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In this paper, with the notion of weighted sharing of values we study the uni-
queness of meromorphic functions concerning general non-linear differential po-
lynomials sharing a non-zero polynomial with certain degree. The results of the
paper improve and generalise the recent results due to Cao and Zhang [7].

AMS 2010 Subject Classification: 30D35.

Key words: uniqueness, meromorphic function, sharing values.

1. INTRODUCTION AND PRELIMINARY RESULTS

A function f(z) is called meromorphic if it is analytic in the complex
plane C except at possible isolated poles. If no poles occur, then f(z) reduces
to an entire function.

In this paper, it is assumed that the reader is familiar with the stan-
dard symbols and fundamental results of Nevanlinna value distribution theory
of meromorphic functions. For a meromorphic function f(z) in the complex
plane C, we shall use the following standard notations of the value distribution
theory:

T(r, f), m(r, f), N(r, f), N(r, f),...

(see, e.g., [11,24]). We adopt the standard notation S(r, f) for any quantity
satisfying the relation S(r, f) = o(T(r, f)) as 7 — oo except possibly a set of
finite linear measure.

We denote by T'(r) the maximum of T'(r, f) and T'(r,g). The notation
S(r) denotes any quantity satisfying S(r) = o(T'(r)) as r — oo, outside of a
possible exceptional set of finite linear measure.

Let p € N and a € CU {oo}. We use the notation N(r,a;f [> p)
(N(r,a; f |> p)) to denote the counting function (reduced counting function)
of those a-points of f whose multiplicities are not less than p. Again we use
the notation N(r,a; f |< p) (N(r,a; f |< p)) to denote the counting function

MATH. REPORTS 21(71), 2 (2019), 145-172
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(reduced counting function) of those a-points of f whose multiplicities are not
greater than p.

For a € CU{oc} and p € N we denote by N,(r, a; f) the sum N(r,a; f) +
N(rya; f|>2)+...4+ N(r,a; f |> p). Clearly Ny(r,a; f) = N(r,a; f).

A meromorphic function « is said to be a small function of f if T'(r,a) =
S(r, f), i.e., if T(r,a) = o(T(r, f)) as r — oo except possibly a set of finite
linear measure.

Let f(z) and g(z) be two non-constant meromorphic functions. Let a(z)
be a small function with respect to f(z) and g(z). If f(z)—a(z) and g(z) —a(z)
have the same zeros with the same multiplicities then we say that f(z) and
g(z) share a(z) with CM (counting multiplicities) and if we do not consider
the multiplicities then we say that f(z) and g(z) share a(z) with IM (ignoring
multiplicities).

A finite value zy is called a fixed point of f if f(zg9) = zg or 2 is a zero of
f(z) —z.

In 1995, both W. Bergweiler and A. Eremenko (see [5], Theorem 2), H.
H. Chen and M. L. Fang (see [6], Theorem 1) respectively, proved the following
result.

THEOREM A. Let f(z) be a transcendental meromorphic function and
n € N. Then f"f =1 has infinitely many solution.

Corresponding to Theorem A, both Fang and Hua [9], Yang and Hua [23]
obtained the following results.

THEOREM B. Let f and g be two non-constant entire (meromorphic)
functions and let n € N such that n > 6 (n > 11). If f*f" and g"g' share
1 CM, then either f(z) = c1e%, g(z) = coe™*, where c1, ca and c are three

constants satisfying 4(cic2)"te? = —1, or f = tg for a constant t such that
=1,

To investigate the uniqueness result of entire or meromorphic functions
having fixed points, Fang and Qiu [10] obtained the following result.

THEOREM C. Let f and g be two non-constant meromorphic (entire)
functions and let n € N such that n > 11 (n > 6). If f*f' — 2z and g"g' — 2
share 0 CM, then either f(z) = clecz2, g9(z) = CQ€_CZ2, where c1, co and ¢ are
three constants satisfying 4(cic2)"T1c? = —1, or f = tg for a constant t such
that t"t1 = 1.

During the last couple of years, a significant number of authors worked
on the uniqueness problem of meromorphic functions when the non-linear dif-
ferential polynomials generated by them share certain values or small functions
(see [3,4,7-10,16-21,23,26,28,29]).
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It is instinctive to ask what happens if the first derivative f’ in Theorem
A is replaced by the general derivative f(*). By considering this problem, Xu
et al. [21] or Zhang and Li [27] respectively, proved the following result.

THEOREM D. Let f be a transcendental meromorphic function and let
k, n € N such that n > 2. Then f"f%*) takes every finite non-zero value
nfinitely many times or has infinitely many fized points.

Regarding Theorem D, Y.H. Cao and X.B. Zhang [7] obtained the follo-
wing results in 2012.

THEOREM E. Let f and g be two transcendental meromorphic functions,
whose zeros be of multiplicities at least k, where k € N. Let n € N such that
n > max{2k — 1,k + % +4}. If fr £ — 2 and g"g®) — 2 share 0 CM, f and
g share oo IM, one of the following two conclusions holds:

i) frf® = grg®;
(ii) f(2) = 1, g(z) = coe™%", where c1, ¢z and ¢ are constants such that
4(0102)n+102 =—1.

THEOREM F. Let f and g be two non-constant meromorphic functions,
whose zeros be of multiplicities at least k, where k € N. Let n € N such that
n > max{2k — 1,k + % +4}. If 75 and g"g™® share 1 CM, f and g share
oo IM, one of the following two conclusions holds:

(i) frf® = grg®;
(ii) f(z) = c3e®?, g(2) = cae™%, where c3, c4 and d are constants such that

(—1)k(0364)n+1d2k —1.

THEOREM G. Let f and g be two non-constant meromorphic functions,
whose zeros be of multiplicities at least k+ 1, where k € N such that 1 < k <'5.
Let n € N such that n > 10. If f*f%) and g*g® share 1 CM, f*) and ¢¥
share 0 CM, f and g share oo IM, one of the following two conclusions holds:

(i) f =tg, wheret is a constant such that t"t! = 1;

(i) f(z) = c3e??, g(2) = cae™%, where c3, c4 and d are constants such that
(—1)k(6364)n+1d2k =1.

Theorems E, F and G suggest the following questions as open problems.

Question 1. Can the lower bound of n be further reduced in Theorems
E, F and G?

Question 2. Can the condition “Let f and g be two non-constant mero-
morphic functions, whose zeros be of multiplicities at least k + 1, where k € N
such that 1 < k£ <5” in Theorem G be further weakened?



148 Sujoy Majumder and Rajib Mandal 4

Question 3. Can one deduce generalized results in which Theorems E, F
and G will be included?

2. MAIN RESULTS AND SOME DEFINITIONS

Throughout this paper, we always use P(z) to denote an arbitrary non-
constant polynomial of degree n € N as follows,
P(2) = anz" 4+ an12""1+ ...+ ag=an(z — 1) (z — )2 ... (2 — ¢5,) %1,
where a;(1 =0,1,...,n—1), a, # 0 and ¢;(j = 1,2,...,s1) are distinct finite
complex numbers; dy,ds,...,ds; € NU{0}, n € N such that
51
Z di =n.
i=1
Let d = max{di,da,...,ds,} and c be the corresponding zero of P(z) of
multiplicity d. We set an arbitrary non-zero polynomial P;(z) by
51
Pi(z) = ay H (2 — )% = by, 2™ + by 12™ 7 4.+ by,
=1
di#d
where a,, = b, and m; = n —d. Obviously P(z) = (z —¢)P;(z). We also use
P5(z1) as an arbitrary non-zero polynomial defined by

S1

; -1
Py(z1) = ap H (z1 +c— cl-)““'Z =em 21"+ em—127 " + ... +ep,

=1

di£d
where z; = z — ¢ and deg(P2(z1)) = my > 0. Obviously
(2.1) P(z) = ZfPQ(Zl).

