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1. INTRODUCTION

The aim of this paper is to investigate the existence of infinitely many
weak solutions for the following elliptic Dirichlet problem

{ —div(a(z, Vu)) = Ak(z) f(u), in Q,

(1.1) u =0, on 052,

where  is a bounded domain in RY(N > 2) with smooth boundary 99,
p>N,a:0 xRV - RN is a suitable continuous map of gradient type, and
\ is a positive real parameter. Further, f : R — R and k : Q@ — R* are two
continuous functions.

The operator —div(a(z, Vu)) arises, for example, from the expression
of the p-Laplacian in curvilinear coordinates. We refer to the overview pa-
pers [11,12, 18, 22, 23] for the investigation on Dirichlet problems involving
a general operator in divergence form. For example, De Néapoli and Mariani
in [11] studied the existence of solutions to equations of p-Laplacian type. They
proved the existence of at least one solution, and under further assumptions,
the existence of infinitely many solutions. In order to apply mountain pass re-
sults, they introduced a notion of uniformly convex functional that generalizes
the notion of uniformly convex norm. Duc and Vu in [12] studied the non-
uniform case. The authors in [23] established the existence and multiplicity
of weak solutions of a problem involving a uniformly convex elliptic operator
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in divergence form. They discussed the existence of one nontrivial solution
by the mountain pass lemma, when the nonlinearity has a (p — 1)-superlinear
growth at infinity, and two nontrivial solutions by minimization and moun-
tain pass when the nonlinear term has a (p — 1)-sublinear growth at infinity.
Molica Bisci and Repovs in [18], exploiting variational methods, investigated
the existence of three weak solutions for the problem (1.1). They analyzed
several special cases. They presented a concrete example of an application by
finding the existence of three nontrivial weak solutions for an uniformly elliptic
second-order problem on a bounded Euclidean domain.

In [9], Colasuonno, Pucci and Varga studied different and very general
classes of elliptic operators in divergence form looking at the existence of mul-
tiple weak solutions. Their contributions represent a nice improvement, in
several directions, of the results obtained by Kristdly et al. in [16] in which a
uniform Dirichlet problem with parameter is investigated.

In the present paper, employing a smooth version of [5, Theorem 2.1]
which is a more precise version of Ricceri’s variational principle [20, Theo-
rem 2.5], which we recall in the next section, we investigate the existence of
infinitely many solutions for the problem (1.1). We shall present two types of
results as follows: the existence of either an unbounded sequence of solutions
(Theorem 3.1 and its consequences, i.e. Corollaries 3.3 and 3.6) and a sequence
of pairwise distinct non-zero solutions which converges to zero (Theorem 3.1
and Remark 3.7), depending on whether the nonlinear term has a suitable
oscillating behaviour, respectively, at infinity or at zero.

For a discussion about the existence of infinitely many solutions for diffe-
rential equations, using Ricceri’s Variational Principle [20], applying a smooth
version of Theorem 2.1 of [5] which is a more precise version of Ricceri’s Variati-
onal Principle [20] and employing a non-smooth version of Ricceri’s Variational
Principle [20], we refer the reader to the papers [1-3,6,8,10,13-15,17].

The outline of the paper is organized as follows: in the forthcoming
section, we shall recall our main tool (Theorem 2.1) and some basic notations
which we need in the proofs. Whereas, Section 3 is devoted to the existence of
infinitely many weak solutions for the system (1.1). To be precise, our main
result (Theorem 3.1), some of its possible consequences, the proofs and some
examples to illustrate the results are presented.

The following theorem is a special case of our main result.

THEOREM 1.1. Assume that f : R — R is a non-negative continuous
function such that

3 13
t)dt t)dt
lim inf 7f0 /() =0 and lim sup 7f0 f(t) =

+00.
§—+oo gp E—+o00 ép
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Then, for each A > 0, the problem

{ —div(a(z, Vu)) = Xk(z) f(u), in Q,
u =0, on 082,

admits a sequence of weak solutions which is unbounded in W(}’p(Q).

This article is organized as follows. In Section 2, we present some ne-
cessary preliminary facts that will be needed in the paper. In Section 3, we
establish our main existence results.

