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1. INTRODUCTION

Frames for Hilbert spaces have been first introduced by Duffin and Sche-
affer in the study of some problems in nonharmonic Fourier series in 1952, [12].
A discrete frame is a countable family of elements in a separable Hilbert space
which allows for a stable, not necessarily unique, decomposition of an arbitrary
element into an expansion of the frame elements.

Recall that for a Hilbert space ‘H and a countable index set I, a family
of vectors {fi}icr C H is called a discrete frame for H, if there exist constants
0 < A < B < +oo such that

AIFIP <D UL IP < BIFIE  fer,
i€l
the constants A and B are called frame bounds. The frame {f;};cs is called
tight if A = B and Parseval if A = B = 1. The frame decomposition is the
most important frame results. It shows for the frame {f;}ics, every element in
‘H has a representation as an infinite linear combination of the frame elements;
i.e., there exist coefficients {c;(f)}icr such that f =", ; ci(f)fi, where f € H
is arbitrary. Thus, it is natural to say that a frame is some kind of a generalized
basis. Usually, we want to work with coefficients which depend continuously
and linearly on f, by “Riesz representation theorem”, this implies that the
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i-th coefficient in the expansion of f should have on the form ¢;(f) = (f, g;)
for some g; € H. The sequence {g;}icr is called a dual frame of {f;}icr. Li [19]
provided a characterization and construction of general frame decomposition.
He showed that for generating all duals for a given frame, it is enough to
find the left-inverses of a one-to-one mapping and found a general parametric
and algebraic formula for all duals. It is usually complicated to calculate
a dual frame explicitly. Hence Christensen and Laugesen seek methods for
constructing approximate duals, see [9]. Note that the idea of approximate dual
frames has appeared previously, especially for wavelets [17], Gabor systems
[5,14], in the general context of coorbit theory [13] and the sensor modeling [20].

New applications of frames, especially in the last decade, motivated the
researcher to find some generalizations of frames like continuous frames [1,24],
fusion frames [7], g-frames [25], controlled and weighted frames [3,23], p-frames
[22], K-frames [15] and etc.

The notion of continuous frames was introduced by Kaiser in [18] and
independently by Ali, Antoine and Gazeau [1]. The windowed Fourier trans-
form and the continuous wavelet transform are just two instances of continuous
frames but at the same time the main motivation for its definition. Gabardo
and Han in [16] defined the concept of dual frames for continuous frames.

2. PRELIMINARIES

In this section, we review some notations and definitions. Throughout
this paper, H is a Hilbert space and (2, ) a measure space with positive
measure u. The set of all bounded operators on H denoted by L(H).

Definition 2.1. A weakly-measurable mapping F' : Q@ — H is called a
continuous frame for H with respect to (€2, p) if there exist constants 0 < A <
B < oo such that

A2 < /ﬂ (f, F@))Pdu(w) < BIFI?.  feH.

The constants A and B are called continuous frame bounds. The mapping
F is called tight continuous frame if A = B and if A = B =1, it called a Par-
seval continuous frame. This mapping is called Bessel if the second inequality
holds. In this case, B is called Bessel constant.

Suppose F' : Q — H is a Bessel mapping with bound B. The operator
Tr : L?(9, 1) — H weakly defined by

(Tro. f) = /Q P@)FW), Ndu(w), e lQu), [eH,
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is well-defined, linear, bounded with bound /B and its adjoint is given by
Th:H — L2 (Qp), (Thf)w)=(fFw)), weQ, fecH.

The operator Tx is called the synthesis operator and 77 is called the
analysis operator of F'. For continuous frame F' with bounded A and B, the
operator Sp = TFT}. is called continuous frame operator and this is bounded,
invertible, positive and Aly < Sgp < Bly. In fact,

(Srfrg) = /Q (f, F@)Fw), g)du(w), f.geH.

For all f, g € H, the reconstruction formulas are as follows

(f.9) = /Q<f7 F(w))(Sp'F(w), 9)du(w) = /Q<f, Sp'F(w))(F(w), g)dp(w).
We end this short section by a well known example named wavelet frames.

