CONVOLUTION IDENTITIES FOR TRIBONACCI NUMBERS
WITH SYMMETRIC FORMULAE

TAKAO KOMATSU and RUSEN LI

Communicated by Alexandru Zaharescu

Many kinds of convolution identities have been considered about several num-
bers, including Bernoulli, Euler, Genocchi, Cauchy, Stirling, and Fibonacci num-
bers. The well-known basic result about Bernoulli numbers is due to Euler. The
convolution identities have been studied.

In this paper, by using symmetric formulas, we give convolution identities
for Tribonacci numbers, in particular, of higher-order. Convolution identities
of Fibonacci numbers or Lucas numbers can be expressed in the form of linear
combinations of Fibonacci numbers and Lucas numbers only. Fibonacci numbers
and Lucas numbers are in pairs with different values. Convolution identities
of Tribonacci numbers can be expressed in the linear combination of several
Tribonacci numbers with different values.
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1. INTRODUCTION

Convolution identities for various types of numbers (or polynomials) have
been studied, with or without binomial (or multinomial) coefficients, including
Bernoulli, Euler, Genocchi, Cauchy, Stirling, and Fibonacci numbers [1-3,6,7,
9,12]. One typical formula is due to Euler, given by

3 <Z> BBy = —nBn1—(n—1)B, (n>0),
k=0

where B,, are Bernoulli numbers, defined by

T
et —1

N B (la] < 2m).
0 n.:
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n [10], Panda et al. several kinds of the sums of product of two balan-
cing numbers are given. As an application, the sums of the products of two
Fibonacci (and Lucas) numbers

n n
Zka+TFk:(n—m)+r and ZLk’errLk(n—m)-i-r

m=0 m=0
are given, where k and r are fixed integers with k& > r > 0. The case without
binomial (multinomial) coefficients about Fibonacci numbers is discussed in [9].
In [11], the convolution identities for more general Fibonacci-type numbers u,,,
satisfying the recurrence relations u,, = au,—_1 + bu,_s, have been studied. By
considering the roots of the quadratic equation z? — az — b = 0,

Z n u ..-u
ky,... k) * Tk

ki+-+kr=n
ke kr >0

can be expressed in the linear combination of w4, ..., u,, where

n B n!
ki,....k.)  kil--- k)

denotes the multinomial coefficient.

However, the situation becomes more difficult for the numbers related to
the higher-order equation. Nevertheless, as the cubic equation can be solvable,
the numbers satisfying the four-term recurrence relation have the possibility
to have the convolution identities.

Tribonacci numbers T, are defined by the recurrence relation

(1) T, =T, 1+Th o+ T,_3 (7’L > 3) with Tp =0, T1 =T, =1
and their sequence is given by
{Tn}n>0=0,1,1,2,4,7,13,24,44, 81,149, ...

(Cf. [14, A000073]).
The generating function without factorials is given by

(2) T(x):—l_x_$2_$3 ZT:,;

because of the recurrence relation (1).
On the other hand, the generating function with binomial coefficients is

given by

0 n
x
(3) t(x) := 1™ + "% + c3)® = E Tnﬁ )
n=0
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where «, 8 and v are the roots of 3 — 22 — 2 — 1 = 0 and given by

o V1943V33+ 19 -3V33 11

= 1.839286755,

3
By — 2 (1+v/=3)v19-3v33 - (1FvV/=3)v19 + 333
T 6
= —0.4196433776 + 0.6062907292v/—1
and
1
- — = (.33622811
A e T~ T T da 1 0.3362281170,
B 1
cy 1= =
2T B-a)B-) P +4p-1
= —0.1681140585 — 0.1983241401v/—1,
v 1
C3 . — =

(Y—a)(vy=8) —+4y-1
= —0.1681140585 + 0.1983241401v/ —1
(see e.g., [5]) Notice that
ci+cea+ce3=0,
aa+ceft+ey=1,
o +ef’ + ey’ =1,
because T}, has a Binet-type formula (see e.g., [4]):
T, =ca"+cp" +e37y" (n>0).

In this paper, by using symmetric formulas, we give convolution identities,
in particular, with binomial coefficients of higher-order. Convolution identities
for Fibonacci numbers can be expressed in the linear combinations of Fibonacci
and Lucas numbers only. Fibonacci numbers and Lucas numbers are in pairs

with different values. Those of Tribonacci numbers can be expressed in the
linear combinations of various Tribonacci numbers with different initial values.