2. AUXILIARY RESULTS

Assume that Q is a bounded domain in RY (N > 2) with smooth boundary
0Q). Further, denote by X the space WO1 P(Q) endowed with the norm

1/p
ww=<@wwmwﬁ ,

the functional I : X — R associated with (1.1) is introduced as following:
In(u) := ®(u) — AV (u),
for every u € X, where

B(u) = /QA(x, Vu(z))dz,

and

for every u € X, where k : Q — R¥ is a positive and continuous function, and

ﬂﬁ—Aﬁww

for every s € R. By standard arguments, ® is Gateaux differentiable and
sequentially weakly lower semicontinuous and its Gateaux derivative is the
functional ®'(u) € X*, given by

' (u)(v) ::/Qa(x,Vu(:U))Vv(a:)da:,

for every v € X. Moreover, 9 is a Gateaux differentiable sequentially weakly
upper continuous functional whose Gateaux derivative is given by

@wmmzémmﬂwmmmm,
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for every v € X. Fixing the real parameter A, a function u :  — R is said to
be a weak solution of (1.1) if u € X and

/ o, Vu(z)) Vola)dz — A / k(@) f(u(z))o(z)dz = 0,
Q

Q

for every v € X. Therefore, the critical points of I, are exactly the weak
solutions of (1.1). Our main tool is the celebrated Ricceri’s Variational Principle
[20, Theorem 2.5] that we now recall as given by Bonanno and Molica Bisci
in [5]:

THEOREM 2.1. Let X be a reflexive real Banach space, let &,V : X — R
be two Gateaur differentiable functionals such that ® is sequentially weakly
lower semicontinuous, strongly continuous and coercive, and ¥ is sequentially
weakly upper semicontinuous. For every r > infx ®, put

- (swpapye ¥) - ¥(w)
D (u)<r r— ®(u) ’

vi= lrlgﬁgof o(r), and 0:= liminf o(r).

r—(infx &)+
Then the following properties hold:

(a) For every r > infx ® and every A €]0,1/¢(r)], the restriction of the

functional
Iy = ® — \U

to ®~1(] — oo, 7[) admits a global minimum, which is a critical point (local
minimum) of Iy in X.

(b) If v < 400, then for each A €]0,1/v], the following alternative holds:
either
(b1) I, possesses a global minimum, or
(ba) there is a sequence {uyn} of critical points (local minima) of I\ such

that
lim ®(u,) = +oc.
n—-+00
(¢) If 0 < +oo, then for each A\ €]0,1/6], the following alternative holds:
either

(c1) there is a global minimum of ® which is a local minimum of Iy, or
(ca) there is a sequence {u,} of pairwise distinct critical points (local
minima) of I which weakly converges to a global minimum of ®,
with
lim ®(uy,) = inf ®(u).

n——+o0o ueX
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Put

MAXzeQlu(z) Lp
= —_— Wi (9 .
k sup{ Tl ue WP (),u#0

Since p > N, one has k < oco. For our goal it is enough to know an
explicit upper bound for the constant k. In this connection (see [21, formula

(6b)] put
by
(;:_ ]17> (meas(Q2))N "7,

(2.1) [ulloo = max u(z)] < mlluf,

2=
Q=

one has kK < m. Hence

for every u € X. Here I' is the Gamma function defined by
+oo
I'(t) = / 2l dz (Vt >0),
0

and “meas(2)” denotes the usual Lebesgue measure of ). Moreover, let
D := sup dist(z, 09).
e
Simple calculations show that there is xg € Q such that B(zg, D) C ,
where B(x, D) is the open ball radius D centered at the point zy. We also
denote by

vl

N ™

F(1+g>

the measure of the N-dimensional ball of radius s > 0. At this point, for
dn > 0, let w, € X be the following function

Ws =8

0, z € Q\ B(xo, D),
D
(2.2) wy(z) = % x € B(zo, 3),

o) (D — |z —x0|), z € B(xg,D)\ B(xo, %),

that will be useful in the sequel in the proof of our theorems. One has that

2pdﬁwD 1
p._ p — [
Jawnll? = (/Q|an<x>| dx) =~ (1 2N>-

Indeed,
op

Vuwp(z)Pde = dﬁ/ —dz
/Q w B(w0.D)\B(w0,§) D"

2
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= 2;(;2” (meas(B(xg, D)) — meas(B(xo, g)))

_ 2°db wp 1 1

~ Dr CoN
where, from now on, “meas(B(xo, s))” for s > 0 stands for the Lebesgue mea-
sure of the open ball B(xg, s).