Ezample 2.2. Let Q = (0,400) x R be the affine group, with group law
(a,b)(a’,b') = (aa’,b+ ab'). An element 1) € L?(R) is said to be admissible if

|¥]]2 =1and Cy = O+O° |1&(%)|2d§ < +4o0. For such admissible function v, we
have

oo pheo dadb
|| mpamP S — culse, s e P,

where T, f(t) = f(t — a) and Dyf(t) = ﬁf(%), see [8]. That is, {T,Dp

Y}ar0,0<ber is a tight continuous frame with respect to (2, dggb) with the
frame operator S = Cy 1.

3. THE DUALITY OF CONTINUOUS FRAMES

Reconstruction of the original vector from frames, g-frames, fusion frames,
continuous frames as well as their extensions, is typically achieved by using a
so-called (alternate or standard) dual system.

Definition 3.1. Let F' and G be two Bessel mappings with synthesis ope-
rators Tr and T, respectively. We call G a dual of F' if the following equality
holds

(9) = [ (£ F@)CW).0dutw).  fgeh
In this case, (F,G) is called a dual pair for H.

This definition is equivalent to 7Ty = I. The condition

(f.q) = /Q (f F@)(CWw), 9)dpw), frgeH
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is equivalent

(fq) = /Q (. GW)(FW), 9)du(w), frgeH

because 11y = I if and only if TpTy, = 1.

For the continuous frame F', the mapping SglF is called standard dual
of F'. It is certainly possible for a continuous frame F' to have only one dual.
In this case, the continuous frame F' is called a Riesz-type frame. Riesz-type
frames are actually frames, for which the analysis operator is onto. Also, the
continuous frame F' is Riesz-type frame if and only if T} is onto [2].

Similar to discrete case, by a simple calculation, it is easy to show that G
is a dual of F' if and only if G = SElF + H, where H satisfies in the condition
Jo(fs F(w))(H(w), g)dp(w) = 0, for all f,g € H.

It is easy verifiable that F' is a tight continuous frame for H with bound
C if and only if (F, 5 F) is dual pair for it.

By using Example 2.2, the pair (T, Dy, C%bTanw) is a dual pair in L?(R)
and we have

& [ [T npmnone serm,

It is not clear for which wavelet frames the standard dual frame consists
of wavelet as well. More generally, there are some wavelet frames with no dual
wavelet frames at all [10].

The following is another example of continuous frame with one of its
duals.

Ezample 3.2. Consider H = R? with the standard basis {ej, ez}, where
e1 = (1,0) and ez = (0,1). Put Bge = {x € R? : ||z|| < 1}. Let Q = Bpe
and X be the Lebesgue measure. Define F : B2 — R? and G : Bg2 — R? such

that
1

VA(B1)
F(w) = €2, w € DBy,

w € B3,

e1, w € By,

and

w € By,

_ B
G(w) = \/@627 w e B2>
€2, w e 39
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where {B1, Bo, B3} is a partition of Brz. It is easy to check that F' and G are
continuous frames for R? with respect to (B2, ). For each # € R?, we have

(TaTs) (/B v f /B> (Tpr) ()G (@)dA (@)

erdA(w)

- /Bl - \/A(31)€1> \/A(Bl)

egd)\(w)

1 1
' /Bz - VA(B2) ) VA(B2)
+0
= (x,e1)e1 + (x, e2)er
==z
i.e., (F,G) is a dual pair for R?.

Similar to discrete frames, for continuous frame we have the following
assertion.

ProrosITION 3.3. The Bessel mapping F' : Q — H is a continuous frame

for H with respect to (Q, 1) if and only if there exists a Bessel mapping G :
Q — H such that for each f,g € H,

(3.1) (f,q) = /Q (f, F@)(G(w), g)du(w).

Proof. At first, assume that there exists a Bessel mapping G with Bessel
constant B, satisfying (3.1). Then for any f € H,

2

T ] |0 @G, nant)

<(/ r<f,F<w>><G<w>,f>|du<w>)2
(/rf, WPane) ) ([ 1. 6P )
< ([ s, FenPant)) Bel 12

Thus, F' is a continuous frame for H with lower bound Bél.

Conversely, let F' be a continuous frame for H with the frame operator
Sp. Thus, for all f,g € H

(f. ) = /Q (f, F (@) (S71F(w), g)du(w).
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Put G=S;'F. O
Like discrete frames [8], for Bessel mappings, we have the following corol-

lary.

COROLLARY 3.4. If (F,G) is a dual pair for H, then both F and G are
continuous frames for H.

