THE PADOVAN-CIRCULANT SEQUENCES
AND THEIR APPLICATIONS
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In this paper, we define the generalized Padovan-circulant sequence and the
Padovan-circulant sequences of the first, second, third and fourth kind by using
the circulant matrices which are obtained from the characteristic polynomial
of the Padovan sequence. Then we obtain miscellaneous properties of these
sequences. Also, we consider the cyclic groups which are generated by the gene-
rating matrices and the auxiliary equations of the generalized Padovan-circulant
sequence and the Padovan-circulant sequences of the first, second, third and
fourth kind and then we study the orders of these cyclic groups. Furthermore,
we extend the Padovan-circulant sequences of the first, second, third and fourth
kind to groups and then we examine these sequences in finite groups. Finally, we
obtain the lengths of the periods of the Padovan-circulant orbits of the first, se-
cond, third and fourth kind of the quarternion group Qs and the dihedral group
D,, as applications of the results obtained.
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1. INTRODUCTION AND PRELIMINARIES

In [3], P.J. Davis defined the circulant matrix C,, = [c;],, .., associated
with the numbers cg,cq,...,c,_1 as follows:
¢ ©Cp—1 -+ C2 O
C1 Co et C3 Co
C, =
Cp—2 Cp—-3 -+ Co Cp-1
| Ch—1 Cn—2 -~ (O ¢ |

The (n — 1)th degree polynomial P (z) = co + c12 + -+ + c,12" L is
called the associated polynomial of the circulant matrix C,.
For more information on the circulant matrix C,,, see [12,17,20].
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The Padovan sequence is the sequence of integers P (n) defined by initial
values P (0) = P (1) = P (2) = 1 and recurrence relation

P(n)=P(n—-2)+P(n—-3).
The Padovan sequence is
1,1,1,2,2,3,4,5,7,9,12,....

It is easy to see that the characteristic polynomial of the Padovan se-
quence is
flz)=a—z—1.

For more information on this sequence, see [11].
Let the (n + k)th term of a sequence be defined recursively by a linear
combination of the preceding k terms:

Qpik = Co0p + Clp41 + -+ Ck_10n1k—1,

where ¢y, c1,...,cr_1 are real constants.
In [13], Kalman derived a number of closed-form formulas for the gene-
ralized sequence by the companion matrix method as follows:

o 1 0 - 0 0
o o 1 -- 0 0
Ay — 0 0 O . 0 0
o 0o o0 -- 0 1
| ¢0 &1 C2 - Cp—2 Cg—1 |

Then by an inductive argument he obtained that

a Qp,
aj An+1
Ay =
k
ak—1 An4k—1

In Section 2, we define the recurrence sequences by the aid of the circulant
matrix C4 which is obtained by using the characteristic polynomial of the
Padovan sequence. In [4-8,16], the authors obtained the cyclic groups via
some special matrices. In Section 3, we consider the multiplicative orders of
the circulant matrix Cy and the Padovan-circulant matrices of the first, second,
third and fourth kind working to modulo m which are defined by the aid of
the recurrence relations of the generalized Padovan-circulant sequence. Then
we obtain the rules for the orders of the cyclic groups which are generated
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by reducing these matrices modulo m. The study of recurrence sequences in
groups began with the earlier work of Wall [22] where the ordinary Fibonacci
sequences in cyclic groups were investigated. The concept extended to some
special linear recurrence sequences by several authors; see for example, [1,2,
4,7-10,14,16,18,19,21]. In Section 4, we define the Padovan-circulant orbits
of the first, second, third and fourth kind and then we study these sequences
in finite groups. Also in this section, we obtain the lengths of the periods of
the Padovan-circulant orbits of the first, second, third and fourth kind of the
quarternion group Qs and the dihedral group D,, for generating pair (z,y).

