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In this paper, we give some sufficient conditions for the set R({£(z,.)f : # € K})
to be dense in L? (K, ), where K is a commutative strong hypergroup.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a Banach space and M C X. The problem of finding necessary
or sufficient conditions on M and X for the additive subsemigroup of X ge-

nerated by M, that is R(M) := {22:1 zj:neNz; € M}, to be dense in X
has been studied in several papers (see [2], [3], and [10]). In [9], we consider

sets of the type
R(f) =1 _eifs, s 25 € G, € {£1}} € L*(G)

J
obtained from a single function f by translations, and give criteria for the
density of such subsets in L?(G), where G is a locally compact abelian group.
In this paper, as an application of the extended Wiener’s theorem [9], we
develop the main results of [9] to locally compact hypergroups, and we give
some sufficient conditions for the set R({x(z,.)f : * € K}) to be dense in
L? (K , ), where K is a commutative strong hypergroup. Our main motivation
for this generalization is the Corollary 2 in [3] in which P. Borodin gives some
sufficient conditions for the additive subgroup generated by the translations
of a single function to be dense in L?(R). Locally compact hypergroups, as
extensions of locally compact groups, were introduced in a series of papers
by R.I. Jewett [6], C.F. Dunkl [4], and R. Spector [7] in the 70’s. Examples
include locally compact groups, double-coset hypergroups, Gy hypergroups,
polynomial hypergroups, etc. (see [1] and [6] for more details).
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Let K be a locally compact Hausdorff space. We denote by M (K) the
space of all regular complex Borel measures on K, and by §, the Dirac measure
at the point x. The support of a measure u € M(K) is denoted by supp(u).

Definition 1.1. Suppose that K is a locally compact Hausdorff space,
(u,v) — p v is a bilinear positive-continuous mapping from M (K) x M(K)
into M (K) (called convolution), and = — x~ is an involutive homeomorphism
on K (called involution) with the following properties:

(i) M(K) with x is a complex associative algebra;
(ii) if x,y € K, then 0, * d, is a probability measure with compact support;

) the mapping (z,y) — supp(ds *dy) from K x K into C(K) is continuous,
where C(K) is the set of all non-empty compact subsets of K equipped
with Michael topology;

(iv) there exists a (necessarily unique) element e € K (called identity) such

that for all x € K, 0, * 0 = 0c * 0 = Oy

(v) forall z,y € K, e € supp(d; * d) if and only if z = y~;

Then K = (K, *,” ,e) is called a locally compact hypergroup.

Note that in a hypergroup K, 6, *d, is not necessarily a Dirac measure. A
hypergroup K is called commutative if for all z,y € K, 6, ¥, = 0, *6,. Every
commutative hypergroup carries a nonzero nonnegative regular Borel measure
m, such that for each z € K, 6, * m = m [8]; such measure m is called (left)
Haar measure. Let f and g be complex-valued Borel functions on K. For any
x,y € K we define

L.f(y) = f(x*y): /fd(5 *0y) and (f * g)( /fa:*y ) dm(y).

Let K be a commutative hypergroup. A bounded continuous function
& : K — Cis called a character if for all z,y € K, £(z7) =&(z) and {(z*y) =
&(x)€(y). The set of all characters of K equipped with uniform convergence
topology on compact subsets of K is called dual of K and is denoted by K. In
general, K is not necessarily a hypergroup. A hypergroup K is called strong
if its dual K is also a hypergroup with complex conjugation as involution,
pointwise product as convolution, that is

E(@)n(z) = /K X() d(d * 6,)(x)

where &, € K and z € K, and constant function 1 as the identity ele-
ment. Throughout this paper, K is a commutative strong hypergroup with
Haar measure m. By [1], there is a Plancherel measure 7 on K such that
for each f € L'(K,m)N L*(K,m), [, |f|*dm = fk|f|2d7r, where f(£) :=
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Jx f £(x)dm(zx) (€ € K) is the Fourier transform of f. The Fourier trans-
form can be extend to an isometric isomorphism from L2(K,m) onto L2(K, ).

2. MAIN RESULTS

The following extension of the Wiener’s classical theorem is a key tool in
the proof of our main theorem.

THEOREM 2.1. Let K be a locally compact commutative strong hypergroup
with Haar measure m and associated Plancherel measure w, ¢ > 0, and A :=
{2751 <:1:], d:nmneN XN e€Cuzxje K (j=1,...,n)}, where for each z € K
and € € K, (x,€) := &(z). If ki € L*(K, =) has a null zeros set with respect
to Plancherel measure m, then for each ko € LQ(K,W) there exists an element
Y € A such that ||ka — Ykilj2 < e.

Proof. See [9]. O

Definition 2.2. A Banach space X with unit sphere S(X) is said to be
uniformly smooth if for every € > 0 there is a § > 0 such that whenever
z € S(X) and [jy|| <6 then [z +y| + [z —yl| <2+ €llyl|.

Remark 2.3. A Banach space X is uniformly smooth if and only if its
modulus of smoothness

s(r) = Sup{ vy

2
satisfies s(7) = o(7) as 7 — 0. Every Hilbert space is uniformly smooth with
modulus of smoothness s(7) = v1+ 72 — 1. [5]

|+

2| - el =1 =} 720

Here we recall the following lemma from [3].