2. CONVOLUTION IDENTITIES WITHOUT BINOMIAL COEFFICIENTS

In [8], convolution identities without binomial coefficients are studied,
and the following results are obtained.

ProPOSITION 1. For n > 3, we have

n—3
Z Tk(Tn—kz + T2+ 2Tn—k—3) = (TL - 2)Tn71 —Tha.
k=0
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PROPOSITION 2. Forn > 2,

n
Z T'Th—k
k=0

w1252

B (s s (1))

=1 =0

It is not easy for the cases of the sum of products of more than two
Tribonacci numbers. By (2), we have

1+ 22+ 223
T'(z) =
(@) (1—z—2%—23)?
and
Ve 2 + 6z + 1222 4 62* + 62°
(@) = (1—z—a2—2a3)3
Hence,
(4) (2 + 62 + 1227 4 62 + 62°)T () = 237" ().
oo oo
3T (x Z n(n — )Tz = Z(n —1)(n—2)T—12™.

n=3
(625 + 6zt + 1222 + 62 + 2)T(z)?

00 oo
=36 > TnTTwa"+Y 6 > Ty TiTa"

n=5 ki+ko+k3=n—5 n=4 kitky+kz=n—4
k1,ko,k3>0 k1,ko,k32>0
oo oo
n n
+ E 12 E T, Ty Tiea " + E 6 E T Ty Ty
n=2 k1+ko+kg=n—2 n=1 kitko+kz=n—1
kq,ko,k3>0 kq,kg,k3>0

oo
+ Z 2 Z Tkl TkQTka"
n=0 k1+ko+kz=n
k1,ko,k3>0
Therefore, we get the following result.
THEOREM 1. For n > 5, we have
(n - 1)(n — Q)Tn—l
= 6 Z Tkl TkQTkg + 6 Z Tkl TkQTkB

k1+ko+kz=n—>5 k1+ko+kz=n—4
k1,k2,k320 k1,kg,k3>0
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+ 12 Z Ty T, Ty + 6 Z T, Ty Ty

k1+kgt+kg=n—2 k1+ko+kz=n—1
kq ko kg >0 k1 ko k3 >0

+2 Y T Tk, Tk,

k1+ko+kz=n
ky,ko,k3>0

3. CONVOLUTION IDENTITIES WITH BINOMIAL COEFFICIENTS

For convenience, we shall introduce modified Tribonacci numbers

50,51,8 P .
{501 2), satisfying the recurrence relation

TT(Lso,sl,sg) _ TTEiOiSI,SQ) + Téioéshsz) + TT(LiOéSLSQ) (n>3)

with given initial values TO(SO’SI’SQ) = 30, TI(SO’SI’”) = s; and T2(S°’Sl’82) = 39.
Hence, T,, = T(O’l’l) are ordinary Tribonacci numbers.
In [8], we show the following two lemmata.

LEMMA 1. We have

o

1 "
2ax Bz yr __ (2310)
+ce +ce —225 T, o1

LEMMA 2. We have

o0 n
(_17277) 1’7

2036 + c3c1PT + crege? = 212 Z T, T
n=0
By using Lemma 1 and Lemma 2 together with the fact
1
59

we can show the convolution identity of two Tribonacci numbers [8, Theorem 1].

(5) c1c + cacg + c3c1 = —

PropPoOSITION 3. Forn > 0,

n 1 n .
Z (Z) T = ﬁ <2nT7(L2,3,10) 4 22 <Z> (_1)kT]§ 1,2,7)) '