3. MAIN RESULTS

In this section, we formulate our main results. Let p > 1 and let @ C RV
be a bounded Euclidean domain, where N > 2. Further, let A: Q x RN - R
and let A = A(z,€) be a continuous function in Q x RY, with continuous
gradient a(z,&) = VeA(z,€) : @ x RV — RV and assume that the following
conditions hold:
(a1) A(z,0) =0 for all z €
(qg) A satisfies A1[€]P < A(z,€) < Ag|¢fP for all x € Q, € € RN, where A; and
Ao are positive constants.
(a3) a satisfies the growth condition |a(z,&)| < ¢(1 + [£[P~1) for all z € €,
EeRN, ¢>0;
(i) A is p-uniformly convex, that is

57;77) < 1

2 2

for every z € Q, £, € RY and some k > 0;
Put

Az, A(,&) + LAl ) — Kig — P

F
B* := limsup (5),
E—+o0 gp
Our main result is the following theorem.

THEOREM 3.1. Assume that there exist two sequences {dn} and {b,} in
10, +00], with lim b, = 400, such that

n—-+o00

(i9) F(s) >0 for every s € RT;

A DP2NP
] dP .
(Zl) n < A2 wa(QN _ 1) n’

meas(Q)( max F(ﬁ)) r;leagzc k(z)—wp /o F(dn) grgrggk(x)

(i) As = lim ¢]<bn
2) Moo e 2N (Db, )P A1 —(2mdn)PAgwp (2N —1)
min k(x)
< — e B~

mPA2N+P (2N —1)
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Then, for every

Ax2P (2N — 1) 1

A=
h )BOO’2N(mD)pAOO ’

Dr (min k(x)
e

problem (1.1) admits a sequence of weak solutions which is unbounded in X.

Proof. Fix A € A. Our aim is to apply Theorem 2.1 part (b) with
X = WO1 P(Q) and where ® and ¥ are the functionals introduced in Section 2.
Clearly, @ is coercive since, by condition (ag), it follows that

®(u) > Agfful]” — +oo,

when ||u|| = co. As seen before, the functionals ® and U satisfy the regularity
assumptions requested in Theorem 2.1. Now, we look on the existence of
critical points of the functional Iy := ® — AW in X. Therefore, our conclusion
follows provided that v < oo as well as I turns out to be unbounded from

below. To this end, set
L Albnp

Tn -

mp

for all n € N. Let u € X be such that ®(u) < 7y, that is

/ Az, Vu(z))dz < ry,.
Q

Hence the above relation together with condition (c2) implies that

1
loll< (32)"-
1

Owing to (2.1) we have ||ul|oc < by, for all n € N. Then, for all n € N, we
obtain

meas({) <max F(£)> max k(x) — [, k(z)F(u(z))dz

. [€1<bp xeQ)
o(r,) < inf
" ®(u)<ry Asba? 7|l |p

Next, let w,, be the function defined in (2.2). Clearly, w, € X and since
(a2) holds, we have
Ap2Pdhwp (2N — 1
wm:AmLWWWMSngg, )

Hence, by (i1), we have ®(w,) < r,. Moreover, from (i) and taking into
account that the map k is positive and continuous in 2, we have

/Q () P (@) > wp F(dy) min k().
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Therefore, one has

meas(9)  max F©)) max k(o) — wpoF () min )

QN(Dbn)pAl — (den)pAng(2N — 1)

p(ra) < 2¥(mD)

Hence, bearing in mind assumption (i2), we can write

(3.1) v < liminf p(r,) < 2V (mD)P Ay < +00,
n——+0o0
Assumption (iz) together with (3.1), implies
1
A CJo, —[.
Y

Fix A € A. We conclude that condition (b) of Theorem 2.1 can be applied,
and either ) has a global minimum or there exists a sequence {u,} C X of
weak solutions of the system (1.1) such that lim,,_,||u,|| = +00. The other
step is to show that the functional I has no global minimum. For fixed A, we
claim that the functional ® — AW is unbounded from below, since condition (i2)
yields A, < +o0o. Now, we claim that the functional I is unbounded from
below. Since

Dr (min k:(x)) B>
l < TS
A Ap2e(2N — 1)
we can consider a real sequence {c,} and a positive constant 7 such that
{en} — o0 as n — 0o and

DP <min k@:)) <lim SUD;, ;4o (%))

1 xef)

— <7< s
ST Aa2P (2N — 1)epp

First, assume that B® = +o00. Accordingly, fix M such that
Ax2P (2N — 1wp

2N DPwp /s <min k:(x)) A
zeQ

M >

and let {c,} be a real sequence such that lim,,_,~ ¢, = +00, and
F(en) > Mcb (Vn € N).
Further, for each n > 1, define s, € X given by

0, er\B(x()vD):
D
(3.2) sp(x) = 02"6’ z € B(zo, 3),

D~ |o — o)), @ € Blao, D)\ Blao, B).
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By using condition (ig), we infer
U (sy) = / k(z)F(sp(z))dx > / k(z)F(c,)dx,
Q B(wo,%)
for every n € N. Then, we have
Iy(sn) < ®(s,) — A / k(2) F(cn)da.
B(Z‘o,%)

Consequently, one has

I(50) < Asllsnll” = AMwp,o min k(z)ch
€N

AQZPUJD 1 .
= ( o (L~ 5n) — AMwp) ggg“@) ch

for every n € N. Then, it follows that

ngrfoo I)(sp) = —0.

