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Many authors studied bounds for reciprocal sums involving terms from Fibonacci
and other related sequences. The purpose of this paper is to provide bounds for
reciprocal sums with terms from balancing and Lucas-balancing sequences.
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1. INTRODUCTION

A positive integer z is called balancing number if
1424+ +@—-D=@+1)+-+(y—1

holds for some integer y > x 4+ 2. The problem of determining all balancing
numbers leads to the Pell equation 32 — 822 = 1, whose solutions in z can be
described by the recurrence B,, = 6B,_1 — B,_2 (n > 2) with By = 0 and
B; =1 (see (e.g. [1,2,12]). Balancing numbers have been extensively studied
by many authors. Karaatli et. al. [11] expressed the positive integral solutions
of a Diophantine equation in terms of balancing numbers. Liptai [8] proved
that there is no Fibonacci balancing number except 1. In [13], the period
rank and order of the sequence of balancing numbers are studied. One of the
most general extensions of the defining equation of balancing numbers is the
Diophantine equation

bttt @1 =@+ + + -1,

where the exponents k and [ are given positive integers. In [9] effective and
non-effective finiteness theorems for the above equation are proved. In [6] a
balancing problem of ordinary binomial coefficients is studied, and effective
and non-effective finiteness theorems are given.

The numbers C,, = 1/8B2 + 1 is called the n!" Lucas-balancing number
[12], and these numbers satisfy the recurrence relation C,, = 6C,,_; —C),_2 with
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initial values Cy = 1, C; = 3. The Binet forms for B,, and C), are respectively
a” — ﬁn o 4 571
B,=—+— (Ch=———
n 4\/5 Y n 2
where @ = 3 4+ 2v/2 and 8 = 3 — 2v/2. The balancing and Lucas-balancing
numbers satisfy the identities

ananJrr = Bq% - B,%’ CnfrCnJrr = 0721 + 03 -1
for n > r respectively. In particular, for n > 1 we have
Bp_1Bpy1 = B2 —1 and C,_1Chy1 = C? +38.

The identity
Bi+ Byt ot By — B2

gives
Bo,_1 = B? — B?

n—1-

The proofs of the above identities are available in [14]. In the subsequent
sections, we shall use the above identities without further reference.

The intention of this paper is to develop certain interesting bounds for
reciprocal sums with terms involving balancing and Lucas-balancing numbers
in some combinations.

The reciprocal of partial infinite sums of reciprocal Fibonacci numbers has
been extensively studied by many authors (e.g., see [4,5,7,10,15]). In [3], the
following identities are shown for generalized Fibonacci numbers G,,, defined
by

Gn = aanl + Gn72 (TL > 2), Go = 0, G1 = 1,

where a is a positive integer. If a = 1, then G,’s are equal to the Fibonacci
numbers. Throughout this paper, integer part of a number is denoted by |-].

ProprosiTION 1.1.
-1
1 G —Gp_q if n is even and n > 2;
(1) Z — — L
= G Gn—Gn1—1 ifnisoddandn>1.

(2)

B aGp-1Gp —1 ifn is even and n > 2;
k - B aGn_1G, if n is odd andn > 1.

(3) <i G1> = Gop — Gap—2 —1 (n>1)

- 1
= 1 — _ >
Z G 1) Gon—1 — Gan—3 (n>2)




3 Reciprocal sums of sequences involving balancing and Lucas-balancing numbers 203

- —1
1
o~ = Uyp—1 — U4n— >1
(5) <kz:; G2k1G2k+1) Gin—1 — Gan—3 (n>1)
[ee) 1 -1
— = Gant1 — Gap—1—1 >1
(©) ];l G2kG2k+2> CGant1 = Gan-1 (n=1)

1
) =Gup—1 — Gan—3—1 (n>1)

-1
) =Gap-3—Gam-5  (n>2)

—1
1
9 —_— = Gun—2 — Gan— >1
( ) <]§L G2k1G2k> 4n—2 dn—4 (TL = )
In this paper, we shall show some analogous results for the sequences of

balancing and Luca-balancing numbers.

PROPOSITION 1.2.
[e'e) 1 -1
(1) (Z B}f) =B,—Bh_1—1 (n>1)

n—1

-1
1
> :_B?L—_B2 _]-ZBQn—l_]- (’I’lZl)

e’} 1 -1
> ) = BpBpy1 — Bp_1B,—1  (n>1)

o -1
1
S &) |~ ey

—

n>1
CrCron 2 1)

[
[
(4) (i é}g) Tl Cp—Cnor (n2>2)
[
[

-1
) = CyChi1 — Cp1Cr + 1
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2. RECIPROCAL SUMS INVOLVING BALANCING NUMBERS

In this section, we establish bounds for several reciprocal sums involving
balancing numbers. By using the bounds, we obtain the results in Proposi-
tion 1.2 (1), (2) and (3).