Suppose I't = mg + mg and I's = mo + 2mg, where msy is the number of
simple zeros of P;(z) and mg is the number of multiple zeros of P (z).
We define k* € N as follows

(2 2) E* — k, Zf PQ(Zl) = eizi §é 0
) ki-f—l, Zf Pg(zl) 7561'2’% §é0,
for i € {0,1,2,...,m1}. Again we use p(z) to denote a non-zero polynomial

such that either deg(p) < n 4+ m — 1 or zeros of p(z) are of multiplicities at
most n — 1, where m € N, i.e.,

(2.3) p(2) = dn(z —21)"" (2 = 22)" .. (2 — 2)",
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where d,, # 0, z;(i = 1,2,...,t) are distinct complex numbers and 1,3, ... ,l; €
t
N U {0}. Here we see that either Y l; < n+m—1orl; < n—1 for all

i=1
i=1,2,... L
Before going to our main results, we need the following definition of weig-
hted sharing.

Definition 2.1 ([13,14]). Let k € NU {0} U {oo}. For a € CU {oco} we
denote by Ej(a; f) the set of all a-points of f, where an a-point of multiplicity
m is counted m times if m < k and k+1 times if m > k. If Ex(a; f) = Ex(a;g),
we say that f, g share the value a with weight k. We write f, g share (a, k) to
mean that f, g share the value a with weight k.

Also we note that f, g share a value a IM or CM if and only if f, g share
(a,0) or (a,o00) respectively. If a is a small function we define that f and g
share (a,l) if f —a and g — a share (0,1).

In this paper, taking the possible answers of the above questions into
background we obtain the following results which significantly improve and
generalize Theorems E, F and G.

THEOREM 2.1. Let f be a transcendental meromorphic function, such that
zeros of f — ¢ be of multiplicities at least k*, where k* be defined as in (2.2)
and m, n € N. Let a(z)(# 0,00) be a small function with respect to f. If
n>m+T1+ 2, then P(f)(f*N™ — a has infinitely many zeros, where P(z)
is defined as in (2.1).

THEOREM 2.2. Let f, g be two transcendental meromorphic functions,
such that zeros of f — c and g — ¢ be of multiplicities at least k, where k € N.
Let P(z) and p(z) be defined as in (2.1) and (2.3) respectively and m, n € N
such that

n>k+2(m+2l) + 32}: 7.
IFP(H)(f*)m—p, P(g)(g™)™ —p share (0, k1), where ky = %] +

3 and f, g share (00,0), then one of the following cases holds:
(1) f—c=t(g—c) for a constant t such that t* = 1, where s = GCD(n +
m,...,n+m—i,...,m), em,—; #0 for some i € {0,1,...,m1},

(2) P(HH)™ = P(g)(g™)™.

THEOREM 2.3. Let f, g be two transcendental meromorphic functions,
such that zeros of f — ¢ and g — ¢ be of multiplicities at least k*, where k*

be defined as in (2.2). Let P(z) and p(z) be defined as in (2.1) and (2.3)
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respectively and m, n € N such that

n>k+2(m+209) + 3’2}; 7.
I P(f)(f®)™—p, Plg)(g®)™—p share (0, k1), where by = | ;rmb D8 |4

3, f®), g share (0,00) and f, g share (c0,0), then one of the following cases
holds:
(1) If Po(z1) = e;28 #0, for somei € {0,'1, 2,...,m1}, then f—c=t(g—c),
where t is a constant such that t+ =1, for somei € {0,1,2,...,mq}.
(2) If Py(z1) # e;2t #0, fori € {0,1,2,...,m1} and f, g share (c,0), then
f—c=t(g—c) for a constant t such that t* = 1, where s = GCD(n +
my...,n+m—1,...,1), eyn,—; #0 for somei=0,1,2,...,m; — 1.

Remark 2.1. The results of the paper significantly rectify Theorems E, F
and G in the following direction: “Conclusion (i) does not occur in Theorems
E, F and G”. Actually in the statements of Theorems E, F and G, it is assumed
that both f and g have zeros of multiplicities at least k(> 1), but in the
conclusion (i7) of Theorems E, F and G, we see that multiplicities of zeros of
both f and g are equal to k = 0 as they have no zeros.

Remark 2.2. The results of the paper, generalise Theorems E, F and G in
different directions. For examples, we consider P(f) instead of f™ and (f*))™
instead of f*) in Theorems E, F and G.

Remark 2.3. Theorem 2.3 improves Theorem G in the following direction:
Theorem 2.3 holds for £ > 1, but Theorem G holds for 1 < k < 5.

Remark 2.4. Let us take d = n, ¢ = 0, Pa(z1) = 1 and m = 1. Then
from Theorem 2.2 we can easily get a theorem which is the improvement of
Theorems E and F.

Remark 2.5. Let us take d = n, ¢ = 0, P»(z1) = 1 and m = 1. Clearly
k* = k. Then from Theorem 2.3 we can easily get a theorem which is the
improvement of Theorem G. Consequently, Theorem G holds when zeros of f
and g are of multiplicities at least k, where k € N.

Remark 2.6. Tt is easy to see that the conditions “f*), ¢(¥) share (0, 00)”
and “f, g share (¢,0)” in Theorem 2.3 are sharp by the following example.

Ezample 2.1. Let P(z) = 2" ((n+1)z—n), f = 11_717?;1 and g = hll_ziﬁil,
where h(z) = e*—1 and n € N with n > 10. Observe that f and g share (0o, 00)
but f and g do not share 0. Note that

_ Wh" 1t ((n + 1)h — k"t —n)

7 W(1+nh"t — (n+1)h™)
(1— hnt1)2

(1 _ hn+1)2

and ¢ =
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Clearly f’ and ¢’ do not share 0. Clearly f™(f —1
P(f)f = P(g9)g’. Therefore P(f)f" and P(g)g share (
te C\{0}.

) =g"(g— 1), ie,
1,00), but f # tg,

Remark 2.7. The above example also shows that the conclusion (2) in
Theorem 2.2 cannot be removed.

We now introduce the following definitions and notations which are ne-
cessary in the paper.

Definition 2.2. We denote by N(r, a; f |= k) the reduced counting function
of those a-points of f whose multiplicities exactly k € N, where k > 2.