2. THE PADOVAN-CIRCULANT SEQUENCES

We can write the following circulant matrix for the polynomial f (z):

-1 -1 1 0
-1 1 0 -1
1 0 -1 -1
0o -1 -1 1

Cy =

Define the generalized Padovan-circulant sequence by using the matrices
C} as shown:

Tp_9 — Tp_3 — Tn_yg, N = lmodd4,
—Lp 2+ Tpg4— Tp_5, N =2mod4,
—Tp_3 — Tp—a + Tp—g, N =3mod4,

T4 — Tp5 — Tpn—g, N =0mod4,

(2.1) Ty, = for n > 4,

where 1 = 29 = z3 =0 and z4 = 1.
For n > 1, by an inductive argument, we may write

Tan41 — 2Tan—1 — T4y = (—1)"

and
Tan+42 + 2%4pn + Tan—1 = 1.
It is easy to show that

(—D)"24n4a Tanys (—1)" Tanr2  Tantr

Ton+3 Ton+4 Ton+1 Ton+2
2.2 cO)" =
(2.2) (Ca) (=1)" Z4nt2 Tany1 (—1)" Tanta Tangs |
Ton+1 Ton+2 Ton+3 Ton+4

for n > 0, which can be proved by mathematical induction. Since det Cy =
5, we can write the Simpson formula for the generalized Padovan-circulant
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sequence as:
(1" @ana? + 0™ @ansd)?] [ = Ganea?]
+2(—1)"*! {(m4n+2)2 + (:c4n+4)2} [(x4n+1)2 + (x4n+3)2} +
8 (—1)" Tapt1Zan+2Tan+3Tanta = (5)".
Define the Padovan-circulant sequences of the first, second, third and
fourth kind by using (2.1) as shown, respectively:

(2.3) ot =2l ,—al s—al ,forn>5wherez} =2l =2l =0and 2} =1,

(24) 22 =—22 o +22 ,— 22 - forn>6where ] =a3 =23 =22=0
and 22 =1,
(2.5) ad =—ad o —ad ,+ad forn>T
where 25 = 25 =23 =23 =22 =0 and 2 =1,
and
(2.6) ar =ad ,—axt o —ad forn>7wherea] =ai=ai=al=21=0
and zg = 1.

Note that the generating functions of the Padovan-circulant sequences of
the first, second, third and fourth kind are as follows, respectively:

1) z?
g (x>:x4+x3—w2+1’
4
(2) — v
97 @) = s a1
o (@) = ———
—20 4ot a3 +1
and
(@ z”
9" (z)

IR T I

By(2.3), (2.4), (2.5) and (2.6), we can write the following companion matrices:
01 -1 -1

10 0 O
01 0 O
00 1 0

My =
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and

0O -1 0 1 -1

1 0 00 O

MP=]0 1 00 0

0O 0 1 0 O

0O 0 01 0
[0 0 -1 -1 0 17

1 0 0 0O 0 O

@ |01 0 0 00

Mp" = 0 0 1 0O 0 O

0 0 O 1 00
00 0 0 1 0]

and _ -
00 0 1 -1 1

1000 0 O

@w_ 0100 0 0

Mp™ = 0010 0 O

0001 0 O

0000 1 0]

The matrices M (1), M (2), M1(33) and M ](34) are said to be the Padovan-
circulant matrices of the first, second, third and fourth kind.
By induction on n, we derive that

1 1 1 1 1
37?+4 w?+5 _%ﬁs $?+2 _37?+3
(1) " _ Lr+3 LTpta _mn+2 Tpt1 “Tpg2
(2.7) (MP = o S S R forn >1
’il+2 ’57,+3 ’57,+1 1 n nirl
Tp1 Tpyo —Tn — Tp1 —Tp
and
(2.8)
2 2 2 2 2 2 2
x3+5 $3+6 333+3 —Tpy2 Tpyd — $3+3 R
@\ x§L+4 $5L+5 xnéi-Z - l”néu Lpt3 — xa2z+2 *$3+3
<MP ) = xg—i—?» Ln+4 Ln+1 _2xn Tnta — xn—Qf-l — T2 for n > 2
Tpto Tpys gn - ngl ‘rg+1 _an xn;l
xn—f—l xn—l—Q Tpn 1~ Tp2 Tp —Tp 1 —Tn
(2.9)
r .3 3 3 3 3 3 3 ]
Tn+6 Tn+7  Tpts  Tpi3 — Tpts Tpta Tpys
1'3 x3 x3 x3 — $3 1'3 .’I}3
g+5 §L+6 §L+7 g—&-? §L+4 n+3 3—1—4
M(3) " _ Lnta Tpts Ln+6 LTnt1 — Tpt3 Tny2 Tpgs £ )
P | 23 a3 a3 " a3 a3 orn >
n+3 n+4 3n+5 3n n+2 nél—l n+2
mng $g+3 xa§+4 %51 - xn;’rl gn xnérl
L $n+1 xn+2 xn+3 LTy o= Ty Tpn1 Ly
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(2.10)
r.4 4 4 4 4 4 4 7
Trnt6 Tnt7 Tnts Tntod “Tpis — Lpya " Tpgs
.2174 .2134 .%'4 .’IJ4 —1‘4 o $4 —.%'4
n+5 n+6 n+7 n+8 n+4 n+3 n+4
n 4 4 4 4 4 4 .4
M(4) _ Tpta Tnys Tpte Lntr Ln+3 Lpt2 Lnt3 forn>1
P - 1.4 .7}4 .7}4 .7}4 _1,4 o $4 .7}4
n+3 n+4 n+5 n+6 nzli—Q nil 2—1—2
Tpy2 Tpy3 Tpia Tpgs —Tpi1 _4$n xnj{l
L Tn+1 Tpt2 Tny3 Tnid Ty — Tp—1 —Tp