The following theorem gives sharp bounds for reciprocal sums of balancing
numbers.

THEOREM 2.1. For any positive integer n,

1 =1 1
— < — < =
Bn - anl kz;z Bk Bn - anl —1

Proof. For any positive integer n,

1 1 By
Bn - Bn—l Bn Bn2 - Ban—l
B By !
Bn—l(Bn—l-l - Bn) + 1 Bn+1 - Bn '
Thus,
1 1 1
<—+

B,—B,1 B, Byi1—B,
Repeating the above steps, we can show that
1 1 1
Bni1— By, = Byt * Bpy2 — Bny1
Combining the above two inequalities, we get
_ < L + ! + ! .
By, —Bn-1  Bn  Bpt1 Bpy2 — Bpga

Continuing in this manner, one can arrive at the inequality

o0

1 1
(2.1) 5B ;Bk'
On the other hand,
1 1 Bn1+1
B,—-B,1-1 B, B,2-B,B, -B,

. B,_1+1

" Bn1(Bpy1 — By) — B, +1

> Bn-1

Bn—l(Bn-i-l - Bn) — By
> Bn-1

Bn—l(Bn—i-l - Bn) - Bn—l
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1
By — B, -1

which gives

1 _b 1
Byn—DBp1—-1_ B,  Bnpy1—DBn—1

Continuing in a similar fashion, we finally obtain

o0

1 1
9.9 . 1
(2:2) Bn—Bn_1—1>kZBk

=n

Combining (2.1) and (2.2), we get the desired inequality as stated in the
theorem. [

The following theorem provides sharp bounds for the reciprocal sum of
squares of balancing numbers.

THEOREM 2.2. For any positive integer n,

1 <1 1
< _ .
BQn—l k:z;z B% BQn—l —1

Proof. Since
By Bu_ 1
Bn—l Bn BTLBTL—I

> 0,

for each n > 1, we have 22— > %. Thus, for each n > 1,

Bn—l
1 1 1 1
Bon1 B2 B2-B2, B?
B
Bi(B;, - B 1)
B 1
=
B%(B%T_Ll - 1)
_ 1
S
B2 (%t — 1)
1 1

= )
BZ |, —B2 By

which yields
1 1 1

< —= + .
By,—1 B2 Bapqi
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This inequality is also valid for n = 1. Recursive iteration of the last inequality
gives

1 1
(2.3) B < kz:% B
On the other hand,
1 1 1 1
By, 1—1 B2 B2-B2 -1 B2
B BZ | +1
- Bi(Bi-By_ 1)

Forn > 1,
(Bany1 — 1)(Bi_y + 1) — Ba(B; — Bi_; — 1)
= (Bi-i-l — Bl -1)(B)_,+1)—BAX(B.-B: - 1)
=Bp . Bh  + By, —B,— B —1
= (B:—1)*+ (6B, — Bn_1)* - B —BZ_, -1
— 34B2 —12B,B,,_1 > 0.
Thus, we have
1 1 1

— >
Boyn—1—1" B2  Bopy1—1

Iterating recursively, we get

' Bop1—1 BZ
k=n
Combining inequalities (2.3) and (2.4), we get what has been claimed. [

The reciprocal sum of products of two consecutive balancing numbers has
analogous bounds. The following theorem is important in this regard.

THEOREM 2.3. For any positive integer n,

o)

1 < Z 1 < 1
Ban+1 - anan k—n, BkBk+1 BanJrl - anan -1

Proof. Using the fact Bg: < % n > 1, we have

1 1 By < 1 )
Ban+1 - anan Ban+1 Bn B721+1 - ananJrl

<5 (B )
Bn+1 Ban+2_Br2L+2
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1

< .
Bn+an+2 - Ban+1

Thus,
1 1 1

< + .
Ban+1 - Bn—an Ban—i-l Bn+1Bn+2 - Ban—H

Iterating recursively, we get

o0

1 1
2.5 > .
( ) kz;z BkBk+1 Ban+l - Bn—an

On the other hand,

1 B 1 B,_1B,+1
Ban+1 - Bn—an -1 Ban+1 B Ban+1(Ban+1 - Bn—an - 1)

BanJrl !
= |B,B —_— -1 .
[ non <Bnan +1 >}

Since
Bn+an+2 Ban—H
BpBpi1+1  Bp_1Bn+1
(By = 1)(Bp 1 = 1) + But1Bni2 — BRBi oy — BaBas
(Bp_1Bp + 1)(BnBns1 + 1)
5B, —2ByBy11 — B2 +1

