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This paper addresses continuous g-frames which are extensions of g-frames and
continuous frames. Firstly, using operator methods we establish some new in-
equalities for continuous g-frames and dual continuous g-frames. These results
extend and improve ones obtained by Balan, Casazza and Gavruta. Secondly, we
characterize multi-element erasure for continuous g-frames. It generalizes some
results previously obtained by M.A. Dehghan and M.A. Hasankhani Fard.
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1. INTRODUCTION

The notion of frame in a general Hilbert space was first introduced by Duf-
fin and Schaeffer in 1952 to study nonharmonic Fourier series [8]. However, the
frame theory had not interested many researchers until Daubechies, Crossman
and Meyer published their ground breaking work [7] in 1986. In recent years,
the study of frame theory has seen great achievements, and discrete frames are
widely used in signal processing, quantum measurements, image processing, co-
ding and communication and some other fields [4,6,14,17,18,21]. The study of
equalities and inequalities related to Paraeval frames were studied by Balan et
al. in [3] and many other mathematicians [11,12,16,19]. The notion of frame
was generalized to a family indexed by some locally compact space endowed
with Radon measure by Ali et al. in [2] known as continuous frame. Continuous
frames are applied in some fields [10,20]. In particular, Sun in 2006 introduced
g-frames in Hilbert space in [22], which includes many generalizations of the
discrete frame, for example, frames of subspaces [5], pseudo-frames [15], and
bounded quasi-projectors [9], and so on. The notion of g-frame is an extension
that includes bounded invertible operators and all mentioned above extensions
of discrete frames. The notion of continuous g-frame was firstly introduced
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by M.A. Dehghan and M.A. Hasankhani Fard in [1], which is an extension of
g-frames and continuous frames.

In this paper, using the method of operator theory we establish some
new inequalities for (dual) continuous g-frames, which extend and improve the
results obtained by Balan, Casazza and Gavruta; we obtain a characterization
of multi-element erasure for continuous g-frames, which generalize the results
obtained by M.A. Dehghan and M.A. Hasankhani Fard.

This paper is organized as follows. Section 2 is an auxiliary one and in
this section, we recall some basic notions, properties and some related results.
In Section 3, using the method of operator theory we obtain some important in-
equalities for (dual) continuous g-frames. In Section 4, we derive an equivalent
characterization of multi-element erasure for continuous g-frames.

2. PRELIMINARIES

First we recall some basic notations, notions and properties of frames in
Hilbert space. The readers can refer to [1,6,20,22] for details.

Let U, V be separable Hilbert spaces, (), i) a positive measure space, and
I a countable index set. We denote by Iy the identity operator on U, {V, }weca
a sequence of closed subspaces of V', and L(U, V,,) the set of all bounded linear
operators from U into V,,. Let

(@ocaVi, 1)2 = {f = {fohoen fo: 0 U [ 1AIPdu) < oo} .

Then (®u,eqVi, 1) 2 is a Hilbert space under the following inner product

)= [ (o 0)0e)  £.9 € (@ucaVi s

Definition 2.1 ([22, Definition 1.1]). A sequence {A; € L(U, V;)}ier is
called a g-frame for U with respect to {V;};cs if there exist 0 < A; < B} < +00
such that

VieU, —AlfIP <) ISP < Bill fIP
el
The numbers Ay, Bj are called a lower and upper bound for the frame.

Definition 2.2 ([20, Definition 2.1]). Let (X, u) be a measure space with
positive measure pu. Let f : X — H be weakly measurable (i.e., for all h €
H, the mapping * — (f(z),h) is measurable). Then {f(z)},ex is called a
continuous frame for H if there exist constants 0 < Ay < By < +00 such that

(2.1) Vhe H,  Ag|h|? < /X |(f (), h) Pdu(z) < Ballh|*.
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We call As and Bs the lower and upper continuous frame bound, respectively. If
only the right-hand inequality of (2.1) is satisfied, we call {f(z)},ex the con-
tinuous Bessel sequence for H with Bessel bound Bs. If Ay = Bs = A, we call
{f(z)}zex A-tight continuous frame. Moreover, if A = 1, {f(z)}zex is called
Parseval continuous frame.