k=0 k=0

4. SYMMETRIC FORMULAE

Before giving more convolution identities, we shall give some basic al-
gebraic identities in symmetric forms. It is not so difficult to determine the
relations among coefficients. So, we list three results without proof.
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LEMMA 3. The following equality holds:
(a+b+c) = A(a® + b® + ¢3) + Babe
+C(a® +b*+c*)(a+b+c)+ D(ab+ be+ ca)(a+b+c),
where A=D —2, B=-3D+6 and C=—-D + 3.
LEMMA 4. The following equality holds:
(a+b+c)?
= Al + 0"+ N+ C@+ 0+ ) (a+b+c) + D(a® + b + c2)?
+ E(a®> 4+ b* + ) (ab + be + ca) + F(ab + be + ca)?
+ G+ +A)(a+b+c)?
+ H(ab + be + ca)(a + b+ ¢)* + Iabe(a + b+ c),
where A= -D+E+G+H-3,C=—-FE-2G—-H+4, F = -2D—-2G—-2H+6
and I =4D — E+2G — H.
LEMMA 5. The following equality holds:
(a+b+c)
= A(a® +b° + ¢”) + Babc(ab + be + ca) + Cabe(a® + b + ¢?)
+ Dabc(a + b+ ¢)*> + E(a* +b* + Y (a +b+¢)
+ H(a® + b + ) (a® +b* + )
+ I(a® + % + &) (ab+ be + ca) + L(a® + 0> + ) (a + b + ¢)?
+ N(a® +b*+c*)?*(a+b+c) + Plab+ be+ ca)*(a+ b+ c)
+Q(a* +b* 4+ c*)(ab + be + ca)(a+ b+ c¢) + R(a® +b* + *)(a+b+c)?
+ S(ab+ be + ca)(a+ b+ ¢)?,

where A=1+2L+2N + P +2Q +6R+45 — 14, B= —-2D — 2N — 5P —
2QQ —6R—-125+4+30,C=-D—-1—-2L —-2P —-3Q —6R—-75+420, F =
—I—-2L-N—-Q—-3R—-S+5and H=—-L—-2N—-P—-Q —4R— 35S+ 10.

Now, we shall consider the sum of the products of three Tribonacci num-
bers. We need two more supplementary results.

LEMMA 6. We have 1

C1C2C3 = ﬂ

Proof. Since

(a=B)(a—7)=0a®—a(f+7)+ By

=a?-a(l-a)+a®—a—1
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=30 -2a—1=Ba+1)(a—1),

we get
(= BB =)y — @)
=-Ba+1)(a-1)B8+1)(B-1)By+1)(y—1)
= —(27aBy + 9(aB + By +7a) + 3(a+ B +7) + 1)
x (aBy — (aB + By +ya) + (a+ B +7) —1)
=—-22-2=—-44.
Thus,
C1C2C3 = aﬂfy = i .

—(a=BPB -7y —a)? 4

LEMMA 7. We have

1 o0 :L‘n
c:%eax + cgeﬁx + c%ew = — E T£3’3’5)— .
44 ‘ n!
n=

Proof. In the proof of Lemma 1, we put so = 3, s1 = 3 and s9 = 5,
instead. By (o — 8)(a —v) =3a? —2a — 1 and 7y = a? — a — 1, we get
(o — B)%(a —7)%(=3B7 + 3(B+7) — 5) = —4da®.
Thus, we obtain that
i — -387+3(B+v) -5 _ 4403
(a—=PB)(v—a) (a=B)3 (o —7)?
Similarly, we obtain that dy = 44c3 and d3 = 44c§. O

= 44¢3 .

5. CONVOLUTION IDENTITIES FOR THREE, FOUR AND FIVE
TRIBONACCI NUMBERS

By using Lemmata 1, 2, 3, 6 and 7, we get the following result. Notice
that Tp = 0, so that ki, k2, k3 do not have to include 0.

THEOREM 2. Forn > 0,

n
T Tv. T
Z <k1,k2,k3> Ftka ks

k1+ko+kz=n
kq,ko,kg>1
A B C < (n 2,3,10
_ 73nT(3,3,5) 2 v 2n—/€T( 13, )T
447 +44+22kz_% k n—k ok
D n ~1,2,7)
e _1 le( 1<y T
D DI (RR (R i
k1+ko+kz=n

kq,kg,k3>0
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where A=D —2, B=-3D+6 and C = —D + 3.
Remark. If we take D = 0, we have for n > 0,

n
T Tr. T
Z <k17k2,7€3> F ke s

k1+ko+kz=n
ky,ko,k3>1

22 (32 < >2n kT 2,3 JO)Tk _ 37’LTT(L3,3,5) + 3) .