for n > 1. It is easy to see that det (Ml(}))n = det (M1(34)>n = 1 and
det (M)" = det (M)" = (—1)".

It is clear that each of the eigenvalues of the matrices M 1(31), M 1(32), M 1(33)
and M1(34) are distinct. Let {agl),ag),ag),ag)}, {agz), a§2), ozgf), af), a?)}
and {ag?’), ozég), agg)’ ozf'), ozé3), aés)} be the sets of the eigenvalues of the

matrices M1(31)7 Ml(f) and MY, respectively and let V*) be a (k + 3) x (k + 3)
Vandermonde matrix as follows:

(o) () (et (o)
vk _ (a@) (aé’“)) (a’g?) <a§f£3)
aék) agk) : ‘. ' O‘g% 0‘1@3

1 1 1 1

where 1 < k£ < 3.
Suppose that

_ (al(:zzs) :nJrk+37i

and Vj(k’i) is a (k4 3) x (k+ 3) matrix obtained from V*) by replacing the
jth column of V) by W,f/, forall 1 <k < 3.

Then we can give the Binet formulas for the Padovan-circulant sequences
of the first, second and third kind with the following Theorem.
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THEOREM 2.1. Let 2¥ be the nth term of the sequence of the kth kind for

all1 <k <3. Then

det v F)
m(ka) pry J

K det V(%)
where (M](Dk))n = [ml(f”)] such that 1 < k < 3.

k)

Proof. Since the eigenvalues of the matrix M 1(3 are distinct, the matrix

M I(Dk) is diagonalizable. Let

D(l) = diag (Oz&l), a§1)7 Oﬁg, )’ af)) ’

D@ = diag (af?, of?, af, af?, of?)
and
D@ = diag (of”, ofY, of?, af?, of?, oY),

then it is readily seen that M](Dk)V(k) = V®D®E  Since the matrix V¥ is
invertible, (V(k)) - M](Dk)V(k) = D). Thus, the matrix M](Dk) is similar to D*).
So we get (M}k)>n v =y k) (D(k))n for n > 1. Then we write the following
linear system of equations for n > 1:

mz(fn) (agk)y” + mgn) (agk)>k+1 4o+ m§§f§ _ (agk) n+k+3—i
mglf’") (agk)>k+2 n mgvn) (agk)>k+1 . mf,'jf% _ (agk)>n+k+3f¢
mﬁ“’” (agﬁ:s) k+2 + mg") <0‘1(g]23) k+1 N mngg B <al(€]23)n+k+3—i.

