t =1 if and only if (L,N) = (H(1),H(1)).
(ii) t=24f and only if (L,N) = (H(1)®A(1),H(1)) or (H(1)®A(1),H(1)®
A(1)).
(i) t = 3 if and only if (L, N) be isomorphic with one of the following pairs
of Lie algebras:
(H1L)@A(2),H(1)®A(2),(H1)®A(2),H(1)) or (H(1)®A(2),H(1)®
A(1)).
(iv) t =4 if and only if (L, N) be isomorphic with one of the following pairs
of Lie algebras:
(H(1)®A(3), H(1)BA(2)), (H(1)®A(3), H(1)2A(1)), (H(1)®A(3), H(1)),
(H(1) @ A(3),H(1) @ A(3)),(L(3,4,1,4),L(3,4,1,4)) or (L(4,5,2,4),
L(4,5,2,4)).
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(v) t =5 if and only if (L, N) be isomorphic with one of the following pairs
of Lie algebras:
(H(1) © A(4), H(1) ® A(4)), (H(1) & A(4), H(1) © A(3)), (H(1) & A(4),
H(1)®A(2)), (H(1) & A(4), H(1)), (H(1) & A(4), H(1) & A(1)) or (H(2),
H(2)).

(vi) t =6 if and only if (L, N) be isomorphic with one of the following pairs
of Lie algebras:

(H(1) ® A(5), H(1) @ A(5)), (H(1) ® A(5), H(1) & A(4)), (H(1) ® A(5),
H(1) @ A(3)), (H(1) @ A(5), H(1) ® A(2)), (H(1) ® A(5), H(1) & A(1)),
(H(2) ® A(1),H(2) & A1), (H(1) ® A(5),H(1)), (H(2) ® A(1), H(2)),
(L(4,5,2,4)®A(1), L(4,5,2,4)®A(1)) or (L(3,4,1,4)®A(1), L(3, 4, 1, 4)
@ A(1)).

1
Proof. Let dimM (N) = §n(n— 1)—1 where [ is a non-negative integer. By

1 1
using Lemma 1.4, we have §n(n+2m—1) —t= §n(n—1) —1+dim(N%® @ K®).
Therefore

(1) mn = (t — 1) + dim(N®)dim (K ).
Also dim(K®) < m and dim(N®) = n — dimN’, Hence
(2) m.dim(N') <t -1

This implies that ¢t > (.
(a) Let N be an abelian Lie algebra, then [ = 0 and by using (1), we have

mn = (t — 1) + n(dim(K) — dim(K")) = (¢t — 1) + n(m — dim(K")).

So ndim(K’) = ¢t — 1 = t. If N is abelian then (L, N) & (A(n) ® K, A(n)),
where K, is a m-dimension Lie algebra and dim(K)) =r, t = nr.

(b) Let N be a non-abelian Lie algebra, in this case for different values of t,
the pairs (L, N) are determined.

(i) Now assume that ¢ = 1, then since N is non-abelian hence | # 0, and by
using (2), [ = 1 and m.dimN’ = 0. But dimN’ # 0, so m = 0. By Theorem
1.1, N =2 H(1) and hence (L, N) = (H(1), H(1)).