Next, assume that B> < 4o00. Since A > M, we can fixe >0
Dp (mir) k;(ac)) Boe
e

N

such that ¢ < B — 222C7=1  Therefore, also calling {cn} a sequence of
Dp (mig k(x)) A
e

positive numbers such that lim,,_, ~ ¢, = 400 and

WD, oo , WD, oo
2—113(3 —e)ch < Flep) (wD/Q I;légk(ﬂ;)) < 2—5(3 +e)ch (Vn e N),

arguing as before and by choosing {s,} in X as above, one has

A22Pwp (2N — 1 w .
B < (MR AR -9

So, limy,—s 400 In(8n) = —oo. Hence, our claim holds true; it follows that
I, has no global minimum. Therefore, Theorem 2.1 assures that there is a
sequence {uy} C X of critical points of I such that lim, . |u,|| = +o0, and
we have the conclusion. Therefore, owing to Theorem 2.1(b), the functional
I, admits an unbounded sequence {u,} C X of critical points. Then, problem
(1.1) admits a sequence of weak solutions which is unbounded in X. [

Now, put

(6

BY := limsup —>~.
£—0t fp

Arguing as in the proof of Theorem 3.1 and applying part(c) of Theo-
rem 2.1, we get the following theorem.
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THEOREM 3.2. Assume that (ig) holds and there exist two sequences {cy,}
and {an} in |0, +oo[, with lim a, =0, such that
n—+o00
Ay DP2N—P
< ~ ab;
AQTnwa(Q — 1)

(i3)

meas(2) ( max F(ﬁ)) ineag k(z)—wp/2F(cn) inelg k(x)

. e : [§]<an
(ia) Ao := HETOO 2N (Dan)PA1—(2men )P Aowp (2N —1)
min k(x)
< zeQ BO

mPA2N+P (2N —1)

Then, for every

Ao2P(2N — 1) 1

Ae N =
< > 0 2V (mDp A, |

Dr <min k(z)
zef)

problem (1.1) admits a sequence of non-zero solutions which converges to zero.

Proof. We take X, ® and ¥ as in the proof of Theorem 3.1. In a similar
way, we prove that § < co. Put
A1b,P

Ty =
n mp b

for all n € N. We claim that the functional I does not have a local minimum
at zero. Now, we fixed A such that

. D <mir_1 k(m)) B

S < z€Q
) A2(2N —1)

we can consider a real sequence {c,} and a positive constant 7 such that
{en} = 0 as n — oo and

Dp <mip k(a:)) (hm SUDPp, s 400 F(cn)>
1 e
— <7<

A Ao2P(2N — 1), P ’

If we take s, as in the proof of Theorem 3.1, of course the sequence {s,}
strongly converges to 0 in X and I)(sy,) < 0 for each n € N. Since I(0) = 0,
that means that 0 is not a local minimum of I. The part (c) of Theorem 2.1
ensures that there exists a sequence {uy,} in X of critical points of I such that
limp—ool|un|| = 0, and the proof is complete. [
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Now, we point out some consequences of Theorem 3.1. First, by setting

max F'(t)

P L5

Ay = liminf ,
&—+oo &p

we get the following result.

COROLLARY 3.3. Assume that (ig) holds and

A1 DP min k(x)
(i5) Ao < red B™.
meas(2) (magi k(m)) mPA22P (2N — 1)
e
Then, for each
Ap2r(2N —1 A
A€ 22 ), ! :
Dr <min k:(:c)) B> meas(2) <max k(a:)) mP A
z€eS) €

problem (1.1) admits an unbounded sequence of weak solutions in X.

Proof. Let {b,} be a sequence of positive numbers which goes to infinity
such that

max F(§
lim €1<bn ©) 4
n—-+oo bﬁ o

Taking d, = 0 for every n € N, by Theorem 3.1 the conclusion fol-
lows. O

A special case of Corollary 3.3 is the following.

COROLLARY 3.4. Assume that (ig) holds and

. Aq 00 A22p(2N71)
i6) Aoo < and B> > 2222 )
( ) 00 meas(ﬂ) (méj.&%( k(z)> mp Dpr ;nelg k:(x)

Then, the following problem

{ —div(a(z, Vu)) = k(x) f(u), in Q,
u =0, on 0f,

admits a sequence of weak solutions which is unbounded in X.