Definition 2.3 ([1]). Let f and g be two non-constant meromorphic functi-
ons such that f and g share 1 IM. Let zy be a 1-point of f with multiplicity p
and a 1-point of g with multiplicity ¢. We denote by N (r, 1; f) the counting

function of those 1-points of f and g where p > ¢, by N}E) (r,1; f) the counting
function of those 1-points of f and g where p = ¢ = 1 and by Ng(r, 1; f) the
counting function of those 1-points of f and g where p = ¢ > 2, each point in
these counting functions is counted only once. In the same way, we can define
=7 1 (2
NL(Tv 17 g)a NE)(n 1; g): N(E (Tv 17 g)

Definition 2.4. ( [14]). Let f, g share a IM. We denote by N.(r,a; f, g) the
reduced counting function of those a-points of f whose multiplicities differ from
the multiplicities of the corresponding a-points of g. Clearly N.(r,a; f,g) =

N.(r,a;g, f) and N.(r,a; f,9) = Np(r,a; f) + Np(r,a;g).

3. LEMMAS

Let F, G be two non-constant meromorphic functions. Henceforth, we
shall denote by H and V the following two functions

F” 2F' G" 2G"
(3:-1) H_<F’ _F—1>_(G’ _G—l)
and
F/ F/ G/ Gl Fl G/
(82) V= <F—1 _F> a <G—1 _G> T F(F-1) GG-1)
LEMMA 3.1 ([30]). Let f be a non-constant meromorphic function and

k, p € N. Then
Ny (7,05 f*)) < Ny (7,05 f) + kN (r, 00; f) + S(r, f).
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LEMMA 3.2 ([15]). If N(r,0; f*) | f # 0) denotes the counting function of
those zeros of f*) which are not the zeros of f, where a zero of f*) is counted
according to its multiplicity then

N(r,0; f®) | f #0) < kEN(r,00; f) + Nio(r, 0; f) + S(r, f).

LEMMA 3.3 ([22]). Let f be a non-constant meromorphic function and
P(f)=ao+a1f+asf?+...+anf", where ag,a1,az...,a, are constants and
an # 0. Then T(r, P(f)) =nT(r, f) + O(1).

LEMMA 3.4 ([24], Theorem 1.24). Let f be a non-constant meromorphic
function and let k € N. Suppose that f*) £ 0, then
N(r,0; f) < N(r,0; f) + kN(r, 005 f) + 5(r, f).

LEMMA 3.5 ([24]). Let f; (j = 1,2,3) be meromorphic functions where fi
be non-constant. Suppose that

ij_l and ZNrOfJ

as r — 400, r € I, A<1and T(r) = maxi<j<3 T(r, fj). Then fo =1 or

f351.

N(r,00: f;) < (A +0(1))T(r),

\Mw

LEMMA 3.6 ([11,25]). Let f be a non-constant meromorphic function and
let a1(z), az(z) be two meromorphic functions such that T(r,a;) = S(r, f),
1 =1,2. Then

T(Taf) §N(r,oo;f)+N(r,a1;f)+W(r,a2;f)+5(r,f).

LEMMA 3.7 ([11]). Suppose that f is a non-constant meromorphic function,
k(> 2) is an integer. If
/
JWmnﬁ+N@&ﬁ+Nmmﬂ%=S@§%
then f(z) = e+ where a # 0, b are constants.

LEMMA 3.8. Let f be a transcendental meromorphic function and k, m, n
€ N. Then P(f)(f*)™ is non-constant, where P(z) is defined as in (2.1).

Proof. Let W = P(f)(f®)™. If possible, suppose ¥ is constant. Then
N(r,0; P(f)) = 0 and N(r,00; f) = 0. If Pi(2) is a non-constant polynomial,
by the Second fundamental theorem we arrive at a contradiction. Next we
suppose P(z) = an(z — ). Let fi = f — ¢. Therefore ¥ = anf{l(fl(k))m. Also
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we see that

<1yﬁm (A7) 1
— =a —.
fi v
Then by Lemma 3.3 we have

(k)ym
(n+m)T(r,f1) < T(r, (flf{n) ) +T(r, é) +0(1)
< N(r,oo, }lm ) + S(r, f1)
S m[Nk(r,O;f1)+kW(r,oo;f1)]+S(1",f1)
< mk [N(T‘,O;fl)—FW(T,OO;fl)]+S(T,f1) :S(T7fl)a

which is impossible. Hence ¥ is non-constant. This completes the lemma. [J

LEMMA 3.9. Let f, g be two transcendental meromorphic functions, whose
zeros be of multiplicities at least k, where k € N and let m, n € N. Sup-
pose P(f)(f¥N)™ —p, P(9)(g®)™ — p share (0,00) and f, g share (c0,0),
where p(z) and P(z) are defined as in (2.3) and (2.1) respectively. Then
P(f)(f®)mP(g)(g*)™ # p*.

Proof. Suppose
(3.3) P(f)(f*)™P(g)(g™)™ = p*.

Since f and g share (00, 0), from (3.3) it follows that f and g are transcen-
dental entire functions.

Suppose Pj(z) is a non-constant polynomial. For the sake of simplicity,
we may assume that Pj(z) = an(z — ¢my)™, where d + m; = n. Obviously
CF# Cmy-

From (3.3) we see that

N(r,e; f) = O(logr) and N(r,cm,;f) = O(logr).
Now by the second fundamental theorem we have

T(r,f) < N(r.e; f) + N(r,emy; f) + N(r, 00 f) + S(r, f)
= O(logr) + 5(r, f) = S(r, f),

which is impossible, since f is a transcendental entire function. Therefore P(z)
must be of the form a,(z — ¢)” and so from (3.3) we have

aZ(f — o) (f*) (g — o) (g™ = p*.
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Let fi=f—c, g1 =9g—cand p? = g—j. Then from above we have
(3.4) gt 9 = k.

We consider the following cases.

Case 1. Let deg(p1) =I(>1).
From (3.4), it follows that N (r,0; f1) = O(logr) and N(r,0;g1) = O(logr).

Let
n( (k) ym n( oK) ym
(3.5) F1:f1 (1) and G1:91(91 ) ‘
b1 D1
Clearly from (3.4) we get
(3.6) G = 1.

If I = d1G1, where dy is a non-zero constant, then F} is a constant,
which is impossible by Lemma 3.8. Hence F} # d1Gy. Let

_ A m
gl —m
Since f; and ¢; are transcendental entire functions, it follows that
)™ = pr # o0 and g(g)™ = p1 # oo, Also since f{(fi)" — pi
and g?(ggk))m — p1 share (0, 00), we deduce from (3.7) that

(3.8) P =,

(3.7) o

where [ is an entire function. Let fi1 = F}, fio = —eP@Gq and fiz = eP. Here
fi1 is transcendental. Now from (3.7) and (3.8), we have

fi1+ fie+ fis=1

Hence by Lemma 3.4 we get
3 3
> ON(r, 0 f15) +2) N(ro0; fi;) < N(r,0;F1) + N(r,0;¢°Gy) + Ologr)
j=1 J=1
< (A+o(W)T(r),

asr — 4oo,rel, A<1and T(r) = IMaxj1<;<3 T(’I”, flj)-
So by Lemma 3.5, we get either ¢’G; = —1 or €’ = 1. But here the only
possibility is that e’Gy = —1, i.e., g?(ggk))m = —ePp; and so from (3.4) we

obtain I} = "Gy, i.e.,

Y™ = engp gy,



11 Uniqueness of meromorphic functions satisfying a non-linear equation 155

where 71 is a non-constant entire function. Then from (3.4) we get
(3.9) ff(fl(k))m = dge%“pl and g?(ggc))m = dge_%”pl, where dy = £1.