Definition 2.3 ([1, Definition 2.1]). We say that A = {A,, € L(U, V,,) }weq
is a continuous g-frame for U with respect to (€2, u), if

(i) A is weakly-measurable, i.e., for f € U, w — A, is a measurable
function on 2,

(ii) there exist positive constants A, B such that

(2.2) VieH,  Alf|*< /Q 1A 1P dp(w) < BIIFII.

The numbers A, B are called a lower and upper frame bound for the
continuous g- frame, respectively. If only the right-hand inequality of (2.2) is
satisfied, we call {A,}weq a Bessel continuous g-mapping for U with respect
to (2, u) with bound B. If A = B = X, we call {A,}ueq A-tight continuous
g-frame. Moreover, if A = 1, {Ay }weq is called Parsevel continuous g-frame.

Remark 2.1. A continuous g-frame is a generalization of g-frame. Indeed,
when () is countable, and p is a counting measure, a continuous g-frame is just
a g-frame.

Let {A,}weq be a continuous g-frame for U with respect to (2, ). In
[1], the authors defined the continuous g-frame operator S : U — U as follows:

(2.3) S() = [ Aldufdute), vfeU.

It is easy to check that S is a bounded, positive, self-adjoint and invertible
operator. Denote A, = A,S™ !, then {[\w}weg is a continuous g-frame for U
with respect to (€2, x) with frame bounds %, %, the frame operator S~!, which
is called the canonical dual continuous g-frame of {Ay },eq (see [1]).

For any ©; C Q, denote 2 = Q\Q, and we define the following opera-

tors:
(2.4) Souf = /Q LA fdp(w), Vf € U.
(2.5) Soc f = /Q ASAufdu(w), VFEU

Then S = Sq, + Sa¢, and Sq,, Sq¢ are positive and self-adjoint operators.
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Definition 2.4 ([1], Definition 3.1). Let {A,}weq and {©y}ueq be two
continuous g-frames for U with respect to (€2, ) such that

/A* O fdu(w /@ Aofdu(w), feU.

Then {©,,},eq is called an alternate dual continuous g-frame of {A },eq-

3. NEW INEQUALITIES FOR CONTINUOUS G-FRAMES

Balan et al. in [3] obtained the following Theorem 3.1, and P. Gavruta
in [11] obtained the following Theorem 3.2.

THEOREM 3.1. Let {f;j}je; C H be a Parseval frame. For any f € H,
J1 C J, we have

(36) SS U BRI S B EIP S IP

jeJ JeJY
where J7 = J\ Ji.

THEOREM 3.2. Let {fj}jcs C H be a frame and {g;}je; C H be an
alternate dual frame of {f;}jes. Then for any f € H, we have

(3.7) Re( Y (F, 0T 70) + I S0 F, a0 il = 2141
jen jegs
This section is devoted to some inequalities for continuous g-frames.
Using operator theory method we extend these two theorems to the case of
continuous g-frames. We also obtain some other interesting results. For this
purpose, we first give a simple property of self-adjoint operators.

LEMMA 3.1. Let T € L(H) be a self-adjoint operator and a, b, c € R, U =
aT? + bT + cly, then the following statements hold.
(i) if a > 0, then
4ac — b?

U>—1Ig.
4a
(#) if a <0, then
12
U< 4ac — b L.
4a

Proof. We only prove (i), and (ii) can be proved similarly. It is easy to

check that )
b 4ac — b

=a(T+ —Ig)?+ —1Ig.

U=a(T+ %4 )+ 1a H

Observing that (T + 2 1y)? is a positive operator, we have (i). O
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PROPOSITION 3.1. Let {Ay}weq be a continuous g-frame for U with re-

spect to (82, u) with frame operator S. Then {Awaé}weg is a Parseval conti-
nuous g-frame for U with respect to (2, ).