Improving and extending Theorem 3.6 of [24] for standard dual, we have
the following theorem for any dual pairs. It shows that we can remove some
elements from a continuous frame so that the remaining set is still a continuous
frame.

THEOREM 3.5. Let (F,G) be a dual pair for H and there ezists wy € 2
such that p({wo})(F(wo), G(wo)) # 1. Then F : Q\{wo} — H is a continuous
frame for H.

Proof. We assume that the Bessel constants F' and G are Bp and Bg,
(respectively). If f € H, then

(F(wo), f) = /Q ), G ), £)in(e)

+ (F(wo), G(wo))(F(wo), fYn({wo})-

Therefore,

2 1 2
O = o) () Gl P </m{wo} e d“(“)>

(/ r<F<wo>,G<w>>|2du<w>>
O\ {wo}

Bell Fwo)|? R
= 0= i{wo}) (o), Gan)) P </Q\{u,0}  F)Fdut )> |

B Bo||F(wo) 2
Put €' = o) (o) Glaoyyp - We have

BSYFI? < (1+ Cu({wn))) / [, F(w))Pdu(w).

Q\{wo}
Hence F' : Q\{wo} — H is a continuous frame with lower bound
Bg' 0
1+Cp({wo})”

Concerning the above theorem, a question occurs. What happens in case
1({wo})(F(wo), Sy F(wo)) = 1?7 To achieve this purpose, we need the following
lemma.
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LEMMA 3.6 ([24]). The continuous frame coefficients {(f, Sp' F(w))}wen
have minimal L?-norm among all coefficients {p(w)}weq for which

;= /Q 6(w) F(w)du(w)

for some ¢ € L2(Q, p); i.e.,

);
/|¢ ) dpu(w /\f S P (W) P /\czs (SR (@) Pdp(w).

THEOREM 3.7. Let F' be a continuous frame for H with respect to (2, p)
with frame operator Sp and wy € Q. If p({wo})(F(wo), Sy Fwo)) = 1, then
there exists a non-empty measurable set Qy C Q such that wy € o, () =0
and {F(w)}uea\q, i incomplete.

Proof. We have

= w SR (w w w) = Xeoo} w w
Flon) = [ (Fln). S5 F)Pdn(e) = | 8 pwyiu),

such that .,y is the characteristic function of aset {wp} C Q. So Lemma 3.6
yields the following relation between {X{WO} } and {(F(wo), Sp' F(w))}

/ r"{“’“ / (P (w0), F(w)>l2du(w)
X{wo} -1 2
b [ PL ), 57 P Pante)

- / (P (wo), S5 F(w))2du(w)
Q\{wo}
+ (F (), Sp F(wo)) 2 {wo})

X{wo} (@) o). S=LF () Pl
o Ty ) SF R Pane)
+

L w =1 5o 2w
p({wo}) (F(wo), Sp F(wo)) | m(wo)-

From the above formula,

[ 0. S5 P@) Pdu) = o
Q\{wo}

so that (F(wp), Sz F(w)) =0 a.e. on Q\{wp}. Put
Q={weQ: (Sp'F(wy), F(w)) # 0}.
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It is clear that )y is a measurable set with zero measure and wg €
Qg. Thus we have the non-zero element SEIF (wp) which is orthogonal to

{F(w)}wea\aos -6, {F(w)}wen\q, 18 incomplete. [

Now we are going to give simple ways for construction of many dual pairs
of a given dual pair.

THEOREM 3.8. Let (F,G) be a dual pair for H and let U and V be two
bounded operators on H such that VU* = Iy;. Then, (UF,V Q) is a dual pair
for H.

Proof. 1t is clear that if F' is a Bessel mapping with synthesis operator
Tr and U is a bounded operator on H, then UF is a Bessel mapping with
synthesis operator Typ = UTr. Hence UF and VG are Bessel mappings and

TveTip = VIGTEU =VIU* = I, O

COROLLARY 3.9. If (F,G) is a dual pair for H and U is a unitary ope-
rator, then (UF,UQG) is a dual pair for H.

THEOREM 3.10. Let (F,G) be a dual pair for H and there exists a bounded
operator U € L(H) such that (F,UQG) is a dual pair for H. Then U = Iy.