Remark 3.5. When f is a nonnegative function, assumption (ip) holds
and condition (i5) becomes
A1 DP min k(x)
F =
(i5) AL :=liminf (5) < vel B,

oo meas(Q) <max k(@) mPA,20(2N — 1)
e
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In this case, (i) ensures that for each

p(oN _
O LA VI Ay |
Dr <min k(;r)) B> meas() <max k(:r)) mpP AL
TS T

problem (1.1) admits an unbounded sequence of weak solutions in X.

Proof. Obviously, from (if) we obtain (i5). Taking d,, = 0 for every n € N,
by Theorem 3.1 the conclusion follows. [

The next result is a consequence of Theorem 3.1 and guarantees the
existence of infinitely many weak solutions to (1.1) for each A which lies in
a precise half-line.

COROLLARY 3.6. Assume that (ig) holds and let there ezist two sequences
{dn} and {b,} in]0,4o00[, with lim b, = +o0, such that (i1) and

n—-+0o
(i5) meas(Q2) (max F(f)) max k(z) = wp /o F(dy) min k(x) for each n € N,
€]<bn ze zeQ

are satisfied. If B* > 0, Then for each A > M, problem (1.1)

Dp (mig k(z)) B>
e

admits an unbounded sequence of solutions.

Proof. From (i5) we obtain A., = 0. Hence, since B> > 0, (i2) of
Theorem 3.1 holds and the proof is complete. [

Remark 3.7. From Theorem 3.2 we obtain the same consequences of The-
orem 3.1. Namely, substituting £ — +oo with £ — 07, statements such as
Corollaries 3.3, 3.4 and 3.6 can be established.

Ezample 3.8. Set
2nl(n+2)! -1 2nl(n+2)! +1
Qp = ——— by = ——————,
4(n+1)! 4(n+1)!

for every n € N. Let {g,} be a sequence of non-negative functions such that
(i) gn € C%([an,by]) such that g(a,) = g(b,) = 0 for every n € N;
(i1) f;: gn(t)dt # 0 for every n € N.
For instance, we can choose the sequence {g,} as follows:

2
1 n!(n + 2)
9n(8) = 16(n+1)!2_<£_ 2 )
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for all n € N. Define the function f: R — R as follows:

oy e 9n(8)
f€) = ey ]ff:gn(t)dt

0, otherwise.

, if £€ U:;g[ambn]a

‘We have

and
F(a,) =nlP —1, Fby)=Mm+1P -1
for every n € N. Hence,

lim ) _ o im £l _ g

n—-+oo b% ’ n—-+4oo ag )

Therefore, we can prove that
F F

lim inf ﬁ =0, lim sup (©) = 2P,

§—+o0 é‘p E—+00 é‘p
Then,

min k(z)
F » F
0 = liminf (&) < weil lim sup ()

i € mPA2NTP(N 1) (0P e

By Theorem 3.1, for each

N _
A L1
Dp min k(z)
x€f)

the problem
—div(a(z, Vu)) = Ak(z) f(u), in Q,
u =0, on 052,

possesses a sequence of weak solutions which is unbounded in X.

Following Omari and Zanolin in [19], we give a concrete example of po-
sitive continuous function f : R — R such that its potential F' satisfies our
growth conditions at zero. Precisely, let {s,}, {t,} and {0,} be real sequences
defined by

2

Sp = 27%!, ty =272 8y =2~
Observe that, definitively, one has

Sntl < tn < Sp — On.
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Example 3.9. With the above notations, let f : R — R be a continuous
nondecreasing function such that f(¢) =0 in | —00,0], f(t) > 0 for every ¢t > 0
and

f@#&)=p"" VEE [sng1, 50— ),

for n sufficiently large. Define F': R — R given by F(§) = foé f(t)dt, for every
£ € R. Then
F(sn) _ q(8n+1)8n + q(8n)dn

< — 0,
SpP SpP
and
F(ty) > q(sn+1)tn — Sn+41 s oo,
t,P tnP
Hence
max F'(t)
P B . F(¢)
liminf ——— =0, limsup —* = +o0
g0t &p ¢sot &P

Thus, the following Dirichlet problem
—div(a(z, Vu)) = Ak(z) f(u), in Q,
u =0, on 0f2,

for every A > 0, admits a sequence {u,} of pairwise distinct weak solutions
such that

lim ||uy| = 0.
n—oo
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