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In this paper, we give some sufficient conditions for the set R({±〈x, .〉f : x ∈ K})
to be dense in L2(K̂, π), where K is a commutative strong hypergroup.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a Banach space and M ⊆ X. The problem of finding necessary
or sufficient conditions on M and X for the additive subsemigroup of X ge-

nerated by M , that is R(M) :=
{∑n

j=1 xj : n ∈ N, xj ∈M
}

, to be dense in X

has been studied in several papers (see [2], [3], and [10]). In [9], we consider
sets of the type

R(f) = {
∑
j

εjfxj : xj ∈ G, εj ∈ {±1}} ⊆ L2(G)

obtained from a single function f by translations, and give criteria for the
density of such subsets in L2(G), where G is a locally compact abelian group.
In this paper, as an application of the extended Wiener’s theorem [9], we
develop the main results of [9] to locally compact hypergroups, and we give
some sufficient conditions for the set R({±〈x, .〉f : x ∈ K}) to be dense in
L2(K̂, π), where K is a commutative strong hypergroup. Our main motivation
for this generalization is the Corollary 2 in [3] in which P. Borodin gives some
sufficient conditions for the additive subgroup generated by the translations
of a single function to be dense in L2(R). Locally compact hypergroups, as
extensions of locally compact groups, were introduced in a series of papers
by R.I. Jewett [6], C.F. Dunkl [4], and R. Spector [7] in the 70’s. Examples
include locally compact groups, double-coset hypergroups, GH hypergroups,
polynomial hypergroups, etc. (see [1] and [6] for more details).
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Let K be a locally compact Hausdorff space. We denote by M(K) the
space of all regular complex Borel measures on K, and by δx the Dirac measure
at the point x. The support of a measure µ ∈M(K) is denoted by supp(µ).

Definition 1.1. Suppose that K is a locally compact Hausdorff space,
(µ, ν) 7→ µ ∗ ν is a bilinear positive-continuous mapping from M(K) ×M(K)
into M(K) (called convolution), and x 7→ x− is an involutive homeomorphism
on K (called involution) with the following properties:

(i) M(K) with ∗ is a complex associative algebra;

(ii) if x, y ∈ K, then δx ∗ δy is a probability measure with compact support;

(iii) the mapping (x, y) 7→ supp(δx ∗δy) from K×K into C(K) is continuous,
where C(K) is the set of all non-empty compact subsets of K equipped
with Michael topology;

(iv) there exists a (necessarily unique) element e ∈ K (called identity) such
that for all x ∈ K, δx ∗ δe = δe ∗ δx = δx;

(v) for all x, y ∈ K, e ∈ supp(δx ∗ δy) if and only if x = y−;

Then K ≡ (K, ∗,− , e) is called a locally compact hypergroup.

Note that in a hypergroup K, δx∗δy is not necessarily a Dirac measure. A
hypergroup K is called commutative if for all x, y ∈ K, δx ∗ δy = δy ∗ δx. Every
commutative hypergroup carries a nonzero nonnegative regular Borel measure
m, such that for each x ∈ K, δx ∗m = m [8]; such measure m is called (left)
Haar measure. Let f and g be complex-valued Borel functions on K. For any
x, y ∈ K we define

Lxf(y) = f(x ∗ y) :=

∫
K
f d(δx ∗ δy) and (f ∗ g)(x) :=

∫
K
f(x ∗ y)g(y−) dm(y).

Let K be a commutative hypergroup. A bounded continuous function
ξ : K → C is called a character if for all x, y ∈ K, ξ(x−) = ξ(x) and ξ(x ∗ y) =
ξ(x)ξ(y). The set of all characters of K equipped with uniform convergence
topology on compact subsets of K is called dual of K and is denoted by K̂. In
general, K̂ is not necessarily a hypergroup. A hypergroup K is called strong
if its dual K̂ is also a hypergroup with complex conjugation as involution,
pointwise product as convolution, that is

ξ(x)η(x) =

∫
K̂
χ(x) d(δξ ∗ δη)(χ)

where ξ, η ∈ K̂ and x ∈ K, and constant function 1 as the identity ele-
ment. Throughout this paper, K is a commutative strong hypergroup with
Haar measure m. By [1], there is a Plancherel measure π on K̂ such that
for each f ∈ L1(K,m) ∩ L2(K,m),

∫
K |f |

2 dm =
∫
K̂ |f̂ |

2 dπ, where f̂(ξ) :=
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K f(x)ξ(x) dm(x) (ξ ∈ K̂) is the Fourier transform of f . The Fourier trans-

form can be extend to an isometric isomorphism from L2(K,m) onto L2(K̂, π).