= > 0,
(Bn—an + 1)(Ban+1 + 1)
we have
1 1 BB -
N - [BanH(Mlﬂ
BanJrl - anan -1 Ban+1 BanJrl +1
B BB +1
Ban+1(Bn+2-Bn+1 - Ban—H - 1)
1

>

Bn+2Bn+1 - BanJrl -1
The last inequality can be rearranged as

1 1 1
> + .
BanJrl - anan -1 Ban+1 Bn+2Bn+1 - BanJrl -1

Repeated iteration gives

o

1 1
2.6 < .
( ) k:z;b BkBk+1 Ban+1 —Bnp1Bp, —1
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Combining the inequalities (2.5) and (2.6) together, we get

o

1 - Z 1 < 1
BanJrl - anan k—n BkBk+1 BanJrl - anan - 1‘

This ends the proof. [

The following theorem can be proved in a similar fashion. However, the
bounds are not as sharp as those in the previous theorems.

THEOREM 2.4. For positive integers n and r > 3,

n—1

1 =1 1
Br — B’ <}§B,§< Br — (B, — 1)

3. RECIPROCAL SUMS INVOLVING LUCAS-BALANCING NUMBERS

In this section, we shall establish certain bounds for the reciprocal sums
involving Lucas-balancing numbers. By using these bounds, we obtain the
results in Proposition 1.2 (4), (5) and (6).

The following theorem provides sharp bounds for reciprocal sums of the
Lucas-balancing numbers.

THEOREM 3.1. For any positive integer n > 2,

1 =1 1
<Y <
Cn - Cnfl +1 kz;m Ck Cn - Cnfl
Proof. For any positive integer n > 2,
1 1 Ch-1 B Ch-1 1

- = = > .
Cn — Cn—l Cn an — CnCn—l Cn—l(Cn+l - Cn) -8 Cn+1 - CTL
Thus,

1t 1
Cn - Cn—l Cn Cn+1 - Cn

Repeating the above steps, we can obtain
1 1 1
Cny1—Cp ~ Chnt1 * Cpya — Cpy1’
Combining the above two inequalities, we get
1 1 1 1

>+ + :
Cn - C'n—l Cn Cn+1 Cn+2 - C'n—i—l
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Continuing in this manner, one can arrive at the inequality
21 1 =1
(3:-1) Cn—cn1>];10k'
On the other hand, since
1 I Cph-1—1
Co—Cn1+1 C, C2—CnCp_1+C,
Cho1-—1

Crn-1(Cpy1 —Cn) +Cp, — 8

Cn—l
Cn—l(cn—i-l - Cn) + Cp-1

1

Chy1—Cp+ 1’

we have 1 ) 1 N ]
Cn_Cn—1+1 Cn Cn—&-l_Cn"i_l.

Continuing in the same way, one can obtain
o0
1

1
Cn_Cn—1+1 <k261k

=n

(3.2)

Combining inequalities (3.1) and (3.2), we get the desired inequality as stated

in the theorem. 0O

The following theorem provides sharp bounds for the reciprocal sum of

squares of Lucas-balancing numbers.

THEOREM 3.2. For any positive integer n,

(e}

1 B I
Ci-Cia+1 &G CRi-Chy

Proof. For each n > 1
C, Cny1 =8

Cn—l a Cn B Cn—lcn < 07
we have C?il < Cg—zl Thus for each n > 1,
1 1 c?
c2-C2, C; C2C:-Cry)
1
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1

2
cz <Cg$1 - 1)
_ 1
G-y

>

The above inequality yields

N R
Ci-Ciy  CF Chy-Cf

and iterating recursively, we get

(3.3) L i !
. C?% - CTZL—I k=n Clz .
On the other hand, for n > 1,
1 1 c? -1 e 2 . !
C2-C2 +1 C2 C2C:-Cr +1) " \Cr, -1 '
Ca
If we set x,, = ST then
C? C? 17C2 — C%. | +64
Tp4+1 — Tp = 2n+1 =T r = B L n;_1 < 0.
Cn -1 Cnfl -1 (Cn - 1)(Cn71 - 1)
Hence,
C2 -1 2 -1
C2 = 1) <=l g
=) <o(En

7 C2—1 _ 1
S C2C2,, —C24+1) 02, —-C241

Thus, we have
1 1 1

< gt
C2—-C2_,+1 C2 (C2,,-C2+1
Iterating recursively, we get
o

1 1
3.4 < —-
(34) Cn? = Cp1® +1 ; Ci”

Combining inequalities (3.3) and (3.4), we get what has been claimed. [

The reciprocal sum of products of two consecutive Lucas-balancing num-
bers has analogous bounds. The following theorem is important in this regard.
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THEOREM 3.3. For any positive integer n,

1 _ i L 1
CnCn—H - Cn—lcn +2 k—n, Ckck—H CnCn—i-l - Cn—lCn +1 .