Proof. Take T = 573 in Proposition 3.3 of [1]. O

THEOREM 3.3. Let {A, }weq be a continuous g-frame for U with respect
o (Q, p) with frame operator S. Then for Q1 C Q and f € U, we have

(38) 0< / A fI2du(w) / | AwSa, fl2du(w / 1A fIdpu(w),

/ A f |2 dpa(w / 1 AwSen fI2dpu(w) / | AwSas 1% dpu(w)
<5 [ 18asPdue),

(3.10) / 1A 12 dpa(w) / 1 Auf 2 dpa(e / 1 AwSe f112dpa()
A, f|I2d
< /Q 1A f1Pdu(w)

where {[\w}weﬂ = {A,S }ueq is the canonical dual continuous g-frame of
{Aw}wEQ~

Proof. Denote O, = AwS_% for w € Q, {Ou}weq is a continuous g-
frame for U with respect to (€2, u) by Proposition 3.1. For any f € U, let
$f = J,050u fdu(w) = f, then

(3.11)

So.f = | ©:0ufduw)= | SZALALS 2 fdu(w)=S"25q,S 2.
Ql Ql

Obviously, 5’91 + ggi = Iy, furthermore, we have 5’915”95 = S’Q{i 5791, SO

(3.12) 0 < Sq,S0; = S, (I — Sa,) = Sa, — (Sa,)*
By Lemma 3.1, we obtain

(3.13) So, — (30, < 10,

Combining (3.11), (3.12) and (3.13), we have

(3.14) 0< S 2(Sq, — Sa,580,)S72 < iIU.
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(3.14) is equivalent to
(3.15) 0 < Sa, — Sq,87 18, < 35.
For any f € U, we have
(Say f, f) = (S, S Sa, f, ) =(Sau fs £) = (S7'Sa, f, Sa, f)
= [ IarPane) - [ 1A, ().

Therefore, we obtain (3.8) by (3.15). Next we prove (3.9).
It is easy to check that

(S0.)* + (Sa5)* =(50,)* + (Iy — 5a,)?

(3.16) =2(80,)% — 280, + Iy
We have

X X 1
(3.17) (S0,)” + (Sas)? > Sl

by Lemma 3.1. By simple calculation, we have
(S,)? + (Sa¢)? =2(Sq,)? — 250, + Iy
(3.18) =Iy + 250, — 2(Sa,)? + 4((Sa,)* — So,)

Thus, we have
(50,)% + (Sac)? < Iy +28q, — 2(Sg,)?
by (3.12). Again by Lemma 3.1, we get

(3.19) (5'91)2 + (§Q§)2 < gIU
combining (3.17),

(3.20) %IU < (80)? + (800 ) < SIU
(3.20) is equivalent to

(3.21) %s < S0, 8718, + Sqe ST Sqe < gs

For any f € U, we have
(Sa,S™ 80, f, )+ (Sac ST Sac f, f) = (S7'Sa, f, Sa, )+ (S Sac f, Sac f)
= [ 1RuSa, f1Pdn(e) + [ 1RuSarfIPdute)

By using (3.21), we know that (3.9) holds.
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Finally, we prove (3.10). Observe that

SQI + (Sﬁl)Q :SQI + (IU - Sﬁl)Q
(3.22) =(8q,)% = So, + I

and that So, — (Sq,)? > 0 by (3.12). We have
3 . .
(323) EIU < Sﬁl + (591)2 < Iy,
by Lemma 3.1. Therefore, we have
3
(3.24) 15 < S, + So,S718q, < S,
by (3.11). For f € U, we have

<(SQI + 591571591)]07 f> :<SQ1f7 f) + <Sﬂ1silsﬂ1fa f>
=(Sa, f, )+ (S7'Sa, f, Sa, f)

/ A fl2du(w) / 1 AwSen 12 dpu(w)
0

Combining this and (3.24), (3.10) holds. The proof is completed. [

COROLLARY 3.1. Let {Ay}weq be a continuous Parseval g-frame for U
with respect to (0, p). Then for Q1 C Q and f € U, we have

29 0= [ JAcsP) H | i

/ A A fdp(w

32 2 * 2
B < [ IarPane) + | [ Aausance H<||f||

1 2
< =111
< 1

20 I < [ Aausu| + <37pe.

Proof. {A,}weq is a continuous Parseval g-frame for U with respect to
(Q, p), for f € U, we have

/ IAulPdu(w) = | £
Q

Observe that the frame operator of {Ay},eq is Iy, therefore, for f € U, we
also have