Proof. For all f,g € H,
(f,U"g) =/Q<f,F(w)><G(w)7U*g>du=/g)(f,F(w»(UG(w),g)du: (f,9)

Therefore, U* = Iy. Hence U = Iy. O

THEOREM 3.11. Assume that (F,G) and (F,K) are dual pairs for H.
Then for all a € C, (F,aG + (1 — a)K) is a dual pair for H.

Proof. Put F} = aG + (1 — «)K. For all f,g € H, we have
/(f,F(w)><F1(W),9>du(w) =/<f7F(w)><OéG(w) + (1= a)K(w),g)du(w)
Q Q
= a [ (PG00

+(1-a) /Q (f, F (@) (K (), g)dpu(w)

:a<fvg> +(1—Oé)<f,g>
=(f,9). O
Now, we want to find a relationship between the arbitrary continuous

Riesz basis of H. For this purpose, we need to following definitions and pro-
positions from [2]. Denote by L?(£2, H) the set of all mapping F' : Q — H such
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that for all f € H, the functions w — (f, F'(w)) defined almost everywhere on
€, belong to L?(£2).

Definition 3.12 ([2]). A Bessel mapping F':  — H is called pu-complete,
if
espan{F(@)}oen = { [ oIF @@y pe )}
is dense in H.

It is worthwhile to mention that if F' is p-complete, then {F(w)},ecq is a
complete subset of H. The converse is also true when 0 < pu({w}) < +oo for
all w € Q, since span{F(w)},eq C espan{F(w)},eq-

PROPOSITION 3.13 ([2]). Let F' be a Bessel mapping. The following are
equivalent
(1) F is p-complete;
(2) If f € H so that (f, F(w)) =0 for almost all w € Q, then f = 0.

Definition 3.14 ([2]). A mapping F € L?(Q,H) is called a continuous
Riesz base for H with respect to (Q, u), if {F(w)}weq is p-complete and there
are two positive numbers A and B such that

A |¢(w)l2dﬂ(w)>% <

for every ¢ € L?(Q) and any measurable subset €; of Q with () < +oo.
The integral is taken in the weak sense and the constant A and B are called
continuous Riesz base bounds. It is obvious that any continuous Riesz basis is
a continuous frame.

|¢(w)!2du(w)) .

A ¢(W)F(W)du(w)u <s(/

1

Definition 3.15 ([2]). A Bessel mapping F is said to be L?-independent if
Jo p(W)F(w)du(w) = 0 for ¢ € L*(Q, 1), implies that ¢ =0 a. e.

PROPOSITION 3.16 ([2]). Let F € L*(Q,H) be a continuous frame for H.
Then F is a continuous Riesz base for H if and only if F' is pu-complete and
L?-independent.

PROPOSITION 3.17 ([2]). Let F € L*(Q,H) be a continuous frame. The
following are equivalent
(1) F is a continuous Riesz base for H;
(2) F is a Riesz-type continuous frame for H;
(3) Ty is onto.

THEOREM 3.18. Let F' and G be two continuous Riesz bases for H. Then
there exists an invertible operator © € L(H) such that G = SgO*F.
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Proof. Assume f € H such that (T¢T})f = 0. We have for all w € Q,
Te(Thf(w)) = 0. Hence [(f,F(w))G(w)du(w) = 0. Since G is L*-inde-
pendent, then (f, F(w)) = 0 for almost all w € Q. The p-completeness of F'
implies f = 0. Therefore TT%. is one to one. According to Proposition 3.17, T
is onto, because F' is a continuous Riesz base. The synthesis T is onto because
G is a continuous frame [24]. Hence, T¢T} is onto. Putting © = (T¢T5) !,
for any f,g € H,

(f.9) =(©7'Of,q)
= (TrOf,159)

_ /Q (Of, F(w)){(G(w), g)du(w)
:/Q<f, O"F(w))(G(w), g)dp(w).

It follows that ©*F is a dual of G, but G has only one dual. Hence
Si'G=0"F, or G=Sc0*F. O

Definition 3.19. [2] A continuous orthonormal basis for H with respect to
(Q, ) is a continuous Parseval frame F' for which

/Q B(w)F(w)dp(w)|| = 62 & € LX(9).

One may easily see that if F' is a continuous orthonormal base for H, then
it is a continuous Riesz base.