Proof of Theorem 2. First, by Lemmata 1, 2, 3, 6 and 7, we have

(c1€%% + cpeP® + c3e77)3

= A + ¢ 33T 4 cae®®) + Beycyczel@ B
+C(2e2% 4 (2?7 4 26277 (1€ + o€’ + ¢3€77)
+D(01026(a+5) + egegePHNT 4 03016(7“‘)9”)(0160“ + c0ePT + c3e™®)

A& (3z)" B ="
— - T(37375) - -
44 1;) " n! + 44 1;) n!

C o= (1 2,3,10),, "

7 znfkT( s )T P

[e.9] n

D n (=1,2,7) k x
il 1<y _1 1 .
+22 Z Z <k1, ko, k3> k1 (=1)" Tk, ol

n=0 k1+ko+kz=n
kq,kg,k3>0

On the other hand,

n

> ™ ’ n x
T,— | = Te. T Ty, —
<Zo ""!> 2 <k1,k2,k3> b ke T

kq+ko+hy=n
k1,ko,k3>1

Comparing the coefficients on both sides, we get the desired result. O

Next, we shall consider the sum of the products of four Tribonacci num-
bers. We need the following supplementary result. The proof is similar to that
of Lemma 7 and omitted.

LEMMA 8. We have

o0

4a:p 461 4 ye . _— 214217
+ C5 + c3e 131 Z
THEOREM 3. Forn >0,

n
Te T, Ty, T
2 (kl,kQ,kg,k:) Ft ko Ths Tha

k1+ko+k3z+kyg=n
k1,k,k3,kq21
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A 2,14,21 C < (n n—km(3,3,5)
= =i T HQZ L )3T

D &\ ., (2,3,10) (2,3,10)
+484kz_0<k>2 T30

E n ey n(—1,2,7) +(2,3,10) o &
— T, T, 2%
" 484 Z <k1a k27 k3> ( ) k2

k1 +kotkz=n
kq,kg,k3>0

F n (—1,2,7) (—1,2,7)
+ = Z < >(_1)k1+k2Tk 34 Tk 345
484 k1+kotkg+kg=n ki, k2, k3, ky ! 2
k1,k2,k3,k420

G n ket r(2,3,10)
+ 55 > <k1,k2,k3>21Tk1 Ty Ths

k1+ko+kz=n
k1,ko,k3>0

H n 1,2,7)
= 5 DR T 20T, T
* 22 <k17k27k37k4)( ) ha s

k1+ko+kg+kg=n
k1,ko,k3,ks>0

I <N (n
— T
T (k) ko
where A = —D+E+G+H—3, C=-FE-2G-H+4, F=-2D-2G—-2H+6

and I =4D — F +2G — H.

Remark. t E=F =G =H =0, then by A= -6, C =4, D = 3 and
I =12, we have for n > 0,

n
Ty Ty, Ty T
Z <k1,]€2,k‘3,k‘4> Pt ks Ths Tha

k1+ko+ks+kg=n
Ky ko kg kg >1

3
(2,14,21) (2,3,10)/12(2,3,10)
= 181 ( 2-4"T) ) 4+ E < >2”Tnk T,

k=0
TR Zn: <”> T (3+ 3100
11 &= \k nk )"
Proof of Theorem 3. By Lemmata 1, 2, 4, 6, 7 and 8, we have
(c1€°% + coeP® + c3e7%)*
= A(cetor 4 e 4Bz + et

+C(e 3edaz 0263,83: +C3637x)(616ax + Cgeﬂx + c3e™?)
—I—D( 2 2w +62€26m _1_0362’)/:1:)2
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22 4 (26257 1 (26297 (01pe T 4 eoegePHNT 4 cgeieOHITY
102 0T 4 g BHNT L oy 1F)T)2

G220 4 2207 4 2e217) (1657 4 067 4 c3677)2

+ H(clcge(o‘+ﬁ) + egegzelPtT 4 63(:16(7“‘):’5)(0160‘1 + cpePT 4 0367‘”)2
+ I(cleax + coePT + 6367x)0102636(o‘+5+7)2

484Z4n (21421)95 ZZ( >3n kT )Tk%

=0 k=0

D (2,3,10) r(2,3,10) "
771 <
P2 (p)rre oot

n=0 k=0

E & n (-1,2,7) Ky r(2,3,10) oy T
— Ty D (1)l gk Z
L DO S P e

n=0 k1+kotkz=n
kq,ko,k3>0

E(e
F(

n

F < n (127)_ \ke(—127) vk @
— T 1T k22
+484Z Z <k1,k2,k3,k4> k1 (=1) (=1) n/!