[ 1850, 11Paue) = [ 1uSon fPan) =50 A1P = | [ Azaupante)),
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and
| IS f1Panco) H / LA fdu(w)]|
Hence (3.25), (3.26), (3.27) hold. The proof is completed. [

Observe that {%Aw }weq is a continuous Parseval g-frame if {A, }oeq is
a continuous A-tight g-frame for U with respect to (€2, x). As an immediate
consequence of Corollary 3.1, we have

COROLLARY 3.2. Let {Ay}weq be a continuous A-tight g-frame for U with
respect to (0, u). Then for Q1 C Q and f € U, we have

A
328 o< [ Aurane) - | [ Anacsau) < 7R
A
2 G117 < | [ auasano)| +  Aeorauten | < P
330) SRS [ I8Pt + | [ AL fduG) | < NP

Next we will give an inequality for dual continuous g-frames. To do so,
we first give the following lemma.

LEMMA 3.2. Let {Ay}ueq be a continuous g-frame for U with respect to
(Q, u), {Tw}lweq be an alternate dual continuous g-frame of {Ay}tweq, and
a = {aytwea € 1°(Q). Define the operator T, as follows:

T,:U—=UT,f = /QawFZAwfd,u(w), Vfel,
then T, is a bounded linear operator, and
Tif = [ AT fdu)
Where 1°(Q) = {{aw }weq : 5161?2 lay,| < oo}.

Proof. For Q1 C Q and f € U, we have

/ awFZZAwfdu(w)H— s ([ ariaufan). o))
9 geU,|lgll=1 01

= sup /Q(FZ;Awfa awg>du(w)‘

g€l |lgll=1

= Ssup /Q <Awfa awrwg> d“(w)‘

g€, |lgll=1
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2
< sw (/ HAwazdu(w))
geU,|lg|l=1 Q1

(/ | ||%rwgu?<m<w>)é

<VBB'M]|f],

where M = sup |ay|, @, is the conjugate of a,, and B’ is the upper bound of
we

{Tw}weq. Hence T, is well-defined and ||T, f|| < vVBB'M||f||. Therefore, T, is
a bounded linear operator. Now let us compute (7,)*.

(f, (T) g) = (Tof, g) = < /Q a5 A fdp(w), g>
— /Q (Aoof, G Tug)dpa(w)
= [ . 2 TLg)dn(e)

_ <f, /QawAj;ngdM(w)>-

THEOREM 3.4. Let {A, }weq be a continuous g-frame for U with respect

to (2, ), {Tw}lweq be an alternate dual continuous g-frame of {Ay}weq, and
{aw}wea €1%°(R2). Then for f € U, we have

The proof is completed. [

3 2 * 2
17 < | [ aurzaesan) + Rel [ (1= a)idut. Tyt

— H/Q(l — ) T5 Ay fdpu(w) 2 +Re(/Q aw(Auf, To f)dp(w))

3+ Ty — Th—all?
< 3 Te—Tially o

Proof. First we prove the “equality” part. Let T1_,f = fQ(l —ay,)l
fdp(w), Vf € U, then

Tiof = [ (1= )ASTufdule). Vi €.

and T, +T1_4 = Iy. So for f € U, we have

(3.31)

*Aw

w

2
H [arassan)| + [0 - a)iof, Tufaucs)
0 Q
= | Tuf|? + (Ticaf, f) = (Tuf, Tuf) + {(Iv — To)f. f)
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(3'32) :<Taf7 Taf>+<f’ f>_<Tafa f>
On the other hand,

2
/(1 —a)THAL fdp(w) +/ aw(Ay f, T fidu(w)
Q Q
= T-af I? + (Taf, ) = {Ti-af, Tiaf) + {F, Tuf)
= <(IU - Ta)fa (IU - Ta)f> + <fa Taf>
(3.33) = (f; [) = (Taf, [) +(Taf, Taf).
Therefore, by (3.32) and (3.33), we have

2
H Jariafau@)| + [ (1= e, Tofidu
Q Q
2
(3.34) = | 0= emidusau)] + [ aulbaf. Tuf)du).
Thus
2
/awFZAwfdu(w) +Re(/ (1 —aw){Auf, To fidu(w))
Q Q
2
335) = | (1= a)TAufdu@)| +Re( | au(duf, Tuf)duw)),