So, we obtain that

oy _ det VY hi,j=1,2,3,4,
m; = Wforeac i,] =

ay _ et V) hi,j=1,2,3,4,5
m = Wforeac 1,] =

and

o _ At Vf(&i) foreachi,j =1,2,3,4,5,6. O
m” = detV oreacnt ] =
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If we choose

ok g g
oy oy ag oy
v = . : . .
a?) a?) a?) a§4)
and _ _
(4) n+6—1
<a34)>n+61
Wi = (% ) ,

then we obtain the Binet formula for the Padovan-circulant sequence of the
fourth kind as follows:
(47,”) det V'(4’i)

my" = for each 7,7 =1,2,3,4,5,6

such that (MI(D4))n = [ml(;ln)}

3. THE CYCLIC GROUPS VIA THE MATRICES C4, M$", M?, M
AND M)

For a given matrix A = [a;;] of integers, A (modm) means that the
entries of A are reduced modulo m. Let (4), = {(A)" (modm)|n > 0}. If
ged (det A,m) = 1, (A),, is the cyclic group. We denote cardinal of the set
(A),,by [(A),,|. Since detCy = 5, it is clear that the set (C4),, is a cyclic
group for every positive integer m such that ged (5,m) = 1. Similarly, the

sets <M1(31)>m, <M](32)>m, <M1(33)>

positive integer m.

and <M 1(34)> are cyclic groups for every
m

m

Now we consider the cyclic groups which are generated by the matrices
Cy, M), MDD, ME) and M.

THEOREM 3.1. Let p be a prime and let <G)ps be any of the cyclic groups

of (Coyer (MP) (M) (M) and (M) such that e € N. 1f
pe pe

P D
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, then ’(G)pv
, then ’<G>

u is the largest positive integer such that )<G>p‘ = ’(G)pu
P (G>p‘ for every v > w. In particular, if ‘<G>p’ #* ‘<G>p2
pU L. ‘<G>p‘ for every v > 2.

V—U |
pU

Proof. Let us consider the cyclic group <M }_,1)> . Suppose that a is
p&

k a+1
a positive integer and <M](31)> is denoted by k (p). If <M1(31)> () _
pE
a+1 (1) k(pott) u ] ‘ ‘
I (modp )7 then (Mp ) = I (modp?) where I is a 4 x 4 identity

matrix. Thus we obtain that k (p®) divides k (p**!). On the other hand,
k(p®) a
writing (MS)) P I+ (mgj) -pa), by the binomial theorem, we obtain

()" = (1 (7)) =35 (1) o ) =1 ™,

which yields that k (p**') divides k (p®) - p. Then, we have that k (p**!) =
k(p*) or k (p™1) =k (p®) - p. It is clear that k (p**!) = k (p*) - p holds if and
0
integer such that k (p) = k (p“), k (p*) # k (p“*'). There is an mg;.”l) which
is not divisible by p. Therefore, we get that k (p““) #*k (p“”). To complete
the proof we may use an inductive method on u.

There are similar proofs for the cyclic groups (Cy) o < M1(32)> , < M](;3)>
pE

and <M1(34) >p5.

only if there is a m,;” which is not divisible by p. Since w is the largest positive

pE

THEOREM 3.2. Let (G),, be any the cyclic groups of (C4),,, <M1(;1)> ,
(M) (M) and (Mf7) - and let m = Ty b5, (¢ 2 1) where pi’s
(G) e (Gyee| |

Py
Proof. Let us consider the cyclic group <M1(32)> , where m is a positive
m

5 ey

are distinct primes. Then |(G),,| = lcm H<G>Pi1

et
Py

integer. Let '<M}_,2)> ..
D’
(2.8), we have

— A for 1< < tand let [(M{) | =\ Then by

23 45 = 1modpy’,
aziﬁu = —1modp;’ foru=-2,-1,0

:L‘iﬁv =0modp;’ forv=1,2,3,4,6
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and
x§\+5 = 1l modm,
xi_w = —1modm for u =-2,—1,0
:ciﬂ =0modm forv=1,2,3,4,6,

which implies that \;| A for all values of i. Thus it is verified that ‘<M 1(32)> ‘

(M),

There are similar proofs for the cyclic groups (Cy) e < MI(Dl)> 7 < M](;3)>
pe e

)

equals the least common multiple of S.

and <M1(34)>p5. O

It is well-known that a sequence is periodic if, after certain points, it
consists only of repetitions of a fixed subsequence. The number of elements in
the repeating subsequence is the period of the sequence. A sequence is simply
periodic with period k if the first k£ elements in the sequence form a repeating
subsequence.

Reducing the generalized Padovan-circulant sequence and the Padovan-
circulant sequences of the first, second, third and fourth kind by a modulus m,
we can get the repeating sequences, respectively denoted by

{zn (m)} ={z1 (M), z2(m), x3(m),...,z;(m),...}
and
where z; (m) = z; (modm), m;“ (m) = x? (modm) and 1 < k < 4. They
have the same recurrence relation as in (2.1), (2.3), (2.4), (2.5) and (2.6),
respectively.