(ii) Assume that ¢ = 2, then the different values of (I, m) that satisfy in (2) will
be (2,0),(1,1) and (1,0). If (I,m) = (1,0) then (L, N) = (H(1), H(1)), which
is a contradiction in case t = 1. Suppose that (I,m) = (1,1) then using The-
orem 1.1, N = H(1) we have (L,N) = (H(1) & A(1),H(1)). In case (I,m) =
(2,0), K = 0 and using Theorem 1.1, (L,N) = (H(1) & A(1), H(1) & A(1)).
(iii) Assume that ¢ = 3, then [ = 1,2,3. If [ = 1, then by using Theoreml1.1,
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N = H(1). Hence n = 3, dim(N’) = 1. By (2), we have m < 2. If m = 0,
then K = 0 so (1) implies that ¢ = [ which is a contradiction. If m = 1 then
3 =2+ (3—1)(1 —0) which is a contradiction. In the case m = 2, we have
6 =2+ (3—1)(2— dim(K")), hence dim(K’) = 0 and K is a 2-dimension
abelian Lie algebra, so (L, N) = (H(1) & A(2),H(1)). Suppose that [ = 2,
then similar to the previous case we obtain N = H(1) ® A(1), m = 1 and
hence (L,N) = (H(1) ® A(2), H(1) ® A(1)). Assume that [ = 3, then m =0
and (L,N) = (H(1) ® A(2), H(1) ® A(2)).
(iv) Assume that ¢ = 4. If [ = 1 then by Theorem 1.1 N = H(1), similar
to the previous case m = 0 and (L, N) = (H(1),H(1)), which is a contra-
diction in case t = 1. If m = 1 or 2, then we can use (1) and obtain a
contradiction. If m = 3 then dim(K’) = 0, so K is an abelian Lie algebra
and (L,N) = (H(1) ® A(3),H(1)). Assume that [ = 2, then by Theorem
1, N = H(1) ® A(1) and dimN’ = 1. By using (2), the only acceptable
value m = 2 and dimK’ = 0, so (L,N) = (H(1) ® A(3),H(1) @ A(1)). If
[ =3 then (L,N) = (H(1) ® A(3), H(1) ® A(2)). Suppose that [ = 4, then
by Theorem 1.1, N = H(1) & A(3),L(3,4,1,4) or L(4,5,2,4), by using (2),
K =0and (L, N) = (L(4,5,2,4), L(4,5,2,4)), (H(1) ® A(3), H(1) & A(3)), or
(L(3,4,1,4), L(3,4,1,4)).
(v) Assume that t = 5, then [ = 1,2,3,4,5. If [ = 1 then N = H(1). In
this case the only acceptable value m = 4, dim(K’) = 0, hence (L, N)
(H(1)® A(4), H(1)). The similar argument implies that if [ = 2 then (L, N)
(H(1)®A(4), H1)®A(1)).If ] = 3 then (L, N) = (H(1)®A(4), H(1)®A(2)). If
l=4then (L,N)= (H(1)®A4),H1)®A(3)). Ifl=5then N = H(1)® A(4)
or H(2) and in both cases m =0 and (L, N) = (H(1) ® A(4),H(1) & A(4)) or
(H(2), H(2)).
(vi) Assume that ¢ = 6. If [ =1 and m = 0,1, 2,4, we obtain a contradiction.
Suppose that m = 3 and dim(K’) = 1, then Lemma 1.5 implies that K = H(1),
hence (L,N) = (H(1)® H(1),H(1)). If m =5 then dimK’ =0 and (L, N) &
(H(1) ® A(5), H(1) ® A(5)). For different values m, [ with similar calculation
we can obtain (L,N) = (H(1) ® A(5),H(1) & A(1)),(H(1) @ A(5),H(1) &
A(2)),(H(2) © A(1), H(2)), H(1) © A(5), H(1) © A(3)), (H(1) ® A(5), H(1) ©
A(4)), (H(2) © A(1), H(2) ® A(1)), (L(3,4,1,4) © A(1), L(3,4,1,4) © A(1)),
L(4,5,2,4)® A(1),L(4,5,2,4) ® A(1)), (H(1)® A(5),H(1)® A(5)). O

THEOREM 2.2. Let L be a finite dimensional nilpotent Lie algebra and
N, K be ideals of L. Assume that dimN = n, dimK = m, dimN? > 1 and

dimM (L, N) = %(n— (n—2)4+14(n—1)m—=s". Then
(i) 8 =0 if and only if (L,N) = (H(1)® A(n+m —3),H(1) ® A(n — 3)).

1R

—
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(i1) 8 =1 if and only if (L, N) = (L(4,5,2,4), L(4,5,2,4)).

(i) 8 =2 if and only if (L, N) is isomorphic with one of the following pairs
of Lie algebras:
(H1l)® H(k)® A(m — 2k —1),H (1)), (L(4,5,2,4) ® A(1), L(4,5,2,4)),
(H(kE)®A(m+n—2k—1),H(k)®A(n—2k-1)),(L(3,4,1,4), L(3, 4, 1,4))
or (L(4,5,2,4) @ A(1), (L(4,5,2,4) @ A(1)).

1
Proof. Let dimM (N) = i(n— 1)(n—2)+1—s(L), by Lemma 1.4 we have
1 1
5(n —1Dn—=2)+1+(n—-1)m—-s = 5(n —1)(n—2)+1—5+dimN® K%,
hence

(3) nm—m = (s’ — s) + dimN®.dim K
Since dimK % < m and dimN* = n — dimN?, hence
nm—m < (s’ —s) + (n — dimN?)m = m(—1 + dimN?) < s’ — 5

Since dimN? > 1, therefore s’ > s.
(i) Assume that s’ = 0, then s = 0 and by Theorem 1.2, we have N = H(1) @
A(n —3). Also by using (3), we have

nm —m = (n—1)(m — dimK?) = dimK? = 0.

Hence K is a m-dimensional abelian Lie algebra and (L, N) = (H(1) & A(m +
n—3),H(1) ® A(n — 3)).

(ii) If = 0, then s = 0 or 1. Let s = 0, by Theorem 1.2, N = H(1)® A(n—3),
hence by using 3, n = 2, which is a contradiction. Assume that s = 1, then by
Theorem 1.2 and (3), m = 0 and (L, N) = (L(4,5,2,4), L(4, 5, 2, 4)).