Next we prove the “left-hand inequality” part. By Lemma 3.2, we have

Re( [ auhuf. Tufitn() = (527 1),

Thus for h € H, we have
2
[ 1= ariaufdu@)| +Rel | au(uf. Lufdn(w)
Q Q

T, +TF
:< Tl*faTl—a"i‘ a2 a>f7f>

(
- <((IU—T5)(IU—TG) + Ta;T;> ! f>
(

>~ w
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At last we prove the “right-hand inequality” part. Observe that T,+1_, = Iy.
For f € U, we have

2
\ [ 0= reausane)| + Re [ auidat. Tufiante)
Q Q

= (Ty_of, Ti—af) + Re(Tof, f)

= (Tl—afa Tl—tlf> + <fa f> —Re <T1—af7 f>

=3 D M )~ Re(Timaf. )+ (Tioaf. Ti—af)

4 4
= 20 1+ L ()~ Re(Tiaf, )+ 4(Tiof, Traf)
=30 P U P = 2(Taf ) =2 Toaf) 4 4(Tof, Tuaf)
=20 P U~ 2T o 2T f)
el monion @il

3 1
< 1%+ 11T - Ti-al 1 £11?

_ 3+ HTa_Tl—aH2 2
= y LI

The proof is completed. [J

4. ERASURES FOR CONTINUOUS G-FRAMES

In [1, Theorem 3.7] the authors gave a proposition for a continuous g-
frame to be a continuous g-frame for one element erasure, only one element
being deleted. So it is natural to ask whether there is a general result for
erasure of [1, Theorem 3.7]7 We can erase some elements of a continuous
g-frame, and the remainder after erasure is also a continuous g-frame. In this
section, we will give some results for erasure. To do that we first give the
following lemma:

LEMMA 4.1 ([13, Theorem 2.29]). Suppose that X is a Banach space and
Q € L(X). If ||Q| <1, then Ix — Q is invertible on X. Moreover, we have
I(Ix - @) < hor.

THEOREM 4.1. Let Q1 C Q and {Ay}weq be a continuous g-frame for

U with respect to (2, p) with frame bounds A, B, frame operator S. Sq, is
defined as in (2.4). Then the following are equivalent:
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(i) Iy — S~1Sq, is invertible on U.
(i3) Iy — Sq, S™1 is invertible on U.
(i11) {Aw }wea\a, be a continuous g-frame for U with respect to (2\, p).

In addition, if (i) or (ii) is satisfied, the continuous g-frame {Aw}oeo\0,
has the lower frame bound A(1— | S~1Sq,|). Otherwise if there exists 0 # f €
U such that f = S™'Sq, f, then {Autwe\q, 8 not a continuous g-frame for
U with respect to (2 \ Q1, ).

Proof. (1)< (ii) Observe that S and Sgq, are self-adjoint. Therefore, we
have
(Iy — S_ISQl)* =1y — (S_ISQl)* =1y — Sng‘l,

So Iy — S~1Sq, is invertible on U if and only if Iy — S, S~ is invertible on U.

(i) (iii) Denote the frame operator of {Ay },co\o, by Sa¢. It is easy to
check that

(4.36) SQfl: =5 - SQ1 = S(IU — 571591)_

Therefore, {Au}uen\q, is a continuous g-frame for U with respect to
(Q\Q, ) if and only if S(I;y—S~1Sg,) is a bounded and invertible operator on
U by (4.36). Observe that S(I;y —S~1Sq,) is a bounded and invertible operator
on U, equivalent to I;; — S~1Sq, and a bounded and invertible operator on U.
Thus we prove the equivalence between (ii) and (iii).