COROLLARY 3.20. If F' and G are two continuous orthonormal basis for
H, then there exists an invertible operator © € L(H) such that G = ©*F.

4. APPROXIMATE DUALITY OF CONTINUOUS FRAMES

In Section 3, by definition of the dual frame, we saw that if the Bessel map-
ping G is a dual of Bessel mapping F', then for all arbitrary elements f,g € H,
we have the dual frame expansion (f,g) = [o(f, F(w))(G(w), g)du(w). Unfor-
tunately, it might be difficult, or even impossible, to calculate a dual frame
explicitly. This limitation leads us to seek continuous frames that are “close to
dual”. For solving this problem in discrete frames, Christensen and Laugesen
in [9] introduced the concept of approzimately dual frames. By using their ideas
in this section, we investigate and improve this notion for continuous frames.
Here, we are generalizing the definition 3.1. of [9] to continuous cases and then
we will obtain our results. For clarifying, some examples will be presented.

Throughout this section, we assume that F' and G are Bessel mappings
with synthesis operators Tr and T, respectively.
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Definition 4.1. Two Bessel mappings F' and G are called approximately
dual continuous frames for H if || Iy — TeTy| < 1 or || Iy — TFTE| < 1.

It is clear that in this case, Ty is an invertible operator.

Ezample 4.2. Similar to Example 3.2, let H = R? and {ey, e2} be standard
base for it. Also, let 0 < € < 1 be arbitrary. Put 2 = Bp2 and A is the Lebesgue
measure. Define the continuous frames F and G for R? with respect to (Bgz, \)
by

1
\/@617 w e B17
F(w) = \/@62, w € Bsy,
0, w € B3,
and
€
)\(Bl)elv w e Bl:
G(w) = 0, w € By,
1
)\(33)62’ w € Bs,

where {B1, Bo, B3} is a partition of Bg2. For all z € R?

(ToTp) (x) = /B (Tjir) ()G (w)dA(w)

-(/ o+ ) (T3) () G (@)dA(w)

e1dA(w)+0+0

€ 1
e evivevy
= ¢e(x,e1)e;.
Thus
lz = (TeTE)(@)[1? = (1 = e)* (@, en)|* + [(z, e2)|* < |||
Therefore, F' and G are approximately dual continuous frames for R2.

The following theorem shows that a Bessel mapping F' is a continuous
frame for H with respect to (2, u), if there exists a Bessel mapping G such
that F' and G are approximately dual frames.

THEOREM 4.3. If F' and G are approximately dual continuous frames,
then both F and G are continuous frames for H with respect to (2, u).

Proof. Since ||[Iyy—TTy|| < 1, the operator T T} is an invertible operator

on H and .

1= Iy = TeTrll

(TeTs) ™t <
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Denote by Br and Bg the Bessel constants of F' and G, respectively. For
all feH

1Al < I TeTr) "N TeTif |

1
< sup (TaTrf,9)]
PWWQWMWl F

< supl/“|f, (@), g)ldu(w)
—MtﬁﬂMﬂ1

1 2 >
< i s (L PP ([ 6w.0an)

! (/m, NP )J&mu

< :
14%—%%Mﬂ1

- e TGT;H (/’fF )dute ))

Hence F'is a continuous frame with lower bound B{;l(l — Iy =TTy
Similarly, G is a continuous frame with lower bound B! (1-| I~ TeT3|)?. O

The following theorem shows that the sum of two approximately dual
continuous frames is a continuous frame.

THEOREM 4.4. If F' and G are approximately dual continuous frames,
then F' + G is a continuous frame for H with respect to (2, ).

Proof. Suppose Tr and T be synthesis operators of F' and G (respecti-
vely) and Ap, Br, Ag and Bg be lower and upper bounds of F' and G, respecti-
vely. It is clear that F'+ G is a Bessel mapping with Bessel constant Br + Bg.
Since || Iy —TeTp|| < Lor || Iy —TrTE| < 1, then |21y — (TeTiH+TrTE)|| < 2,
and as T¢T5+TpT is self-adjoint, then by Lemma 2.2.2 in [21], TeT; +TrTE
is a positive operator. For each f € H, we have

L@mww®<\w /Lﬂ PPdu(w) + (TeTh + TrTE) f. f)

+ [ 7, GnPaute)
> [ F@)Pane) + [ 166w Pdute)

> (Ar + Ag)|IfI1%,

i.e., the lower bound condition holds. [
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It is clear that if (F,G) is a dual pair for H, then F' and G are approx-
imately dual continuous frames, but its converse isn’t true in general. The
following theorem shows that any approximate dual continuous frames are a
kind of dual pair (as special sense).