n=0 k1+ko+kz+kg=n
ky,ko,k3,kg>0

n

G« n (2,3,10) 0k T
— T, 28 Th, —
+QQZ Z <k1,k2,k3> k1 k2= ks n!

n=0 kj+ko+kz=n
k1,kg,k3>0

n

H n (—1,2,7) k x
— T, = (=) Ty, Ty —
1 DN S R L S

=0 k1+kot+kgtkg=n
k1,ko,k3,kg >0

i ()

n=0 k=0

On the other hand,

n

4
> n
X n X
T— | = T, Thoo Thos Thoy —
(Z nn') Z (kl,kg,kg,k4> k1 = k2" ks Cha n!

n=0 ki+ko+ks+kg=n
k1,ko,k3,kg>1

Comparing the coefficients on both sides, we get the desired result. [J

Next, we shall consider the sum of the products of five Tribonacci num-
bers. We need the following supplementary result. The proof is similar to that
of Lemma 7 and omitted.
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LEMMA 9.
5 5 8 5 1 ZOO (5,6,15) "
ax T YT _ (3,6, )
C1€ -+ 026 + 636 968 e n n'

Similarly, by Lemmata 1, 2, 5, 6, 7, 8 and 9, we have the following result
about the sum of the products of five Tribonacci numbers.

THEOREM 4. Forn >0,

A B n _
- - nT(5,6,15) . T( 17277) _1 k1
9685 " * 968 Z ki, ko, k) k1 (=1)

k1+ko+kz=n
k1,kg,k3>0

C - n kn(2,3,10) D n
— ok (23, = Ty, T
* 968 (k) k tu > Ky, ko, kg ) PR

k=0 k1+ko+kz=n
kq,kg,k3>0
E X (n (2,14,21) H & (n (8.3.5) (2.3,10)
£ gr—kp(21421) - gn—kokr(3,3,5)p(2,3,10
+ 181 <k> ek k+ 963 Z k n—k “k
k=0 k=0
I n (3,3,5) (—1,2,7)
N DI PR ELICE
968 byt Thamn k1, ko, k3 ! 2
k1,ko,k32>0

L n ki (3,3,5)
+ 1 > (kl,kg,k;»,)ngkl Ty T

ki+ko+kz=n

k1,kg,k3>0
ol " k1 (2,3,10) 6 kp (2,3,10)
- ok1(2:3,10) kg rp(2,3,10) i -
+ 484 Z (kla k2, k.3> k1 ko ks
ki1+ko+kz=n
k1,kg,k3>0
" " k (=1,2,7) n(—=1,2,7)
- -1 1+1€2T 20 21
+ 484 Z <k17 ey ]f5) ( ) k1 ko kg,
ky+-4ks=
K1yeens k5>0
< ( " ) k ko(2,3,10) 2(—1,2,7)
+ 484 Z 2 1(—1) 2Tk‘ (el Tk- a2 Tk3
484 kq+kotkgtkg=n kla kQ, k3, k’4 1 2
k1,kg,k3,kq >0
1 n oy (2,3,10)
+ ﬁ Z (kla k27 k37 ]’C4) 2 1Tk1 TkQTk3Tk4

k1+ko+kz+kg=n
Ky Ko,k kg >0
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S n —1,2,7
+ E Z (k‘l Ce. k5> (_l)le]gl )Tszk3Tk4 ’

k1+-+ks=n
k1, k5>0

where A=1+2L+2N + P +2Q +6R+4S — 14, B= —-2D — 2N — 5P —
2Q0 —6R—-125+4+30,C=-D—-1—-2L—-2P—-3Q —6R—-75+4+20, F =
—I-2L-N—-Q—-3R-S+5and H=—-L—-2N—-P—Q —4R— 35+ 10.