Next we prove that the continuous g-frame {AW}WGQ\QI has the lower

frame bound \|(IU75—114SQ =TT if (i) or (ii) is satisfied. Suppose (i) holds. Note
1

that {A, }weq is a continuous g-frame for U with respect to (€2, ) with frame

bounds A, B, frame operator S and €y C Q. For f € U, we have

f=ssf =57 /Q AL A fdu(w))

= / STIAS AL fdp(w) + ST [ AXA, fdu(w))
Q\Ql Q1

= 57180, f + / STIALA, fdu(w),
Q\Y
that is

(4.37) Iy — S7'Sa,) f = STIAY A fdu(w).
O\
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Therefore, we obtain

(4.38) I(Iy = 7S, f| = ‘

| s dn)
o

< / 5_1A2Awfdu(w),g>‘
O\

STIALA fdu(w)|| = sup

NN g€l |lgll=1
— s | (A Augdu)
g€l |lgll=1 |/ Q\

1 1
< sup ( / IIAwfIQdM(W)></ !Ang2du(w)>
g€U, ||lgll=1\ Y\ O\
< L gl / 1Auf 2 dpa(w)
= sup — 119 w s W

g€l gll=1 VA 2\

L i)
(4.39) < m( /Q o T >)

By (4.38) and (4.39), we know that Iy — S~1Sq, is bounded on U. The-
refore, we have

N

Sac = S — So, = 87 (Iy — 57250,572)52
> VAL - |S™280,S7 2| )VAILy
> A(1 - [|S7" S, ) -

It follows that

A= [$7 S, DIFI? < /Q\Q 1A I dpa(w).

We finally prove the last part. If there exists 0 # f € U such that
f=5715q, f. By (4.37), we have

/ STIAX A, fdu(w) = 0.
A\
Observe that S~ is invertible, then

/ ASA, fdu(w) = 0.
O\
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Therefore, we have

</ A:Awfdﬂ(w)a f> _/ HAwaQdM(w),
O\ O\

since f # 0, thus {A, }uen\, is not a continuous g-frame for U with respect
to (2\ 21, u). The proof is completed. [

By the arguments in Theorem 4.1 and Lemma 4.1, we have

COROLLARY 4.1. Let Q1 C Q and {Ay }ueq be a continuous g-frame for U
with respect to (2, w) with frame bounds A, B, frame operator S. Sq, is defined
as in (2.4). If |[S™1Sq, || <1, then {Au}wea\q, is a continuous g-frame for U
with respect to (Q\ Q1, u) with the lower frame bound A(1 — ||S~™1Sq, ||).

Observe that {A, },ecq is a continuous tight g-frame for U with respect
to (2, ) with frame bounds A, then S = Aly. As an immediate consequence
of Theorem 4.1, we have

COROLLARY 4.2. Let Q1 C Q and {A, }ueq be a continuous tight g-frame
for U with respect to (2, u) with frame bounds A, frame operator S. Sq, is
defined as in (2.4). If ||Sq,| < A, then {Au}uea\q, i5 a continuous g-frame
for U with respect to (2 \ Q1, p) with the lower frame bound (A — || Sq, ||)-

COROLLARY 4.3. Let Q1 C Q and {Ay}weq be a continuous Parseval g-
frame for U with respect to (2, u). Sq, is defined as in (2.4). If ||Sq,| < 1,
then {Aw}uea\q, 8 a continuous g-frame for U with respect to (2\Q, p) with
the lower frame bound (1 — ||Sq, ||)-

If Q1 = {wo}, by Theorem 4.1 we have the following corollary:

COROLLARY 4.4. Let {Ay}weq be a continuous g-frame for U with respect

to (Q, p) with frame operator S. Then the following are equivalent.
(i) Iy — ,u(wo)[X:)OAwO is invertible on U.
(ii) Iy — p(wo) A%, Ay is invertible on U.

(111) {Aw}we\{wo} e a continuous g-frame for U with respect to (£ \
{w()}v 1)

In addition, if (i) or (ii) is satisfied, the continuous g-frame {Ay }oe0\ {wo}
has the lower frame bound A(1 — HM(WO)[\:}OA%H)- Otherwise if there exists
0 # f €U such that f = p(wo) AL, Awy fr then {Ay e\ {wo) 8 N0t a continuous
g-frame for U with respect to (2 \ {wo}, p).

Remark 4.1. The part (i)=-(iii) in Corollary 4.4 was first stated in Theo-
rem 3.7 in [1].