2. MAIN RESULTS

The following extension of the Wiener’s classical theorem is a key tool in
the proof of our main theorem.

Theorem 2.1. Let K be a locally compact commutative strong hypergroup
with Haar measure m and associated Plancherel measure π, ε > 0, and A :=
{
∑n

j=1 λj〈xj , ·〉 : n ∈ N, λj ∈ C, xj ∈ K (j = 1, . . . , n)}, where for each x ∈ K
and ξ ∈ K̂, 〈x, ξ〉 := ξ(x). If k1 ∈ L2(K̂, π) has a null zeros set with respect
to Plancherel measure π, then for each k2 ∈ L2(K̂, π) there exists an element
ψ ∈ A such that ‖k2 − ψk1‖2 < ε.

Proof. See [9]. �

Definition 2.2. A Banach space X with unit sphere S(X) is said to be
uniformly smooth if for every ε > 0 there is a δ > 0 such that whenever
x ∈ S(X) and ‖y‖ < δ then ‖x+ y‖+ ‖x− y‖ ≤ 2 + ε‖y‖.

Remark 2.3. A Banach space X is uniformly smooth if and only if its
modulus of smoothness

s(τ) := sup

{∥∥∥∥x+ y

2

∥∥∥∥+

∥∥∥∥x− y2

∥∥∥∥− 1 : ‖x‖ = 1, ‖y‖ = τ

}
, τ ≥ 0,

satisfies s(τ) = o(τ) as τ → 0. Every Hilbert space is uniformly smooth with
modulus of smoothness s(τ) =

√
1 + τ2 − 1. [5]

Here we recall the following lemma from [3].

Lemma 2.4. Let F be a closed additive subgroup in a uniformly smooth
Banach space X with modulus of smoothness s(τ), τ ≥ 0. Suppose that a, b ∈ F
and for every ε > 0 there are x0, x1, . . . , xn ∈ F such that x0 = a, xn = b and∑n

k=1 s (‖xk − xk−1‖) < ε. Then [a, b] ⊆ F , where [a, b] = {(1 − t)a + tb : 0 ≤
t ≤ 1}.

Definition 2.5. Suppose that K is a locally compact commutative hyper-
group, f ∈ L2(K̂) and U is a neighborhood of e in K. Then we define

ω2(f, U) :=sup

{∫
K̂
|f(ξ)|2|ξ(a)− ξ(b)|2 dπ(ξ) :a, b ∈ K and {a} ∗ {b−} ⊆ U

}
.

We denote ω2(f, U) = o(U) as U → {e} if limU→{e}
ω2(f,U)
m(U) = 0.
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Remark 2.6. Let K be a locally compact commutative hypergroup with
left Haar measure m, and B > 0 be a real number. We say that K satisfies in
B-condition if for all a, b ∈ K, and each compact neighborhood W of e in K,
there exist compact symmetric neighborhoods V1, . . . , Vn ⊆ W of e in K such
that

(1)
∑n

k=1m(Vk) ≤ B,

(2) there are x0, . . . , xn ∈ K such that x0 = a, xn = b, and for every k =
1, . . . , n, {xk} ∗ {x−k−1} ⊆ Vk.

Theorem 2.7. Suppose that f ∈ L2(K̂) and the integral modulus of con-
tinuity of f satisfies ω2(f, U) = o(U) as U → {e}. Let for a B > 0, K satisfy
in B-condition. Then for each y ∈ K and β ∈ R we have β · (〈y, .〉f − f) ∈
R({±〈x, .〉f : x ∈ K}) ‖.‖2.

Proof. Under the hypothesis, let F be the closure of the set R({±〈x, .〉f :
x ∈ K}) in L2(K̂). Then F is a closed additive subgroup of L2(K̂). Since
L2(K̂) is a Hilbert space, its modulus of smoothness is s(τ) =

√
1 + τ2 − 1,

and so L2(K̂) is an uniformly smooth Banach space. Let y ∈ K and λ ∈ C. We
show that β · (λ · 〈y, .〉f − f) ∈ F . Consider f1 ∈ L2(K) such that f̂1 = f . For

any x ∈ K, we define the function φ : K → L2(K̂) as φ(t) := L̂xLtf1 (t ∈ K).
For each a, b ∈ K,

s(‖φ(a)− φ(b)‖2) = s(‖LxLaf1 − LxLbf1‖2)
= s(‖Lx (Laf1 − Lbf1) ‖2)
≤ s(‖Laf1 − Lbf1‖2) (by ( [6], 3.3B)

= s(‖L̂af1 − L̂bf1‖2) (by the Plancherel Theorem)

≤ 1

2
‖L̂af1 − L̂bf1‖22

=
1

2

∫
K̂
|f(ξ)|2 |ξ(a)− ξ(b)|2 dπ(ξ).