Remark. f B=1=L=N=P=Q=R=5=0, then by A =—
C=5 D=15 FE =5 and H = 10, we have for n > 0,

n
T. ... T,
> <k1k5> kit ks

9

k1+--+ks=n

Eqyeks >1
1 5,6,15) kr(2,3,10) e (3.3.5)

_968< 145" +5Z )2 (23T

k=0
N 15 Z ( n >Tk; To + 5 zn: <n> g4
A4 1 2 —k .
44 kq ko +kg=n k;lv k?? k3 484 k n
k1 ko k3 >0

6. MORE GENERAL RESULTS

We shall consider the general case of Lemmata 1, 7 and 8. Similarly to the

(n)

proof of Lemma 1, for Tribonacci-type numbers s, ;, satisfying the recurrence

relation 55”]2 = 8§"2_1 + 5%-2 + 55",2_3 (k > 3) with given initial values SETB,

sgnl) and 35?2), we have the form

dM e 4 b 4 g Zs ”]“;—

THEOREM 5. Forn > 1, we have

; 1 & eReela
et + e r e’ = 5 N T T
1 k=0 )

where s(lng, s§n1)7 s(1n2) and Agn) satisfy the following relations:

sgno) = *lem(by, ba), Sgnl) = Bsﬁlg, 5§n2) - CSS?O)’

b1, by, B and C are determined in the proof.
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Proof. By

)

&
S
|
CIJ
BN
O
Sy
)
+
Cl:)
X
=
+
2
|
iy
oS

we can obtain

51 oﬁ’Y + S(n) B+ — 35?2)

(@= Ay —a)
- Agn) a _51 0 B'V + 31 1 (ﬁ +7) = 3§n2 Y
A=Y (o= B)(a =) (= B) (7 — )
After a few calculations, we get the relations (6), where
n—1 nfl n—1
B D s
5S(n 1) (7 1) 4S(n 1) gflofl) 35% g 1) §n1 N
o D
(3‘9%7,1271) g ))(5 (n ) gnil) _45%171)35?071) _35§1 ) (n 1))

1
D :9s(n 2 § 2 (7 )+65( D g{m 71)85?071) +185§727 )sil )sgnl 2

2 511
n—1 n 1 n n—l
28( ) g 1) (70 )_ 73&71 )85,1 )Sg,l )7
and
B=" =2 with ged(a;,bi)=1.
bl b2

(n) (n) (n)
We choose the symbol of sgno) such that for some kg, T, ]551 0PL12) g positive

forall k > ky. O

By Theorem 5, it is possible to obtain even higher-order convolution iden-
tities, but the forms seem to become more complicated. For example, we can
see that

1
6 B _ (376197)
e 4 (§eP? + er® = 5T 1132 e

1 $
7 _azx 7 ,81' 7 T (7,20,36)
c1e™ + e +e3e’” = oy E T, g

1
8 Re%s Bz T 92 127,262) L
+026 +ce 55 1142 T

9 ez Bx YT _ 51 ,101 169)
+ce —|—ce 56 1142 T
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1 "
10 ax 10 Bz 10 ~vyx 169,347,658
1% + % + 3% _26.115215 )F‘
n=

Next, we shall consider a more general case of Lemma 2. Consider the

Tribonacci-type numbers sgnlz, satisfying the recurrence relation 8(272 = sénlz 1t

sé ,2 o+ sgnk) 5 (k> 3) with given initial values Sg,lo) , sé”l) and 35?2), we have the

form -
r§”) e + rén) e 4 rén)ew = sénlz % ,
where r%n), rén) and r:(,)n) are determined by solvirljg (‘)che system of the equations
ot e -4
r(")a + r Mg 4 r é 1)
rgn)oﬂ + 7"2 )82 + T3 )’y = 3%2)

THEOREM 6. Forn > 1, we have

(cae3)"e™ + (c3¢1)"eP™ + (cr09)"e® =

where sg 3, sg 1), 8%712) and Aén) satisfy the following relations:

é(} +lem(by, be), ngl) = MS%» 55?2) = ngfg,

(7) A = ey (885 + 1885 + 2s07)
S22 " T S821 " T Sa0

b1, ba, M and N are determined in the proof.
Proof. By

r&") = Aén) cHel,

(n=1) _ 4(n—=1) n—1 n—1
T = Ay Gy C3

we can obtain the relations (7), where

M=% N=22 it ged(ai, b)) =1,

b1 b2

and
FA—-CD —1
M=pp—ap N4
A_l()(n 1)_10;7111)_2(’” 1) B__6(n 1)_|_6(7l 1)_12(71 1)