(iii) Assume that s’ = 2, then s = 0,1 0or 2. Let s = 1, then N = H(1)®A(n—3)
and dimN? = 1, by using (3), we have n = 3 and dimK? = 1. By Lemma 1.5,
there exists K > 1 such that K = H(K) ® A(m — 2k — 1) and so (L,N) =
(H(1) ® H(k) ® A(m — 2k — 1),H(1)). If s = 1 then N = L(4,5,2,4), by
using (3), we have m = 1, therefore (L, N) = (L(4,5,2,4) ® A(1), L(4,5,2,4)).
Assume that s = 2, then by Theorem 1.3, N = L(3,4,1,4) or L(4,5,2,4)®A(1)
and dimN? =2 or H(k)® A(n—2k—1) (k > 2) and dimN? = 1. If dimN? = 1
then by using (3), dimK? = 0 hence (L,N) = (H(k) ® A(m +n — 2k —
1), H(k) ® A(n — 2k — 1)). If dimN? = 2 then m = 0, (L, N) = (L(4,5,2,4) ®
A(1), L(4,5,2,4) ® A(1)) or (L(3,4,1,4), L(3,4,1,4)). O

In the following table, we describe the nilpotent Lie algebras that we refer
in Theorem 1.1 using [4,5].
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[1] J.M. Ancochea-Bermudez and O.R. Campoamor-Stursberg, On Lie algebras whose nil-

[2] H. Arabyani, F. Saeedi, M.R.R. Moghaddam and E. Khamseh, On characterizing of
nilpotent Lie algebras pair by their Schur multipliers. Comm. Algebra 42 (2014), 5474

8l

TABLE 1
t(L) | dim L Non Zero Multiplication Nilpotent Lie algebra
0 Abelian
1 3 [x1,z2] = x3 H(1)
2 4 [Il,fEQ} = I3 H(l) @A(l)
3 5 [x;[,xz} = 3 H(l) @A(Z)
4 4 [331, xz] = I3, [:Bl, 1'3] = T4 L(3, 4, 1, 4)
4 5 [.’El,d}g] = I3, [131,1‘4] = x5 L(4,5,2,4)
4 6 [xl,:cz} = 3 H(l) @A(?))
5 5 [271,$2] = Ts, [:Bg, 1'4] = X5 H(Z)
6 5 [J?l,xg] = 3, [CIZ1,£IZ’3] =I5 L(3,4,1,4) @A(l)
6 5 [$1, ]Jz] = I3, [l‘hl‘g} = s, [232, 274] = X5 L(4, 57 1, 6)
6 6 (1, x2] = x5, [v1,23] = @5, [w3,24] = x5 H(2)® A1)
6 6 [Jil,.x‘g] = 3, [LIZ1,£IZ'4] = T¢ L(4,5,2,4) @A(l)
6 8 [1'17 SL‘Q} = I3 H(].) D A(5)
7 5 [x1,x2] = x3, [X1,23] = 24, [T2,23] =5 L(7,5,2,7)
7 5 r1,T2| = I3, |T1,X3| = T4, |T2,T3| = T5 L(7,5,1,7)
7 5 r1,T2| = T3, |X1,T3| = X4, |T2,T3] =I5 L,(7,5,177)
7 6 [x1,x2] = x3, [X1,24] = 26, [T2,25] = x6 L(5,6,2,7)
7 6 T1,T2| = T3, |T4,T5|] = Te [/(5,6,2,7)
7 6 L1,T2| = T5, |T3,T4| = Te L(7,672,7)
7 6 [x1,x2] = x5 + Prxs, [x3,24] = T5 L(7,6,2,7, 51, B2)
[z1,24]) = x6, [T3, 2] = Boze
7 7 [x1, 2] = x5, [T3,24] = 5 H(2)® A(2)
7 7 [x1,z2] = x7, [T3,24] = T7, [T5,26] = @7 H(3)
8 6 [1‘1,33‘2] = I3, [.’[1, $3] = T¢ L(S, 4, 1,4) (&) A(2)
8 6 [x1,x2] = x3, [x1,23] = X6, [T2,24] = T6 L(4,5,1,6) ® A(1)
8 7 T1,x2] = X3, [T1,%4] = 27 L(4,5,2,4) ® A(2)
8 8 T1,72] = x5, [23,T4] = 5 H(2) ® A(3)
8 8 [;cl, :L'z] = x7, [.%'3,%4} =7, [375, xe] = X7 H(g) D A(l)
8 10 [1‘1,‘%2} = 3 H(l) EBA(7)
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