Proof. Since for each positive integer n,
(Cr1Cr — 1)(Cpg1Cnsz — CnCrp1 + 1) = CpCry1(CnCrir — Cre1Cp +1)
= Cp-1CnCri1Cny2 — C202, 1 — Cpi1Crio + Cp1Cp — 1
= (C24+8)(C2,, +8) — C20C2, | — Cry1(6Cns1 — Cp) + Cro1 Gy — 1
=202, +8C2 4 CpCpi1 + Cr1Cy + 63 > 0,

we have
1 1 Cr1Cp — 1
CiCpp1 — Cpn1Cp+1  CpCpii  CnCpi1(CnChpypi — Cp1Cp +1)
> 1 .
Crnt1Cny2 — CrCryr +1
Thus,

1 1 1
> + .
CnCn+1 - Cn—ICn +1 CnCn—H Cn+1Cn+2 - CnCn+1 +1

Iterating recursively, we get

> 1 1
< .
g CilCry1  CrpChi1 —Cr1Cp +1

(3.5)

On the other hand,
1 _ 1 Cn-1Cp — 2
CnCn+1 - C'n—lC’n +2 Cncn+1 B CnCn+1(CnCn+l - Cn—lcn + 2)

CnCn+1 !
= |CpCppq [ =224 :
[C ¢ i (Cnlcn —2 >}

Since
Crt1Chy2 CnChp
ChChi1—2 Cp1Cp—2
(C2? + 8)(Cfl+1 +8) —2C+1Cn42 — CELCELH + 2C,Chi1
(Cr—1Cp — 2)(Cr,Cry1 — 2)
—4C2 +4C,Chy1 + 8C2 + 64 “0
(Cnflcn - 2)(CTLCTL+1 - 2) ’

1 1 Cnt1Cni2 -
- n n -~ ~ o 1
CnCn+1 - Cnflcn +2 CnCn+1 < |:C ¢ i (CnCnJrl -2 >:|

we obtain
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B CrCri1 —2
Cn0n+1(cn+20n+1 - CnCnJrl + 2)
1

<

Cn+2Cn+1 - Cncn+1 +2 '
The last inequality can be rearranged as

1 1 1
< + )
CnCn+1 - Cn—lcn +2 CnCn—H Cn+QCn+1 - CnCn—i-l +2

which on repeated iteration gives

> 1 1
> .
g Cka:-i-l CnCnJrl - Cnflcn +2

(3.6)

Inequalities (3.5) and (3.6) combined together gives

1 <§3 L 1
CnCn—‘rl - Cn—lcn + 2 - Ckck—H CnCn—H - Cn—lcn + 1 .

This ends the proof. [

The following theorem can be proved in a similar fashion. However, the
bounds are not so sharp as compared to those in the previous theorems.

THEOREM 3.4. For positive integers n and r > 3

4. ADDITIONAL RESULTS

Using the techniques of last two sections, one can establish the following
results for balancing and Lucas-balancing numbers.

PROPOSITION 4.1.

-~ 1
1
(1) (Z B> = Bop — Bop—2 — 1 (n>1)
i, Pov
o0 1 -1
(2) (Z ) = Bop1—Bap3—1 (n>2)
\i= Bog—1
e} 1 -1
3 —_— =B — B3 ,—2 n>1
) _(kz;l B2k—132k+1> 2 an=2 ( )
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Baj 1o

o —1

1
4 S =B .,-B} -2 (n>1
@ (Shms) |2 w2y

o -1
1
o |(Sap) |-mome-t we

k=n

o -1
1
(6) (Z B2 ) = B%n—l - B%n—{i -1 (n > 2)
k=n = 2k—1

PROPOSITION 4.2

. -1
(1) (Z C;) =Co — Cop—2  (n2>1)

S |
S (20

—1
1
= L2n—-1 — L2n— >2
ch%_l> Copn—1— Cop—3 (n>2)

-1
Zl> =C3,—C3 ,+8 (n>1)
“ Ca

-1
> = 022n - 02211—2 (n > 1)

—1
) = 022n—1 - 02271—3 (n > 2)
-1

However, it seems difficult to get results involving higher power from
Theorem 2.4 and Theorem 3.4.
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