Consider an arbitrary number ε > 0. Since w2(f, U) = o(U) as U → {e}, there
is a neighborhood W of e in K such that whenever U ⊆W is a neighborhood
of e in K, w2(f, U) ≤ ε

B · m(U). Let s, t ∈ K. By hypothesis, there are
V1, . . . , Vn ⊆W , compact symmetric neighborhoods of e in K, and x0, . . . , xn ∈
K such that

∑n
k=1m(Vk) ≤ 2B, x0 = a, xn = b, and for each k = 1, . . . , n,

{xk} ∗ {x−k−1} ⊆ Vk. So,

n∑
k=1

s(‖φ(xk)− φ(xk−1)‖2) ≤
1

2

n∑
k=1

∫
K̂
|f(ξ)|2 |ξ(xk)− ξ(xk−1)|2 dπ(ξ)



5 The problem of density on hypergroups 231

≤ 1

2

n∑
k=1

w2(f, Vk)

≤ ε

2B

n∑
k=1

m(Vk)

≤ ε.

Then by Lemma 2.4, for each β ∈ R and x, y1, y2 ∈ K we have

β · (φ(y1)− φ(y2)) = β ·
(

̂LxLy1f1 − ̂LxLy2f1
)
∈ F.

So, if we put x = y2 = e and y1 = y ∈ K, then we have

β · (〈y, .〉f − f) = β ·
(
L̂yf1 − f̂1

)
∈ F. �

The following corollary extends the result [3, Corollary 2] on locally com-
pact hypergroups.

Corollary 2.8. Suppose that f ∈ L2(K̂), π({ξ ∈ Ĝ : f(ξ) = 0}) = 0,
and the integral modulus of continuity of f satisfies ω2(f, U) = o(U) as U →
{e}. Let for a B > 0, K satisfy in B-condition. Then R({±〈x, .〉f : x ∈ K})
is dense in L2(G).

Proof. Let F be the closure of the set R({±〈x, .〉f : x ∈ K}) in L2(K̂).
F is a closed additive subgroup of L2(K̂), and so by Corollary 2.7, we have

L := {
n∑
j=1

βj · (〈xj , .〉f − f) : βj ∈ R, xj ∈ K} ⊆ F.

We claim that L is dense in L2(K̂). Let h ∈ L2(K̂) and h ∈ L⊥. Specially, for
each x ∈ K, we have 〈〈x, .〉f − f, h〉 = 0. By the Plancherel Theorem, there

are f1, h1 ∈ L2(K) such that f̂1 = f and ĥ1 = h. So,

〈f, h〉 = 〈〈x, .〉f, h〉

=

∫
K̂
η(x)f̂1(η)ĥ1(η) dπ(η)

=

∫
K̂
L̂xf1(η)ĥ1(η) dπ(η)

=

∫
K
Lxf1(y)h1(y) dm(y)

=

∫
K
f1(x ∗ y)h2(y

−) dm(y)

= f1 ∗ h2(x),
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where h2(t) := h1(t−) (t ∈ K). So, f2 ∗ h2 is a constant function. Since
f1, h2 ∈ L2(K), by ( [6], 6.2F) we have f1 ∗h2 ∈ C0(K). Therefore, f1 ∗h2 ≡ 0.
So, for all ψ ∈ A, we have h ⊥ ψf . Then, by Theorem 2.1 we have h ≡ 0, and
this completes the proof. �
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[7] R. Spector, Apercu de la théorie des hypergroups. In: Analyse Harmonique sur les
Groups de Lie. Lect. Notes Math. 497, Springer, 643–673, 1975.

[8] R. Spector, Measures invariantes sur les hypergroups. Trans. Amer. Math. Soc. 239
(1978), 147–165.

[9] S.M. Tabatabaie, The problem of density on L2(G). Acta Math. Hungar. 150 (2016),
339–345.

[10] V. Temlyakov, Nonlinear methods of approximation. Found. Comput. Math. 3 (2003),
1, 33–107.

Received 17 May 2016 University of Qom
Department of Mathematics,

Qom 37161466711, Iran
sm.tabatabaie@qom.ac.ir