LEMMA 2.4. Let F be a closed additive subgroup in a uniformly smooth
Banach space X with modulus of smoothness s(t), 7 > 0. Suppose that a,b € F
and for every € > 0 there are xg,x1,...,T, € F such that ro = a, T, = b and
Yoo S(lzk — xp—1]) < e. Then [a,b] C F, where [a,b] = {(1 —t)a+1tb:0 <
t<1}.

Deﬁmtwn 2.5. Suppose that K is a locally compact commutative hyper-
group, f € L?(K) and U is a neighborhood of e in K. Then we define

wolf,U) = sup { [ 5@ (@) — P an(e)s0.b € K and {a} 47} € U} |

We denote wa(f,U) = o(U) as U — {e} if limy_, 40 r)f{U()J) =0
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Remark 2.6. Let K be a locally compact commutative hypergroup with
left Haar measure m, and B > 0 be a real number. We say that K satisfies in
B-condition if for all a,b € K, and each compact neighborhood W of e in K,
there exist compact symmetric neighborhoods Vi,...,V,, C W of e in K such
that

(1) k= m(Ve) < B,
(2) there are zg,...,z, € K such that xg = a, x, = b, and for every k =

17 s N {xk} * {x]:—l} - Vk

THEOREM 2.7. Suppose that f € L*(K) and the integral modulus of con-
tinuity of f satisfies wa(f,U) =0(U) as U — {e}. Let for a B > 0, K satisfy
in B-condition. Then for each y € K and 8 € R we have 8- ((y,.)f — f) €

R{*(w, ) fzckp

Proof. Under the hypothesis, let F' be the closure of the set R({£(z,.) [ :
¢ € K}) in L2(K). Then F is a closed additive subgroup of L?(K). Since
L2(K) is a Hilbert space, its modulus of smoothness is s(7) = V1 + 72 — 1,
and so L2(K) is an uniformly smooth Banach space. Let y € K and A € C. We
show that 3+ (A« (y,.)f — f) € F. Consider f; € L2(K) such that f; = f. For
any = € K, we define the function ¢ : K — L2(K) as ¢(t) := Lth\fl (t e K).
For each a,b € K,

s(o(a) — o(b)l2)

s(||LaLafi — LeLy f1]]2)

(

= 5(||Lz (Laf1 — Lo f1) [12)

< s Laf1 = Lofill2) - (by ( [6], 3-3B)

= s(||faz - Iib?lH ) (by the Plancherel Theorem)
% IZaft — Lofil3

/ FO [€(a) — ) dn(©).

Consider an arbitrary number € > 0. Since wy(f,U) = o(U) as U — {e}, there
is a neighborhood W of e in K such that whenever U C W is a neighborhood
of e in K, wo(f,U) < 5 -m(U). Let s,t € K. By hypothesis, there are
Vi,...,Vn € W, compact symmetric neighborhoods of e in K, and g, ..., 2, €
K such that >;_, m(Vy) < 2B, 29 = a, , = b, and for each k = 1,...,n
{xr} * {z,_4} € Vi. So,

> s(llglar) — dlar—1)l2) < <3 Z/ [FE) |€(xn) — E(ap—)* dm(€)

k=1
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s;;me)

€ n
< 2B Zm(vk)
k=1
<e.

Then by Lemma 2.4, for each f € R and z,y1,y2 € K we have
B (6(n) = 6(w2) = B (Lalyift — LiLyfr) € F
So, if we put x = yo = e and y; = y € K, then we have
By )f =N =8 (Lfi-h)eF O

The following corollary extends the result [3, Corollary 2] on locally com-
pact hypergroups.

COROLLARY 2.8. Suppose that f € L2(K), n({€ € G : f(€) = 0}) = 0,
and the integral modulus of continuity of f satisfies wa(f,U) = o(U) as U —
{e}. Let for a B > 0, K satisfy in B-condition. Then R({x(x,.)f : x € K})
is dense in L*(Q).

Proof. Let F be the closure of the set R({£(z,.)f : z € K}) in L*(K).
F is a closed additive subgroup of L?(K), and so by Corollary 2.7, we have

L _{Zﬁj (xj, )f — f): B eR,z; € K} C F.

We claim that L is dense in L?(K). Let h € L?(K) and h € L*. Specially, for
each x € K, we have ((z,.)f — f,h) = 0. By the Plancherel Theorem, there
are fi,h; € L?(K) such that f; = f and hy = h. So,

(k) = ({2, ) f, b
_ /K n(@) f1 () (n) dm(n)

_ /K Lo fr(n)hi(n) dr(n)
_ / Lo f1 ()P (y) dm(y)
K

= /Kfl(l‘*y)hZ(y_) dm(y)
= fl * hQ(.ﬁlf),
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where ho(t) := hi(t=) (t € K). So, fo * he is a constant function. Since
fi,h2 € L3(K), by ( [6], 6.2F) we have f1 x hg € Co(K). Therefore, fi *hs = 0.
So, for all ¢ € A, we have h | 1 f. Then, by Theorem 2.1 we have h = 0, and
this completes the proof. [J
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