THEOREM 4.5. If F' and G are approzimately dual continuous frames,
then there exists an invertible operator © : H — H such that (O*F,G) is a
dual pair for H.

Proof. Since ||Iy — TeT)|| < 1, then T¢T} is an invertible operator on
H. For each f,g € H

(f.9) = (TeTp)(TcTr) ' f.9)
= /Q<f, (TeTp) ™) Fw)(G(w), g)dp(w).

The result follows by putting © = (TgT5) . O

THEOREM 4.6. Let (F,G) be a dual pair for H and let U and V be two
bounded operators on H such that |[Iyy — VU*|| < 1. Then UF and VG are
approximately dual continuous frames.

Proof. Since UF and VG are Bessel mappings with synthesis operators
Tur = UTp and Ty = V1g ( resp.), so we have

1 = TvaTipll = [In = VIGTRU™| = [ = VU <1. O

COROLLARY 4.7. If (F,G) is a dual pair for H and U is a unitary operator
on H, then (UF,UQG) is approximately dual continuous frames.

We proceed this section with the following result which gives a sufficient
and necessary condition for two continuous frames F' and G under which they
are approximately continuous frames. To this end, recall that every bounded
and polsitive operator U : H — H has a unique bounded and positive square
root Uz. Moreover, if the operator U is self-adjoint (resp. invertible), then U2
is also self-adjoint (resp. invertible), see A.6.7 of [8].

THEOREM 4.8. Let F' be continuous frame and G a Bessel mapping for H
with upper bounds Br and Bg, respectively. Then F and G are approzimately
dual continuous frames if and only if there exists a bounded operator D € B(H)
such that

1 1
TFTC*,‘ = S;D, DD* < Bagly, ||Iq.[ - SFQ‘DH < 1.
Proof. Since F' is a continuous frame for H, then Sy is a bounded and

1
positive operator. Hence it has a unique bounded square root S7. The proof
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of the “only if” part is trivial. To prove the “if” part, suppose that F' and G
are approximately dual continuous frames. For each f € H, we have

[ TeTrfll = sup [(TaTEf, g)l

lgl=1
:”21”151\ {f, F@)(G(w), gdu(w)]
<o (o) (o)

< VB ([ 1. P Paute >)

Therefore, we have
(TPIE)(TFTE)'f, f) < Ba(Skf. f), [eH.
Thus for all f € H
(TrTE) (TrT)" < BoSESE.
The above inequality results:

(1) According to Theorem 1 of [11], there exists a bounded operator D €
1

B(H) such that TpT, = SED.
(2) Theorem 2.2.5 in [21] implies that DD* < Bgly. O

Now, we can prove the following theorems.

THEOREM 4.9. Let F' be a continuous frame for H with respect to (2, ).
Then F' and the Bessel mapping G are approrimately dual continuous frames

if and only if
_1
G=D"S.°F+K,

1
where D is a bounded operator on H for which ||I, — SED|| < 1 and K is a
Bessel mapping with property TpTj = 0.

_1
Proof. First, we put G = D*S,?F + K, then for each f € H, the w —
(f,G(w)) is a measurable function. Also, for each f € H, we have

/Q (. G(w))Pdp(w) < (Bx + [DI2)] £

Therefore, G is a Bessel mapping with Bessel bound Bg = By + | D|J?.
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Now, for all f € H and w € Q, we have
(T6F)(w) = (£.D*Sp? F(w)) + (£, K ()
— (S37 DS, @) + (£, K@)
— TE(S7 2 D)) + (Tif)(w)
and
TeThf = TeTH(So2Df) + TeTh f
— SiDf.
Hence TrT% = S2D. Moreover,
(DD*f, f) = (D"}, D" f) = |D* {12 < [ DIPI I < BellfI? = Balf, f),

for all f € H. Now, we use previous theorem to conclude that F' and G are
approximately dual continuous frames.