15

New inequalities and erasures for continuous g-frames 277

1]

[10]
[11]
[12]
[13)
[14]
[15]
[16]
17
18]
[19]

[20]

Acknowledgements. The authors would like to thank the referees for carefully re-
viewing this manuscript and for providing valuable comments, which greatly improve
its quality. Supported by the National Natural Science Foundation of China (Grant
No. 11271037).

REFERENCES

M.R. Abdollahpour and M.H. Faroughi, Continuous G-frames in Hilbert Spaces. Sout-
heast Asian Bull. Math. 32 (2008), 1-19.

S.T. Ali, J.P. Antoine and J.P. Gazeau, Continuous frames in Hilbert spaces. Ann.
Physics 222 (1993), 1-37.

R. Balan, P.G. Casazza, D. Edidin and G. Kutyniok, A new identity for Parsevel frames.
Proc. Amer. Math. Soc. 135 (2007), 1007-1015.

P.G. Casazza, The art of frame theory. Taiwanese J. Math. 4 (2000), 129-201.

P.G. Casazza and G. Kutyniok, Frame of subspace. Contemp. Math. 345 (2004),
87-114.

O. Christensen, An introduction to frame and Riesz base[M]. Boston: Birkhduser, 2003.
I. Daubechies, A. Grossmann and Y. Meyer, Painess nonorthogonal expansion. J. Math.
Phys. 27 (1986), 1271-1283.

R.J. Duffin and A.C. Schaeffer, A class of nonharmonic Fourier series. Trans. Amer.
Math. Soc. 72 (1952), 341-366.

M. Fornasier, Quasi-orthogonal decompositions of structured frames. J. Math. Anal.
Appl. 289 (2004), 180-199.

J.P. Gabardo and D.G. Han, Frames associated with measurable spaces. Adv. Comput.
Math. 18 (2003), 127-147.

P. Gavruta, On some identities and inequalities for frames in Hilbert spaces. J. Math.
Anal. Appl. 1 (2006), 469-478.

Q. Guo, J. Leng and H. Li, Some equalities and inequalities for fusion frames. Sprin-
gerPlus 5 (2016): 121.

C. Heil, A Basis Theory Primer. Expanded ed. Appl. Numer. Harmon. Anal. Basel:
Birkhduser, 2011.

J.S. Leng and D.G. Han, Orthogonal projection decomposition of matrices and con-
struction of fusion frames. Adv. Comput. Math. 38 (2013), 369-381.

S. Li and H. Ogawa, Pseudo-frames for subspaces with applications. J. Fourier Anal.
Appl. 10 (2004), 409-431.

D.F. Li and W.C. Sun, Some equalities and inequalities for generalizaed frames. Chinese
J. Contemp. Math. 29(3) (2008), 301-308.

Y.Z. Li and H.F. Jia, Weak Gabor bi-frames on periodic subsets of the real line. Int. J.
Wavelets Multiresolut. Inf. Process. 13 (2015), 6, Article ID 1550046, 23 p.

X.B. Li, S.Z. Yang and Y.C. Zhu, Some results about operator perturbation of fusion
frames in Hilbert spaces. J. Math. Anal. Appl. 421 (2015), 1417-1427.

A. Poria, Some identities and inequalities for Hilbert-Schmidt frames. Mediterr. J.
Math. 14 (2017), 2, Paper No. 59, 14 p.

A. Rahimi, A. Najati and Y.N. Dehghan, Continuous frame in Hilbert space. Methods
Funct. Anal. Topology 12 (2006), 170-182.



278 W. Zhang and Y.Z. Li 16

[21] T. Strohmer and R.W. Heath, Grassmannian frames with applications to coding and
communication. Appl. Comput. Harmon. Anal. 14 (2003), 257-275.
[22] W.C. Sun, G-frames and g-Riesz bases. J. Math. Anal. Appl. 322 (2006), 437-452.

Received 30 May 2016 Henan University of Economics and Law,
College of Mathematics and Information Sciences,
Zhengzhou 450046, P.R. China
Beiging University of Technology,
College of Applied Sciences,
Beijing 100124, P.R. China
zwfylhappy@126.com

Beijing University of Technology,
College of Applied Sciences,
Beiging 100124, P.R. China

yzlee@bjut.edu.cn