THEOREM 3.3. For 1l < k < 4, the sequences {xfb (m)} are simply periodic
for every positive integer m. Similarly, the sequence {x,(m)} is a simply
periodic sequence if ged (5,m) = 1.

Proof. Let us consider the generalized Padovan-circulant sequence and
let ged (5,m) = 1. Suppose that S = {(s1,s2,53,54)|0 <s; <m —1}. Then
we have |S| = m*. Since there are m* distinct 4-tuples of elements of Z,,, at
least one of the 4-tuples appears twice in the sequence {x, (m)}. Thus, the
subsequence following this 4-tuple repeats; that is the sequence {x,, (m)} is pe-
riodic. So if zj44 (M) = 44 (M), Tiys (M) = 43 (M), Tiye (M) = 42 (M),
Tit1 (m) = xj41 (m) and i > j, then ¢ = j mod 4. From the definition, we can
easily derive

zi(m) = z;(m),zi—1(m) =xj—1(m),...,Ti—jr2 (M) = x2 (M),
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Ti—j+1(m) = a1 (m).

Thus it is verified that the sequence {z, (m)} is simply periodic.
There are similar proofs for the sequences {z% (m)}, (1 <k <4). O

We denote the periods of the sequences {z,, (m)}, {2z (m)}, (1 <k <4)
by lp (m), 1% (m), respectively.

Then, we have the following useful results from (2.2), (2.7), (2.8), (2.9)
and (2.10), respectively.

COROLLARY 3.4. Let p be a prime. Then
i Ifp#5, then lp (p) = 4 -]<c4> )
ii. 1 (p) = [(Mp), | for 1 <k <4,

Let p be a prime and let
A (p {a: (modp®) : nEZ,x4:x2—x—1},

)~
Az (p°) = {2" (modp®) : n € Z, 2% = —2® —2® + 1}
and
4469 = 12" oty m €7, 2% = a0 1)

such that ¢ > 1. Then, it is clear that the sets Ay (p°), A2 (pf), As (p°) and
Ay (p®) are cyclic groups.
Now we can give a relationship between the characteristic equations of

the Padovan-circulant sequences of the first, second, third and fourth kind and
the periods I} (m), (% (m), I3 (m) and [} (m) by the following Corollary.

COROLLARY 3.5. Let p be a prime and let € € N. Then, the cyclic
groups Ay (p°), As (p°), As (p°) and Ay (p°) are isomorphic to the cyclic groups

<M§}>>p€, <M](32)>p8, <M§’)>p€ and <M1(34)>p5.

4. THE PADOVAN-CIRCULANT SEQUENCES OF THE FIRST,
SECOND THIRD AND FOURTH KIND IN GROUPS

Let G be a finite j-generator group and let X be the subset of
GXxGxGx---xG such that (z1,22,...,2;) € X if, and only if, G is
J
generated by x1, z2, ..., z;. We call (z1,22,...,2;) a generating j-tuple
for G.
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Definition 4.1. For a generating j-tuple (z1,x2,...,2;) € X, we define the
Padovan-circulant orbits of the first, second, third and fourth kind as follows,

respectively: 1 AT
Opia = (an) (an-i-l) (an-i-?)

for n > 1, with initial conditions

ol -1 1 _ 1_ 1_ oo
a; = (1), ay = X2, a3 = x3, a5 = T4 if j =4,
1_ 1 1 1 _ 1 _ : s
1—x1 ap = (1), a3 = x2, ay = 3 if j=3,
1 _ -2 1 _ -1 1 _ e
aj = (1 y Qg = xl,a3—(m1) , ag =y if j =2,

a%: (xl)fi, a%:xg, a%:xg, ai:$4, a§:x5 if j =25,
a% = (r1) ", a% = (xl)_l, a% = I9, ailz 3, a% = x4 if j =4,
af = (x1)", a5 =(z1) ", a3 =(21) , af = w9, a3 = w3 if j =3,