This shows that f{‘(fl(k))m and g’f(ggk))m share (0, 00). Since N(r,0; f1) =
O(logr) and N(r,0;g1) = O(logr), so we can take

(3.10) f1(2) = h1(2)e*®) and g1(2) = ha(2)e’®,
where hy and hsy are non-constant polynomials and «, 8 are two non-constant
entire functions.

We deduce from (3.4) and (3.10) that either both « and g are transcen-
dental entire functions or both « and 8 are polynomials. Now we consider the
following sub-cases.

Sub-case 1.1. Let k > 2.

First we suppose both a and 3 are transcendental entire functions.

Let a1 =o' + % and 31 = '+ % Clearly both a and f3; are transcen-

dental. Note that
_ f1 _ g1
S(rya1) = S(r E> and S(r, 1) = (r g—1>

Moreover, we see that

N0 S (f)™) < N(r,0:p7) = O(logr) and N(r,0; 97 (91”)")
< N(r,0:p}) = O(log).

From these and using (3.10) we have

!/

(3.11)  N(r,00; f1) + N(r,0; f1) + N(r, 0; £ = S(r,a1) = S (f%)

(812)  N(r,ocig1) + N(r0;91) + N(r, 0;91") = S(r, 81) = S (r, gi)'

Then from (3.11), (3.12) and Lemma 3.7 we must have fi(z) = %%+t
and g1(z) = e®*T9 where a3 # 0, b3, c3 # 0 and d3 are constants. But this is
impossible because zeros of fi; and g1 are of multiplicities at least k.

Next we suppose « and S are both polynomials.
Now from (3.4) we get a+ = C € Ci.e., ' = —f'. Therefore deg(a) =

deg(63)-
We deduce from (3.10) that

(3.13) fln( l(k))m = Alh?[hl(o/)k + Pk_l(a/’hll)]me(n-l-m)a = ple(n—l—m)a’
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(814)  gi(e1)" = Bihglha(8)" + Quor (8, ) "el TP = pyelrm,
where A;, B; are non-zero constants, P,_1(c/, h}) and Qr_1(8’, hfy) are diffe-
rential polynomials in o/, b} and ', h), respectively.

By virtue of polynomial p;, from (3.13) and (3.14) we arrive at a contra-
diction.

Sub-case 1.2. Let k = 1.

Suppose that a and [ are transcendental. Then from (3.4) and (3.10) we
get
(3.15) (hiho)" (b1 + 1)) (haff' + hhy) ™ e Tm@+h) = p2.

Let a + 3 =~y and | = n+ m. From (3.15), it is clear that ~ is not a
constant. Now from (3.15) we get

(3.16) (hiho)™ (hia! + 1Y)™ (ha(y' — o) + hy)™e = pi.

We have T'(r,~') = m(r,1v") + O(1) = m(r, (i;)/) = S(r,e!). Thus from
(3.16) we get

T(r,e) <

r p%
' < “(hho)" (aa! + 1Y) " (ha(y = of) + hé)m> row

< mT(rd)+mT(r,y —a)+O(ogr) + O(1)

< 2m T(r,a’) + S(r,d) + S(r,e"),
which implies that T(r,e!?) = O(T(r,’)) and so S(r,e") can be replaced by
S(r,a’). Thus we get T(r,v') = S(r,a’) and so 4 is a small function with
respect to /. In view of (3.16) and by Lemma 3.6 we get
T(r,a)
N(r,00;0) + N(r,0;hia + h}) + N(r,0; ha(y' — o) + b)) + S(r, /)

<
< Of(logr) + S(r,a),

which shows that o’ is a polynomial and so « is a polynomial. Similarly, we
can prove that f is also a polynomial. This contradicts the fact that o and
are transcendental.

Thus a and S are both polynomials. Consequently from (3.4), we can
conclude that a + 3 is a constant and so o/ + 3/ = 0. We deduce from (3.4)
that

(3.17) f{l(f{)m = h?(hla/ + hll)me(n—i-m)a = ple(n_;,_m)a’

(3.18) g’l"b(g/l)m = h?(hﬁ’ + hlz)me(n—i-m)ﬂ = p1e(n+m)5,
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By virtue of the polynomial p;, from (3.17) and (3.18) we arrive at a
contradiction.

Case 2. Let p1 be a non-zero constant, say b.

Then from (3.4) we get f{z(fl(k))mg?(ggk))m = (b/a,)?, where f; and g
are transcendental entire functions. Clearly f; and g; have no zeros. But this
is impossible because zeros of fi and g7 are of multiplicities at least k. This
completes the lemma. [

LEMMA 3.10 ([12]). Let f and g be two non-constant meromorphic functi-
ons. Suppose that f and g share (0,00) and (00, 0), f*) and g*) share (0, 00)
fork=1,2,...,6. Then f and g satisfy one of the following cases
(i) f =tg, where t(# 0) is a constant,
(ii) f(z) = et g(2) = e+, where a, b, ¢ and d are constants such that
ac#0

(iti) f(2) = 1ok, 9(2) = =5, where a, b are non-zero constants and

~

a(z) is a non-constant entire function,
(iv) f(2) = a(l —be®), g(z) = d(e* —b), where a, b, ¢ and d are non-zero

constants.

LEMMA 3.11. Let f and g be two transcendental meromorphic functions
such that zeros of f — ¢ and g — ¢ be of multiplicities at least k*, where k*
be defined as in (2.2) and m, n € N. Suppose f*), ¢ share (0,00) and f,
g share (00,0). If fEP(F)(S{P)™ = g Palg1) (o)™, where f1 = f — ¢ and
g1 = g — ¢, then one of the following cases holds:

(1) If Py(21) = e;2t £ 0, for somei € {0,1,2,...,m1}, then f —c=t(g—c),
where t is a constant such that t4T™+ =1, for somei € {0,1,2,...,m1}.

(2) If Py(21) # e;28 #£0, fori € {0,1,2,...,m1} and f, g share (c,0), then
f—c=t(g—c) for a constant t such that t°* = 1, where s = GCD(n +
m,...,n+m—1i,...,1), em,—;i #0 for somei=0,1,2,...,m; — 1.

Proof. Suppose
(3.19) AP )™ = giPa(g1) (g8,
(

(3.20) ie.,

From (3.19) we see that fl(k) and g%k) share (0o, 00). Again since fl(k) and
ggk) share (0, 00), it follows that f; and g; share (0,00) also. Since f; and ¢;
share (0, 00), (00, 0), it follows that f; = €7g;, where ~ is an entire function.
We now consider following two cases.

Case 1. Suppose P5(z1) is a non-zero monomial.
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Let Pa(z1) = e;2% # 0, for some i € {0,1,2,...,m1}. Then from (3.19)
we have

(3:21) AT = g e
n1 (k) m
(3.22) ie, T = (gtk)) :
gl (fLi)m
(k)
where n; = d + i, for some ¢ € {0,1,2,...,m;}. Let hy = i% and ho = f%—k)
91

Then hy # 0,00 and hg # 0,00. From (3.22) we see that
(3.23) KM R = 1,

First we suppose hi is a non-constant entire function. Consequently ho
is also a non-constant entire function. Let F} = h7* and G; = hj'. Also from
(3.23) we get

(3.24) FGy = 1.

Clearly F; # d(G1, where d is a non-zero constant, otherwise F; will be a
constant and so h; will be a constant.