BM + C),
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€= sl 4 8ot ooty D= ooty 4 1 — 2

E =380 — 2655 410550 Y, F=18sy5 Y — 2058 — 1655 Y.
( (n) (n) (n))
i

We choose the symbol of sgfo) such that for some ko, Tksz’o’sz’l’ »2
positive for all k& > ky. [
As applications, we compute some values of 3;70) , sgfl), 35"2) , Agn) for
some 7.
For n = 2, we have
A=52, B=-18, C=-46, D= -12, =—-6, F =102,
M=9, N=4, sj=1 s$1=9, sHh=4 AP =22
Thus,
2 2 ax 2 2 L& (194)$k
Bx 22 yr &) ¥
cacze™ + czcie” + cicze’” = 592 kZTk R
For n = 3, we have

A=-52, B=18, C=46, D=100, E=-192, F=—124,

-7 25
M = 371, N = 3—1, S%,O =31, 5%,1 = -1, 5%’2 = 25,
AP =2t 113,
Thus,
1 S 31,—-7,25 xk
(c2e3)°e" + (c301)’e™ + (c1e2)’e™™ = 24,113 St )ﬂ'
k=

For n = 4, we have

A=258, B=-564, C=-70, D=-310, E=692, F=094,

M = E, N = 7, 8270 = —42, 82,1 = 29, 3272 = 52,
AW =925 114,
Thus,
1 ~ (—42,29,52) T
e el el = ot S

For n =5, we have

A=314, B=366, C=-436, D=178, E=-758, F =1028,

70 —8
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AP = 20115,
Thus,
1 o~ (53,70,-8) T
S 55 8 55 yo _ 70,=8) L
e + el + e = g > T Kl
k=0
For n = 6, we have

A=-8%, B=-168, C =942, D=922, E=-1354, F = —2392,
217 291

M=o N=o s§0=235, o, =-217, 5, =201,
AP = 28116,
Thus,
1 235,—217,291)
Be3e” + fe” + fger” = 28.116 ZT/’S )E '
k=0

CONJECTURE. By observing the following facts
AP =22 A AW — 292 = AP A® =2t 113 = AP
8 4 10 5
A — 95 11t = AP AUD — 96115 = 4D

we conjecture that forn > 1, Agzn) = Agn).

We can obtain more convolution identities for any fixed n, but we only
give some of the results. Similarly to Proposition 3, Theorems 2, 3 and 4, we
can give more general forms including symmetric formulae. But for simplicity,
we show some simple forms as seen in Remarks above. Their proofs are also
similar and omitted.

THEOREM 7. For m > 0 and n > 1, we have

(S(n) (n) (n)) n) (n) (n))

1 % ( 1,0051,151,2 550511 51,2
Z T b b T b b
k k m—k

(A2 =

2 2 2 m
_ L omple s s 50) L2 3 ™Y )kT<sé”3ys§"f,sé"2’)
A(2 n) A(”) k )
1 2 " k=0
THEOREM 8. For m > 0 and n > 1, we have
! T m T(85n3’55n3’55”2)):r S0 VD) (o151 512
(n)ys ki, ko, k k2 ks
(Al ) ky ko thg=m 1, 2, 3
k1 ,kg,kg >0
3 3 3
2 A 6

AB7) 44n
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L3 Zm o7l AR e I )
A(2”)A(”) k m—k ’
1 1 k=0

THEOREM 9. For m >0 and n > 1, we have

1 3 n T(sﬁ"&sl sl <s§"37sl )5
(n)\4 k1, ko, ks, ka T

(Al ) k1+kot+kz+kg=n
k1,k2,k3,k4 20

m
. 6 4m T(51 0,51 1,8411"2 Z m 3kT(S?f6,s:1" 175%712)71 s ng,sgfbl),s(ly)
A 1 k=0
7 i 2mT(51 0731 1751 Q)T(s %:51 1:3§n2)
1 k=0
m
Z < ) (5170517 s079)
4”A
THEOREM 10. For m > 0 and n > 1, we have
L5 YA gt
ks
A(n) 5 K14t hr—m k‘l, ceey ]{35
( ! ) }cl,u.,k;zo
14 - 5m (8577. 51 SSn) m §2n g2n 2n
— Tm1,07 1,1:91,2 ( Z QkT 107 1, kD 1,2
(5n) 2n)
AS 44nA P
L 15 3 m T(s%”&,sﬁ"ﬁ S12) s 1)
44n(A§n))2 k1+ko+kz=m kjl’ k27 ks k2
kl Ko ,kg >0
an An (n) ((n) ((n)
k 51 T0:8171:5178) (51,051,151 2)

m

10 M\ kom—k (5??075?,”175?,75) 51,0051,1:51,2
1 1 k=0

7. SOME MORE INTERESTING GENERAL EXPRESSIONS
We shall give some more identities that the higher power can be expressed
explicitly.
THEOREM 11. Forn > 1, we have