Ad=e ai=(r1) ", ad=(x1)", al=(x1)"", B =20 if j=2,

a§1+6 = (ai) (a n+2) (a 2+3)_1

for n > 1, with initial conditions

alle,a%:xg,agzxg,ai:m,ag:%,ag:xﬁ if j =06,
:f:e,agza:l,agzxg,ai:xg,agzm,ag:xg) if 7 =25,
i’:xl,a%:e,agzml,aizm,agzmg,a%:u if j =4,
?:xl,agle,agze,aizml,agzxg,ag:xg if j =23,
:;, 3 _

_ 3 _ 3 _ 3 _ 3 _ e
=x1, a5 =1, A3 =T1, a3 =€, a3 = T1, ag = T2 if j =2,

ai+6 = (ai)il (afz+1)71 (ai+2)

for n > 1, with initial conditions

1= (wl)_l, a3 = 2, a3 = x3, aj = 14, af = x5, ag = g if =6,
1=21, ai = (:1:1)_1 , a3 = T9, af = T3, ai = x4, ag = 15 if j=5,
aj = (x1)72, a3 =x1, a3 = (xl)fl, aj =z, ai = x3, ag = 14 if j=4,
AIL: ($1)3, a%: (1,1)—27 ag’)l:xla aiz(xl)_la CL§:$2, aé:$3 if ]:37
t=@) ™ a= (@), gd=(e) % ad =2y ad = (1)), af =22 i j=2,

We denote the Padovan-circulant orbits of the first, second, third and
fourth kind by P} (@), P? (@), P? (G)and P! (GQ),

(:Clv"vxj) ($17...7-Tj) (.771 x]) (itl,...,l‘j)
respectively.

THEOREM 4.1. The Padovan-circulant orbits of the first, second, third
and fourth kind of a finite group are simply periodic.
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Proof. Let us consider the Padovan-circulant orbit of the third kind
nghm’xj) (G). Suppose that n is the order of G. Since there are n% distinct
triples of elements of GG, at least one of the triples appears twice in the sequence
P(3$1,...,Ij) (G). Thus, consider the subsequence following this triple. Because
of the repeating, the sequence is periodic. Since the sequence P(?;h_"’xj) (G) is

periodic, there exist natural numbers v and v, with u > v, such that

3 3 3 3 3 3
Ayl = Qyq1y Qg2 = Qyy2s ooy Qypp = Qyip-
By the defining relation of the Padovan-circulant orbit of the third kind, we
know that

(a3 16) (ady3) (ad o) =db.

3 — af’], and hence,

Therefore, a,

3 _ .3 3 _ 3 3 _ 3
Ay—pt1 = A1y Ay = A2y -y Qy_yi6 = U6

which implies that the orbit P3$ L) (G) is simply periodic.
There are similar proofs for the orbits P(lx1 sy (@), P? ,) (G) and

. (1,005
N (c)

We denote the length of the period of the orbit P(";Cl .__wj)(G) by

LP(’; —— (G) for 1 < k < 4. From the definitions of the Padovan-circulant
orbits of the first, second, third and fourth kind it is clear that the lengths of
the periods of these sequences in a finite group depend on the chosen generating
set and the order in which the assignments of x1,z2,...,x; are made.

We will now address the lengths of the periods of the Padovan-circulant
orbits of the first, second, third and fourth kind of the quarternion group Qg

and the dihedral group D,, for generating pair (z,y).
THEOREM 4.2. Consider the quaternion group Qg where
Q8:<x y:at=e, y? =2 y_lacy:x_1>.
Then LP ) (@s) = 14, LP y (@s) = 30, LP(SW) (Qs) = 62 and
LPL  (Qs) =6

Proof. We prove this by direct calculation. Let us consider the Padovan-
circulant orbit of the first kind. The orbit P1 (Qg)

2 3
xvxvx)yaeayvxyaeaxax7yax7y)$y’x7x)$’yvev""

which has period 14.
There are similar proofs for the orbits P (Qg) xy) (Qs) and
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THEOREM 4.3. Consider the dihedral group D,, where
Dy, = (z,y: 22 =y = (zy)" = e).

Then :
5, n=0mod4,
LP(lx,y) (Dp) =4 7n, n=2mod4,
14n,  otherwise,
157" -, n=0mod4,
LP(%c,y) (Dp) = 15n -, n =2mod4,
30n -« otherwise
and .
5t B, n=0mod4,
LP(ic,y) (Dn) = Lpé;’y) (DTL) = 31n . B’ n= 2mod 4’
62n - B,  otherwise,
where a, § € N.