Since F1 # 0,00 and G # 0, 0o then there exist two non-constant entire
functions o and 8 such that [} = e® and G; = €. Now from (3.24) we see
that a4 8 = C € C. Therefore o/ = —f'. Note that F| = o/e® and G, = f'e”.
This shows that F| and G share (0,00). Note that F} # 0,00, G; # 0,00 and
Fy # dG1, where d is a non-zero constant. Now in view of Lemma 3.10 we
have Fi(z) = ¢1e®® and G1(z) = coe™**, where a, ¢1, o are non-zero constants

n (k) m

such that cico = 1. Since (ﬁ—gz;) - c1e® and (f%k)é'z;) = coe” %% it follows
g, "z

that

(3.25) QEE; = tien” = teh?
and
(k)
(3.26) ftk)(z) = tge_%z = tye®??
91 (2)

where dy,da, t1,t2 are non-zero constant such that t7* = ¢y, t5" = ¢, dy = n%
and dy = — . Let

(k+1) g(k—‘rl)
(3.27) P = 2L — =zl
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From (3.26), we see that
(3.28) <I>1(z) = d2.

Again from (3.25) we see that

J A
Nay=1Y ICi(eh*) 07040 (2),
1=0

(0)

where we define g; ' (z) = ¢1(z). Consequently we have

(3.29) fFV () = ty[d e Z g (2) + (k + 1)dbeh gl (2) + . ..
k(k+1 _
+ 7( 2+ )al%edlzgyC 1)(2) + (k+ 1)dled1'zg§k)(z) + edlzggkﬂ)(z)]
and

(330) fIP(2) = ti[dfeZgi(2) + kdi ez g (2) +

k— 1)k _ _
+ 7( 5 ) d%edlzgyC )(z) —I—kdledlzggk 1)(z) —i—edlzggc)(z)].

Now from (3.27), (3.29) and (3.30) we have
Fy = Ga + (k + 1)digi” 91" — keygi* Vg{"*"

(3.31) @ = :
Fs + ggk) (k)
where
k(k+1 _
= dlfﬂglggk) + (k+ 1)dlfgig§k) +...+ bkt 1) 5 >d%g§k 1)g§k),
_ k—1k _

G = digigt + kil ghgl Y L+ (Q)d?gﬁk gttt

and
Fs; = dlglg§ by + k:dlggk*l)gik).

Let z, be a zero of g1(z) of multiplicity p(> k). Then the Taylor expansion
of g1 about 2, is

(3.32) g1(2) = bp(z — 2p)" + bp41(2 — Zp)p+1 + bpa(z — zp)p+2 +...,0p # 0.

We now consider the following two sub-cases.

Sub-case 1.1. Suppose p = k. Then
(3.33) g (2) = kb + (ke + 1)lbjs (2 — 2) + . ..
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and
(334) g™ (2) = (k+ Dlbgyr + (b +2) 0oz — 23) + ...
Now from (3.31), (3.33) and (3.34) we have

21,2
(3.35) By (2) = dlw — di(k +1).

Therefore we arrive at a contradiction from (3.28) and (3.35).
Sub-case 1.2. Suppose p > k + 1. Then

D) =pp—1) ... (p—k+3)bp(z — 2P F2 4 .

B =pp—1) ... (p—k+2)bp(z — )P F 4.

d ) =pp 1) (p—k+ Dby(z — 2P F 4.
and
(k+1) _ -1 — k)b o p—k—1
g1 (z)=plp—1)...(p—k)bp(z — zp) +....
Therefore
(3.36) 9%16)(2)95“(2) = beo(z — )P
(3_37) g(k—l)(z)g(k—i—l)(z) _ &sz(z _ )2p—2k -
! ! p—k+1 7P P ’
where K = [p(p—1)...(p — k + 1)]?. Also
Fy(2) = O((z = 2)™7M1), Ga(2) = O((z — 2,) 1)
and F3(2) = O((z — 2,)?P7 2.
Now from (3.31), (3.36) and (3.37) we have
(k+ 1)1 Kb} — ki ;255 Kby L opl

o p—k+1
(3.38)  ®i(z) = w2 =i

Therefore we arrive at a contradiction from (3.28) and (3.38).

Thus in either cases one can easily say that g; has no zeros. Since f;
and g; share (0,00), it follows that both f; and g; have no zeros. But this
is impossible because zeros of f; and g are of multiplicities at least k(> 1).
Hence h; is constant. Then from (3.21) we get h}'"™ = 1. Therefore we
have f — ¢ = t(g — c), where t is a constant such that 4™+ = 1, for some
1€ {0,1,2,...,m1}.

Case 2. Suppose P5(z1) is not a monomial.
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For the sake of simplicity, we assume that

Py(z1) = e 27"t + emy—121" L 4 eiz +eo; eo # 0.

Let h] = Pa(h) and hs = ff(f(li,c))m. Then h] # 0,00 and hj # 0, 00. From
P2 (g1) Qii(gl )™

(3.20) we see that
(3.39) Wb = 1.

We now consider the following two sub-cases.
Sub-case 2.1. Suppose hj] is a non-zero constant, say b. Then we have

(3'40) emlfl +em,— lfml 1 -+€1f1+60
= blem 97" + emi—197" 1+--~+€191-|-€0)-

Let b = 1. Then from (3.19) we have
k) k
AU = gl ™)

Then by Case 1 we have f; = tg;, where t is a constant such that ¢4+ = 1,
i.e., tVTMTML — 1,

Again from (3.40) we have
emy gl (™ = 1) 4 ey 197 T EMTL D) e (t—1) =0,
i.e.,

emlginl (tn—l—m - ) + €my— 1gm1 1(tn+m ! 1) +...+ elgl(t - 1) =0.

This shows that f —c =1t(g — ¢) for a constant ¢ such that t* = 1, where
s=GCD(n+m,...,n+m—i,..., 1), ep,—; # 0forsomei=0,1,2,...,m;—1.
Let b # 1. Since f; = €7g;, from (3.40) we have

(3.41) emy g (€™ = b) + emy 197 e (mi=1)y _p) 4 .
+eigi(e” —b) = ep(b—1).

Note that g1 # d, where d € C. Then from (3.41) we see that g; has no
zero. But this is impossible because zeros of g; are of multiplicities at least
k+ 1.

Sub-case 2.2. Suppose h] is non-constant.

Therefore hj is also a non-constant entire function. Note that h] # djh3,
where djj is a non-zero constant. Since h] # 0,00 and hj # 0,00, then there
exist two non-constant entire functions a* and * such that hf = e* and
hi = /. Now from (3.39) we see that (a*) = —(B8*). Therefore (h})
and (h3)" share (0,00). Now in view of Lemma 3.10 we get hi(z) = cje?*
and h3(z) = c5e™**, where a, ¢, co are non-zero complex constants such that
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c1co = 1. Therefore we have
. em 7 cre® emi—197 "+ (e™MTYT — cle
(342) e gl (™7 = 1) o+ ey gl MM — o) +

+e1g1(e” — cje®) = ep(cie®® —1).