I\ & k
(cacs + c3c1 + c1c2) (e + e el’) = <22> TG

k=0
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If n =1, we have the following.

COROLLARY 1. We have

1 ok
(cacs + cze1 + crc2)(e™F + P 4 %) = % ZT,E?”LS)E :
k=0
Proof of Theorem 11. Similarly to the proof of Theorem 6, we consider

the form

hgn) e + hgn)eﬁx + hz(,)n) et = sgng% :

n=0

By
hgn) — Ai())n) (6203 + c3c1 + 0162)n7
R = AU (ehes + eser + eren)™

we can obtain that

R (R R Tt (n-1) 550
S31 = (;_1) 5305 S32 = (;1_1) 53,05 Ay = 224, (n7_1) .
53,0 53,0 53,0

Thus,
s§0=3 s§1=1, s{8=3 A{"=(-22" O
Similarly, we get the following.
THEOREM 12. Forn > 1, we have
(c33 + cief + cfc3)" (€™ + € + €77)

1 [e.¢]

k
_ (242,82,245) T~
- 26.5.112.(222)n1 ZT’f k!

COROLLARY 2. We have

(B + A2+ 33 (e + 7 4+ 7)) = %5 112 51. e i Té242’82’245)% )
k=0
Finally, we can get the following.
THEOREM 13. Forn > 1, we have
(c% + cg)”eax + (cg + cf)”eﬁ“ + (c% + c%)”ew = A%") ?T,ﬁséﬂ&séﬂfsé@)ﬁ )

5 k=0

COROLLARY 3. We have

(c3 + cg)eo‘z + (c§ + c%)e'ng + (& + 2" = ;—21 ,{(:4’1’4)21:
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Proof of Theorem 13. Consider the form
Egn)eam + Egn)eﬁx + gg")e'm = Z sé@t% .
n=0 )

By ¢1 = (c3 + ¢3)", we can obtain that

3;70) = +lem(by, ba), sgnl) = Msgf), sg@ = ngg,
(n—1
4 _ 4447
’ Sg,lz_l) - 43;71_1) + 33;?0_1) 7
where a a
M=2= N=2 with ged(a;,b;)=1,
by by
and
B 33&72_1) — 43%?1_1) — sé?o_l) B —78;?2_1) + 108&_1) + 53%?0_1)
sgfg_l) — 48&71_1) + 38&?0_1) 7 sgf;l) — 43%?1_1) + 35%—1)

(n) (55705877 s59)
We choose the symbol of s5; such that for some kg, T},

forall £ > ky. O

is positive

As applications, we compute some values of sgfg , sg’fl), sgg , Agn) for

some n.
For n = 2,
M=-1 N= % sy =6, s =-6, sp=19, AP =222
For n = 3,
M= Zi N = %’ 8 =—61, s =-75 s)=163,
AB) = 9939
For n =4,
M 32 - %5197 sihh=—140, i =425, i) =108,
ALY — 9919
For n =5,
M = %7 N = %21;, sy = —1189,  s{) = 2567,

s) = 6318, AP = 2272,

)
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For n =6,
30411 —T75841 (6) (6)
M=—— N=—— = —13019 = —30411
13019 13019 * 5.0 %51 )
s = 75841, AL =226.92,

8. OPEN PROBLEMS

It has not been certain if there exists any simpler form or any explicit

form about the higher-order of Tribonacci convolution identities. It would be
interesting to study similar convolution identities for numbers, satisfying more
general recurrence relations. For example, convolution identities of Tetranacci
numbers t,, satisfying the five term recurrence relation ¢, = t,_1 + t,—o +
tn—3 + tn—4, have been studied by Rusen Li [13].
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