Conversely, let F' and G be approximately dual continuous frames. Ac-
cording to Theorem 4.8, there ex1sts an invertible operator D 1n B(H) such

that TrT = SQD and || Iy — SQD|| <1 Put K =G - D*S, 2’F It is clear

that K is a Bessel mapping with bound Bx = B¢ + || D|*. We have for all
f€Hand all we Q,

(T2 — TS5 Df)(w) = {£.G(w)) — (S5 Df. F(w))
— (/,G(w)) — (f, D*Sp? F(w))
— (/,G(w) - D*Sp? F(w))
— (K ()
— (T} f)(w).

Thus
_1 1
TrTi = TrTE — TrThS, > D = TpTE — SED = 0,
and this completes the proof. [

THEOREM 4.10. Let F' be a continuous frame for H with respect to (2, ).
Then F' and the Bessel mapping G are approximately dual continuous frames

if and only if
1
G =D*S,?F — F + SpK,
1
where D is a bounded operator on H for which ||Iyy — SED| < 1 and K is a
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Bessel mapping such that (F, K) is a dual pair for H.

1
Proof. Put G = D*S,?F — F + SpK is a Bessel mapping with Bessel
1
constant Bg = ||D||?> + Bp + Bg. Since Tf, = T5S.2D — Th + T3-Sk, then
1
TrpT¢ = SpD. Moreover,
DD* < Baly.

Conversely, let F' and G be approximately dual continuous frames. According
to Theorem 4.8, there exists an invertible operator D in B(H) such that TrT¢, =

1 1 _1
S?D and ||l — SED| < 1. Put K = S;'G — Sp'D*S,. 2 F — S;'F. Tt is clear
that K is a Bessel mapping with bound By = (Bg+||D|>+ Br)||Sy*||. Since
Tk = TGS_ TrSy 2DS + TS
then TFTj = Iy and this completes the proof. [J

4.1. ON PERTURBATION OF CONTINUOUS FRAMES

Perturbation theory is a very important concept in several areas of mat-
hematics. It went back to classical perturbation results by Paley and Wienr
in 1934. The perturbations of discrete frames have been discussed in [6]. For
continuous frames, it was studied in [4,24]. In this subsection, we are giving
some results on perturbation of continuous frames from the point of view of
the duality notion.

THEOREM 4.11. Let F be a Parseval continuous frame and G be a Bessel
mapping. Assume that there exist constants A,y > 0 such that

|| / e G(w))du(w) | <Al / H(w)F(w)du()|

1

s (f |¢<w>|2du<w>)2,

forallp € L2(Q). If \+v < 1, then (F,G) is an approzimately dual continuous
frames.

Proof. For all f € H
I = @eTH) ()l = | /Q (f, F@))(F(@) — G(w))du(w)]
<A /Q (f, F(@))F(w)du(w)|
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([ \<f,F<w>>|2cm<w>)é
<151

Thus ||[Iy — TeTj|| < 1. Consequently, F' and G are approximately dual
continuous frames. [

THEOREM 4.12. Let F', G and K be Bessel mappings and Bg be the Bessel
constant of G. Assume that there exists A > 0 such that ABg < 1 and for all
feH

/Q [(f, F(w) = K (w))[Pdu(w) < Al

If (F,G) is a dual pair for H, then G and K are approzimately dual continuous
frames.

Proof. Since for any f € H, (Thf —Tj f)(w) = (f, F(w) — K(w)), then
I(TE — Ti) fI? = /Q [(f, F(w) = K@) < AlIFII?

and consequently, [|T% — T3 || < v/A. Now we have

[ = TaTk || = |Ta(Te — Tl < | TallllTF — Tkl < VABa <1. O
THEOREM 4.13. Let (F,G) be a dual pair for H and K : Q — H be a

Bessel mapping. Assume that there exist constants X,y > 0 such that

II/Q¢>(w)(F(w)—K(w))du(W)ll SAII/Qqﬁ(W)F(W)du(W)II

1

1 ([P

for all $ € L?(Q). If \+~vvV/Bg < 1, Then G and K are approvimately dual
continuous frames, where Bg is Bessel constant of G.

Proof. For all f € H
I = @I = | [ (6 GENEE) - K@)dut)]
<A /Q (f, G(w)) F(w)du(w)|

iy ( AL G(w)>2dﬂ(w)> 2
< (A+7Ba)llfI-
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Thus ”IH — TKTC*JH < 1. O
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