Note that ¢je® — 1 has only simple zeros. Also from (3.42), we see that
zeros of g1 are also the zeros of cje®” — 1. Since all the zeros of g; are of
multiplicities at least k& + 1, from (3.42) we arrive at a contradiction. This
completes the lemma. [

LEMMA 3.12. Let f, g be two non-constant meromorphic functions such
that zeros of f —c and g — ¢ be of multiplicities at least k*, where k* be defined
as in (2.2) and F = P(f)(f¥)™, G = P(g)(¢"™)™, where k, m,n € N such
that n +m +mk > 2k + 1 and P(z) be defined as in (2.1). Suppose H # 0. If
F, G share (1,k1) and f, g share (c0,0) then

_ KT+ k" +1
. <
N(r,o0; f) < *(n+m+ (m—2)k—1)

1 _
N, 71;F7 ) »9)-
+n+m—|—(m—2)k—1 (r G)+S(r, f)+S(r,g)

[T(r, f) +T(r,9)]

Proof. Let fi = f —cand g1 = g — c. If oo is a Picard exceptional value
of f and g, then the lemma follows immediately. Next suppose co is not a
Picard exceptional value of f and g. Since H # 0, it follows that FF £ G. We
claim that V' # 0. If possible suppose V = 0. Then by integration we obtain
1—%=A(1- é) Note that if z, is a pole of f then it is a pole of g. Hence
from the definition of F' and G we have % =0 and ﬁ =0. So A=1 and
hence F' = @, which is impossible. Let zg be a pole oé f) with multiplicity ¢
and a pole of g with multiplicity r. Clearly zg is a pole of F' with multiplicity
(n +m)q + mk and a pole of G with multiplicity (n + m)r + mk. Since f
and g share (00,0), from the definition of V' it is clear that zo is a zero of V
with multiplicity at least n +m + mk — 1. Now in view of Lemma 3.2 and the
definition of V' we have

[n +m +mk — 1] N(r, 00; f)

< N(r,0;V)

< N(ryoo; V) + S(r, f)+ S(r,g)

< N(r,0;F)+ N(r,0;G) + Nu(r,1; F,G) + S(r, f) + S(r,g)

< N0 Pi(f) + N(r,0; f1) + N(r, 05 £ f1 # 0) + N(r,0; Py (g))
+N(r,0591) + N(r, 0:97|g1 # 0) + Nu(r, 1 F, G) + S(r, f) + S(r, )

< N(r,0; Pi(f)) + N(r,0; f1) + k N(r,00; f1) + Ni(r,0; f1)
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+N(r,0; Pi(g)) + N(r,0;91) + k N(r,00; 1) + Ni(r,0; g1)

+N.(r,1;F,G) + S(r, f) + S(r, 9)
N0 B1(1) + N0, 0: Pi(g) + o [N(,0: 1) + N(r, 0:91)]
2k N(r,00; ) + Nalr, 1 F,G) + S(r, ) + S(r,9)
ELE L 06, £) 4 T, 0)] + 26 N 00: ) + Nl 1, G)

+S(r, f) 4+ S(r,g).

Hence the lemma follows. O

LEMMA 3.13. Let f be a non-constant meromorphic function and F =
P(f)(f* N ™ where k, m, n € N and P(z) be defined as in (2.1). Then

(n—m)T(r, f) < T(r,F) —m N(r,00; f) = N(r,0; (f¥)™) + S(r, f).

Proof. Note that

1.€.,

N(r,00; F) = N(r,00; P(f))+ N(r,o0; (f*)™)
= N(r,00; P(f))+m N(r,o00; f) + mkN(r,o0; f),

N(r,00; P(f)) = N(r,00,F) —m N(r,o00; f) —mk N(r,o00, f) + S(r, f).

Also
m(r, P(f))
F
- e g
< m(r,F) —i—m(r, (f(i))m) + S(r, f)

m(r, F) +T(r, (f™)™) = N(r,0; (f*)™) + S(r, f)
m(r, F) + N(r,00; (f*)™) + m(r, (f*)™) = N(r, 0; (f*)™) + S(r, )

(k)ym
(ffm) )—{—m(r, fm)

m(r,F) +m N(r,00; f) +m kN(r,00; f) + m(r,

—N(r,0; (f*¥N™) + S(r, f)
m(r, F) +m T(r, f) +m kN(r,00; f) — N(r,0; (f*¥)™) + S(r, f).

Now

nT(r, f)

= N(r,00; P(f)) +m(r, P(f))
< T(r,F)+mT(r,f) —mN(r,oo;f) —N(T,O; (f(k)>m)+s(rvf)a
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i.€., (n_m) T(Taf) < T(T)F) -—m N(’I”,OO,f) _N(T70; (f(k))m) +S(Taf)
This completes the proof. [

LEMMA 3.14. Let f, g be two transcendental meromorphic functions, such

that zeros of f—c and g—c be of multiplicities at least k*, where k* be defined as
k)\ym
in (2.2) and m,n € N such thatn > 2"+ % +m+k+1. Let F = PG

p1 ’
G = M, where p1(z) be any non-zero polynomial and P(z) be defined

P
as in (2.1). If f, g share (00,0) and H = 0 then one of the following three

cases holds
(1) P(H(FP)™P(g)(g®)™ = pi, where P(f)(f*))™ ~p1 and P(g)(g™*))™ —
p1 share (0,00),
(2) f—c=t(g—c) for a constant t such that t* = 1, where s = GCD(n +
My.co,n+m—i,...,m), em,—i #0 for some i € {0,1,...,m1},
(3) P(H)(SP)™ = P(g)(g™)™
Proof. Since H = 0, on integration, we get
! !
F _ 4 G ’
(F—-12  (G-1)

where A is a non-zero constant, i.e.,
(Flfpl), (GI*P1>,
Pl p1
—A :
(F17p1)2 G17p1>2
P1 p1
where Fy = P(f)(f*)™ and G; = P(g)(g"®)™. This shows that % and
==L share (0, 00). erefore — p1 an 9)(g — p1 share
CL-PL share (0 Therefore P(f)(f*)m d P(g)(g®)m h
(0,00). Finally, on integration we have
1 _bG+a—b
F-1 G-1 7
where a, b are constants and a # 0. We now consider the following cases.
Case 1. Let b# 0 and a # b.
If b = —1, then from (3.43) we have F' = z—"—. Therefore

N(r,a+1;G) = N(r,00; F) = N(r,oo;f)—i—S(r,f).

(3.43)

So in view of Lemma 3.13 and the second fundamental theorem we get
(n—m) T(r,g)
T(r, P(g)(g™)™) — m N(r,00; g) — N(r,0; (¢")™) + S(r, g)
T(T, G) -—m N(T, 003 g) - N(Tv 0; (g(k))m) + S(r7g)

VANVAN
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< N(r,00;G)+ N(r,0;G) + N(r,a+ 1;G) —m N(r,00; g)
—N(r,0; (¢")™) + S(r, g)
< N(r,0; Pi(9)) + N(r,059 — ¢) + N(r, 0; (¢")™) + N(r, 00; f)

=N (r, 05 (¢"™)™) + S(r, g)

_ 1
< N(r,oo,g) +F1 T(ng) =+ E T(T7g) + S(ﬁﬂ)

L) T(r.g) + 5(r.9) < (014 +1) T(r,0) +5(r. ),

which is contradiction since n > I'y + ki +m+ 1.
If b # —1, from (3.43) we obtain F — (14 3) =

< N(r,o0;9)+ (T +

W‘%andso
_ b— _ I
N(T,TQ;G)ZN(T’,OO;F)=N(7’70<>;f)+5(hf)‘

Using Lemma 3.13 and the same argument as used in the case when
b= —1 we can get a contradiction.