Proof. Firstly, let us consider the Padovan-circulant orbit of the first kind.

The orbit P(lx,y) (D) is

r1=e, Ty =1, xg—x T4 =1, o
T15 = €, T16 = (y«’I?) Y, 1»‘17 = (yx) Y, T18 = y(:;:y) REER)
Tiir1 = €, Tuire = Y)Y, 2uis = 92) "y, suiga =y ()Y,
So we need the smallest integer ¢ such that 4i = n - u; for pu; € N.
If n=0mod4,i= 4% Thus, LP}, (Dn)=14-% =T
If n =2 mod 4, i = 5. Thus, LP(1 )(D ) =14

M\B ~I3

= Tn.

If n=1mod 4 or n =3 mod 4, i = n. Thus, LP( y)(D ) = l4n.
Secondly, let us consider the Padovan- circulant orbit of the third kind.
The orbit P(x Y) (Dy,) is in the following form:

T1 =T, T2 =2, T3 =T, T4 =€, T5 =T, TE =1, ...,

167 312 599
63 = (yx)188 Y ror = (xy)56 T, 265 = (y2) i
Te6 = (2/95) , xe7 = (2y)”" 2, Te2i46 = (YT) Y, -0y
- wyAi—1 o ug-4i o uz-di—1
Te2i.8+1 = (YT) Y, Te2ipr2 = (2y) " 2, 2625843 = (y) Y,

T62i-8+4 = (YT) , Te2ipes = (29) M @, Tevipre = (yx)" My, ...

where u1,ug, us, us, ug € N and uy is a positive odd integer such that

uyq-41

ged (ug, ug, us, uq, us, ug) = 1.
So we need the smallest integer i such that 4i = n - us for uo € N.
If n=0mod4,i= 4. Thus, LP{, (Dn)=62-% 8="2"5.
If n=2mod 4, i = 5. Thus, LP(?’ )(D):62 - =31In-p.
If n=1mod 4 or n =3 mod 4, i =n. Thus, LP( )(Dn):62n-ﬁ.
There are similar proofs for the orbits P (%y) ( n) and P(A; ) (Dy). O

“w\: m:
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5. CONCLUSIONS

In Section 2, we have defined the generalized Padovan-circulant sequence
and the Padovan-circulant sequences of the first, second, third and fourth kind
and then, we have obtained the relationships among the elements of the se-
quences and the generating matrices of the sequences. Also, we have given the
Simpson formula of the generalized Padovan-circulant sequence. Furthermore,
we have obtained the generating functions and the Binet-type formulas for the
Padovan-circulant sequences of the first, second, third and fourth kind.

In Section 3, we have studied the generalized Padovan-circulant sequence
and the Padovan-circulant sequences of the first, second, third and fourth kind
modulo m. Also, we have obtained the cyclic groups which are generated by
reducing the multiplicative orders of the generating matrices and the auxiliary
equations of these sequences modulo m and then, we have studied the orders
of these cyclic groups.

In Section 4, we have extended the Padovan-circulant sequences of the
first, second, third and fourth kind to groups. Then we have redefined these
sequences by the means of the elements of the groups and we have examined
them in finite groups. Finally, we have obtained the lengths of the periods of
the Padovan-circulant sequences of the first, second, third and fourth kind in
the quarternion group Qg and the dihedral group D,,.

6. FURTHER WORK

There are many open problems in this area. Below are a few of them:

e Does there exist a relationship among the Padovan sequence and the
considered sequences in this paper?

e Does there exist a formula for calculating the periods Ip (m), I (m),
1% (m), 13 (m) and [} (m)?

e What general theories can be obtained regarding the lengths of the
periods of the Padovan-circulant orbits of the first, second, third and fourth
kind of a general group? For example, does there exist a decision process to
determine whether, or not, a given group has finite length.

e Let us consider infinite groups such that the lengths of the periods of
the Padovan-circulant orbits of the first, second, third and fourth kind of these
groups are finite. To find these lengths it would be useful to have a program.
This would possibly rely on using the Knuth-Bendix method, see [15].
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