Case 2. Let b# 0 and a = b.

If b = —1, then from (3.43) we have FG =1, i.e., P(f)(fF)™P(g)(g*))™
= p?, where P(f)(f®))™ — p; and P( )(g®*))™ — py share (0, 00).

If b # —1, from (3.43) we have + = (1+Z)GG 7. Therefore

N(r,——;G) = N(r,0; F).
(r 5 G) = N(r,0: F)

So in view of Lemmas 3.1, 3.13 and the second fundamental theorem we
get
(n—m) T(r,g)
T(Tv G) -m N(T’, OO;g) - N(T’O; (g(k))m) + S(T, g)
N(r,00;G) + N(r,0;G) + N(r
—N(r,0; (¢")™) + S(r, g)
N(r,0; P(g)) + N(r,0; (™)) + N(r,0; F) — N(r,0; (¢*))™) + S(r, 9)
N(r,0;9 — >+W<r 05 P1(g)) + N(r,0; f — ¢) + N(r,0; Pi(f))
+N(r, 0- A9 #0) + S(r,9)

(T + 2 ) {T(r, f)+T(r,9)} + Ni(r,0, ) + EN(r,00; f) + S(r, g)

IN

IN

1
,m,G)—mN(r,oo,g)

IAINA

IN

N, 0; f) RN (r,00; f) + (U1 + 20 {70 ) + T(r, )}
+S(r, f)+ S(r,g)

IN
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< Tty ) {T(r, /) +T(r,9)} +T(r, f) +kT(r, f) + 5(r,9).

Without loss of generality, we suppose that there exists a set I with
infinite measure such that T'(r, f) < T(r, g) for r € I. So for r € I we have

(n—m)T(r,g) < (2F1+kz+k—|—1) T(r,g)+ S(r,g),

which is a contradiction since n > 2I'7 + k% +m+k+1.
Case 3. Let b= 0. From (3.43) we obtain

G+a-—1

—

(3.44) F=

If a # 1 then from (3.44) we obtain N(r,1 —a;G) = N(r,0; F). We can
similarly deduce a contradiction as in Case 2. Therefore a = 1 and from (3.44)

we obtain F = G, i.e., fAP(f1)(f")™ = ¢iPy(g1)(g\F)™, where f = f — ¢
and g; = g — c¢. This gives

(3.45) fld [emlfl + emy 1 " Lo+ e1f1 + 60] (fl(k))m

k
= gf [em1gl + em,— 191”1 ! +...+eq1+ 60] (g§ ))m

Let h = 5—1. If h is a constant, by putting f; = hg; in (3.45) we get

em1g§n1 (hn+m

— 1) +em—197"" Ypmtm=t 1) 4 4 ergi (B = 1)
+ 60(hm — 1) = O,

which implies that h° = 1, where s = GCD(n +m,...,n+m —i,...,m),
€m,—i # 0 for some i € {0,1,...,m1}. Thus f — ¢ = t(g — ¢) for a constant ¢
such that t* = 1, where s = GCD(n+m,....,n+m—1i,...,m), ey, —; # 0 for
some i € {0,1,...,mq}.

If h is not constant, then we must have P(f)(f*)™ = P(g)(¢"®)™. This
completes the proof. [

LEMMA 3.15 ([2]). Let f and g be two non-constant meromorphic functi-
ons sharing (1,k1), where 2 < ky < oo. Then

N(r, 1 fl =242 N(r,1; f| = 3)+.. A (ki—1) N(r, 1; f| = k1)+k1 Np(r, 15 f)
(kl + 1) NL(ra 1ag) + k1 N(k1+1( r,1;g ) < N(T,l,g) N(T’, l;g)‘

4. PROOFS OF THE THEOREMS

Proof of the Theorem 2.1. Let us take F = P(f)(f®)™. In view of
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Lemma 3.13 and by the second theorem for small functions ( [18]) we get
(n —m)T(r, f) T(r,F) —m N(r,00; f) = N (r,0; (f*)™) + 5(r, f)

N(r,0; F) + N(r,00; F) + N(r,a; F) —m N(r,00; f)

=N (r, 05 (f*)™) + (e + o(1)T(r, f)

N(r,0; Pi(f)) + N(r,0; f = ¢) + N(r,a; F)

+(e+o(W)T(r, f)

< 1 T )+ Nra F) + (e +o(0)T( ),

for all e > 0. Take e < 1. Sincen > m+1'1 + k—l*, one can easily say that F'—a
has infinitely many zeros. This completes the proof. [

IA A

IN

Proof of the Theorem 2.3. Let ' = W and G = W. Note
that F' and G share (1, k1) except for the zeros of p and f, g share (o0, 0).

Case 1. Let H # 0. From (3.1) it can be easily calculated that the
possible poles of H occur at (i) multiple zeros of F' and G, (ii) those 1 points
of F and G whose multiplicities are different, (iii) those poles of F' and G
whose multiplicities are different, (iv) zeros of F'(G’) which are not the zeros
of F(F — 1)(G(G —1)).

Since H has only simple poles we get
(4.1) N(r,o0; H)

< Nu(r,003 f,9) + Nu(r, L F,G) + N(r, 0: F| 2 2) + N(r, 0, G| > 2)

+No(r,0; F') + No(r,0;G") + S(r, f) + S(r,9),
where No(r,0; F') is the reduced counting function of those zeros of F’ which
are not the zeros of F(F — 1) and No(r,0; G’) is similarly defined.

Let zp be a simple zero of F' — 1 but p(zg9) # 0. Then zj is a simple zero
of G — 1 and a zero of H. So
(4.2) N(r, L, F| =1) < N(r,0; H) < N(r,00; H) + S(r, ) + 5(r, 9).

Using (4.1) and (4.2) we get
(4.3) N(r,1; F)
N(r,1;F|=1)+ N(r,1;F| > 2)
N.(ryo0; f,9) + N(r,0; F| > 2) + N(r,0; G| > 2) + N.(r,1; F,G)
+N(r,1; F| > 2) + No(r,0; F') + No(r,0; G') + S(r, f) + S(r, 9)
N(r,00; f) + N(r,0; F| > 2) + N(r,0;G| > 2) + N.(r, 1, F, G)
+N(r,1; F| > 2) + No(r,0; F') + No(r,0; G') + S(r, f) + S(r, g).

IN A

IN
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(4.4)

(4.5)

Now in view of Lemmas 3.2 and 3.15 we get

IN IN

IN

IA N

No(r,0;G") + N(r,1; F |>2) + N.(r,1; F, G)

No(r,0;G") + N(r,1; F| =2) + N(r,1; F| = 3)

+...+ N, 1;F| = k)

+N‘;§1“(r, 1,F)+ Np(r,1;F) + No(r, 1;G) + No(r, 1, F, G)
No(r,0;G") = N(r,1;F|=3)—... — (k1 = 2)N(r, 1, F| = k1)
—(ky = 1)NL(r,1; F)

kN, 1;G) — (ki — YN (1, F)

+N(r,1;G) = N(r,1;G) + Ni(r, 1; F, G)

No(r,0;G") + N(r,1;G) = N(r, 1;G) — (k1 — 2)N(r, 1; F)
—(k1 — 1)NL(7“,1,G)

N(r,0:G"| G #0) — (k1 —2)Np(r,1;F) — (k1 = 1)N(r,1;G)
(r,0;G) + N(r,00;9) = (k1 = 2)Np(r,1; F) = (k1 = 1)N(r, 1, G)
(

N
N(r,0;G) + N(r,00;9) — (k1 — 2)Ni(r, 1;F,G) — Np(r, 1;G).

Hence using (4.3), (4.4), Lemma 3.1 we get from second fundamental
theorem that

VARVAN

IN

IN

IN

IN

T(r,F)

N(r,0; F) + N(r,00; F) + N(r,1; F) — No(r,0; F")

2 N(r,00, f) + No(r,0; F) + N(r,0; G| > 2) + N(r,1; F| > 2)
+N«(r,1; F,G) + No(r,0;G") + S(r, f) + S(r, )

3 N(r,00; f) + No(r,0; F) + No(r,0; G) — (k1 — 2) N«(r,1; F,G)
+S(r, f)+ S(r,g)

3N(r,00; f) + 2N (r,0; f — ¢) + No(r,0; PL(f)) + No(r, 0; (fF))™)
+2N(r,0; g — ¢) + Na(r,0; P(g)) + Na(r,0; (g")™)

—(k1 —2) No(r, 1, F,G) + S(r, f) + S(r, 9)

SN(T7 005 f) (F2 + :*) (7”, f) + N(T, 0; (f(k))m)

HI+ 2) T(r,g) +m Nar,0:g¥)
_(kl - 2) N*(Tal;FvG) +S(T7 f) +S(Tag)

(3 + mhk) N(r 00 ) + (T + %)T(r, f

+(T2 + ﬁ +m)T(r,g) + N(r,0; (f*)™)
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_(kl - 2) N*(T‘, 17F’ G) + S(Tv f) + S(Tvg)
Now using Lemmas 3.12 and 3.13, we get from (4.5) that
(4.6)  (n—m)T(r,f)
T(r, F) = m N(r,00; f) = N(r,0; (f*)™) + S(r, f)

[k — 1) + 3] N(r,00; 1) + (D + )T, f)

IN

IN

2
+(T2 + = +m) T(r,g)

—(k1 —2)Nu(r, 1; F,G) + S(r, f) + S(r, 9)
(k* 4+ k*T1 4+ 1)[m(k —1) + 3]
k*(m+n+ (m—2)k—1) [T(r, f) +T(r,9)
T+ T, )+ (T o +m)T(r,g)
m(k—1)+3 — .
n+m+(m—2)k—1N*(T’1’F’G)
—(k1 —2)Nu(r, 1; F,G) + S(r, f) + S(r, 9)
4 (K + kT 4+ Dm(k — 1) + 3]

< |2r — +2
= { 2+m+k*—|— o (m 4 (m—2)k —1)

IN

} T(r) + S(r).

In a similar way we can obtain

(4.7) (n—m)T(r,g)
(k* + Ty + 1)[m(k —1) + 3]

: P3+4+ o }Tm+ﬂm

k> E*(m+n+ (m—2)k—1)
From (4.6) and (4.7) we see that
(n—m) T(r)

. [2r2+ 4,y W ET 4 Dm(k—1) +3

k* E*(m+n+ (m—2)k—1) }T(r)—l—S(r),

i.e.,
[k:*n2 — (2K T + k*m + 2Kk + K + 4 — mEk")n + A} T(r) < S(r),
where

A = 2mkk* +4mk* +8k—2m~+2mI k* +40okk* + 205 k* — 2m2k* —2m2kk* —2
— 6k* — 601 k* — 2mI1kk* — 6mk — 2mDok* — 2mDokk*,

(4.8) [F*(n — K1) (n — Ky)] T(r) < S(r),
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where
o 2K Do+ Krm 4 2k k + K + 4 — mkk* +VIL
L 2k*
and
oo _ 2K Ta + K m 4 26"k + K + 4 — mkk* — VL
> 2%k
with
L = (2k*Ty + k*m + 2k*k + k* + 4 — mkk*)? — 4k* A.
Note that

L = (2kT9+k*m+2k*k +k* +4 — mkk*)? — 4k*A

= A4(k")T3 + 9(k*)*m? + (k%) + 16 + (k*)*m?k* + 6(k*)*m?k
+8(k*)?mk + 16k* + 16k*mk 4 16mk* + 4(k*)?>mkTy + 16k*Ty
+12(k*)2mDy + 8(k*)*mkTy — 2(k*)*mk — 2(k*)%*m — 16k*k
—8(k*)?kTy — 4(k*)*Ty + (4(k*)%k* — 4(k*)*k*m)
+(4(k*)2k — 12(k*)*mk) + (24(k*)% — 12(k*)?m)
+(24(k*)*Ty — 8(k*)?mIy)
4(E*)T3 + 9(k*)?m? + (k%)% 4 16 + (K*)*m2k® 4 6(k*)*m?k
+8(k*)*mk + 16k* + 16k*mk + 16mk*
+4(k*)? mkTy + 16K*Ty + 8(k*)?mIy + 8(k*)*mkTy
—2(k*)*mk — 2(k*)?m — 16k*k — 8(k*)?kTy — 4(k*)*Ty — 8(k*)*mk
+12(k*)? 4+ 16(k*)* Ty
m?k2 (k)2 + 9(k*)*m? + 13(k*)? + 16 + 6(k*)?m?k + 16k*
+16k*mk + 16mk* 4+ 12(k*)?mkly 4+ 16k* Ty 4 8(k*)*mIy + 1613 (k*)?
—2(k*)?m — 16k*k — 8(k*)2kTy — 2(k*)?mk
m?k? (k)2 + 9m2(k*)? + 4(k*)% + 3613 (k%)% + 9 + 6m2k(k*)?
+4mk(k*)? + 24mDok(k*)? 4+ 6mkk*
+12m(k*)% + 36mIy(k*)? 4+ 18mk* + 2405 (k*)? 4+ 12k* 4+ 3605k*
+(7 4 9(k*)? + 10mkk* — 14m(k*)* — 6mk(k*)* — 16kk* — 2mk*)

IN

IN

IN

2
< [mkk* 4 3mk* + 2k* + 6Tok* + 3} .

Therefore

_ 2k* Ty + k*m +2k*k + k* + 4 — k*mk + VL

K
! 2k
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<

2k*Ty + E*m + 2K*k + k* + 4 — K*mk + mkk* + 3mk™ + 2k* + 61'2k™ + 3

2k*
3k* +7
=k+2(m+2I9) + ——.
2k*
Since n > k + 2(m + 2T'3) + 31;;;"7, (4.8) leads to a contradiction.

Case 2. Let H =0. Noten > k+2(m+21“2)+3’;;f7 > 2F1+k%+m+k+1.

Remaining part of the theorem follows from Lemmas 3.14, 3.9 and 3.11. This
completes the proof. [

Proof of the Theorem 2.2. When H # 0 we follow the proof of Theo-

rem 2.3 while for H = 0 we follow Lemmas 3.14 and 3.9. So we omit the detail
proof. [
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