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We give the decomposition into irreducible factors of Weil representations of
Sp2g(Z) at even levels, generalizing the decompositions in [8,19] at odd levels.
We then derive the decomposition of the quantum representations of SL2(Z)
arising in the SU(2) and SO(3) TQFTs. As application we show that, when the
level indexing the TQFT is not a multiple of 4, the universal construction of [5]
applied to a cobordism category without framed links leads to the same TQFT.
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1. INTRODUCTION AND STATEMENTS
1.1. A BRIEF HISTORY

In this paper, we study a family of unitary representations of the sym-
plectic groups Spag(Z), indexed by some integer p > 2, which are related to
number theory, mathematical physics and topology (see the next section for
definitions). They first appeared in the work of Kloosterman in 1946 (see [19])
where they arise as modular transformations of spaces of theta functions. They
were rediscovered independently by the physicist Shale [32] following Segal [30]
in 1962 when the authors studied the Weyl quantization of the symplectic torus.
Their construction has been generalized to arbitrary locally compact abelian
groups by Weil in 1964 (see [34]). The ones we consider in this paper are as-
sociated to Z/pZ. They also appeared independently in the work of Igusa [18§]
and Shimura [33] on theta functions. See also [25] for another construction.

The mathematical physics community studied the semi-classical proper-
ties of the Weil representations associated to finite cyclic groups when the level
p tends to infinity as a model for quantum chaotical behavior (see [3,6,11,21]).

Topologists began to study these representations because they fit into the
framework of Topological Quantum Field Theories. Their definition for even

MATH. REPORTS 21(71), 4 (2019), 383-409



384 Julien Korinman 2

levels and arbitrary genus first appeared in [13,17] in relation with 3-manifold
invariants which were studied in [26] and further explored in [9] in the more
general context of abelian invariants.

The main motivation of the author for this paper was to obtain informa-
tion on the Witten-Reshetikhin-Turaev representations of the mapping class
groups, as defined in [35], using a relation between the two families of repre-
sentations in the genus one case.

The construction we will use in this paper is related to knot and skein
theory following the topological point of view of [15]. Though less standard
that the number theoretical or geometrical construction, this point of view
is more elementary, crucial in the proofs of Theorem 4.13 and makes more
transparent the relation with the Witten-Reshetikhin-Turaev representations
made in the last section.

1.2. STATEMENTS

Given two integers p > 2 and g > 1, the Weil representations are projec-
tive unitary representations of the symplectic group Spag(Z)

Tp,g © SP2g(Z) — PGL(UE’Q)

where U, is a free module of rank p over the ring:

[ 2[Ag] /6 . when pis odd.
)z A, ;ﬂ /(¢2p(A)), when p is even.

where ¢, € Z[X] represents the cyclotomic polynomial of degree p.

In [19], Kloosterman gave a complete decomposition of the Weil repre-
sentations when g = 1 and p is odd. His result was further generalized by
Cliff, Mc Neilly and Szechtman in [8] to arbitrary genus still at odd levels (see
also [27]).

The main result of this paper is the extension of these decompositions to
even levels.

Let a,b > 2 be two coprime non negative integers with b odd, and let u
and v be odd integers such that au 4+ bv = 1 in the case where a is odd and
such that 2au+bv =1 if a is even and b is odd. We define a ring isomorphism
kg — ko @ ky by pu(A) = (A A™) if @ is odd and p(A) = (A, A%%) if
a is even, which turns US ® Ub® 9 into a kg,-module.

For r prime and n > 1, we define the ring homomorphism p : kyn — kpnt2
by u(A) = A" which turns US? into a k,n+2-module.

Set o(p) for the number of divisors of p including 1.
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THEOREM 1.1. The level p Weil representation contains o(p) irreducible
submodules, when p is odd and J(%), when p is even. They decompose according
to the following rules, where = denotes an isomorphism of Spay(Z) projective
modules:

1. If a,b > 2 are two coprime integers, then:

U@ U = U
2. If r is prime and n > 1, then:

K9 ~ 779 RXg
Urn+2 — U’rn @ WTTH»Q

where Wont2 is a free submodule of Upn+2.
3. If r is an odd prime, then:

Uy 21wy’
where 1 denotes the trivial representation.

4. FEwvery factor U;?g, Wf%g for p > 3 decomposes into two invariant submod-
ules,

U =2Ust e U™
WS =Wt o Wi

r

We call U™ and W5 the even modules and U™, W%~ the odd mod-
ules.

5. The application of the previous four rules decomposes any U;@g into a
direct sum of modules of the form B, ® ...® B,, with ri,...,r} dis-
tinct prime numbers and B,, € {Uﬂi’i, Wfﬁi}. These modules are all
wrreducible and pairwise distinct. '

The Witten-Reshetikhin-Turaev representations V) of SLo(Z) defined
in [35] are projectively isomorphic to the odd submodule U, of the Weil rep-
resentations (see [12] when p is even, [22] when p = 1 (mod 4) and the last
section of this paper for a general proof). We deduce the following:

COROLLARY 1.2. We have the following decomposition into irreducible

modules of the genus one SO(3) and SU(2) quantum representations at level
p of SLa(Z):

Ve = @ B® B; ®...® B, when p is even;
BEE,BleEl,...7BkEEk
v, = &y B1 ®...® By, when p is odd.

B1€FE,...,.BLEE)

where p = 2"t .. .rZ’“ is the factorization into primes and:
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o [f j is such that n; is odd,

B = {Wn oy Wy UL U [0S gy < {%J —1}.
T Ty ! ’ 2
o If j is such that n; is even,

r

Ej:{w sz Wz L] 0 < 0y <

—|
1\3‘5
| I
|
—_
——

J J
o Ifmis odd, B = {Wy, 2., Wy 2,,U2|0<a<[2] -1},
e Ifm is even, E = {W;_QG,WJW_Q@,UI,U[ |0<a< {%J — 1}.
with the condition that each summand B ® B1 ® ... ® By or B1 ® ... ® By
contains an odd number of modules U, , Wi

Ezample 1. The Weil representation (7500, Usoo) at level 500 decomposes
as follows:

1

Uy ® Urs = Us @ (Us © Wizs)
= (UfeUH)e Uy U)o (U @Uy) e (Uy ®Uy)
Uy @ Wiks) @ (U @ Wips) @ (U @ Wihs) @ (U @ W)
In particular, we derive the following decomposition of the SU(2)-quantum
representation (pso0, Vs00) in genus one at level 500:
Vaoo = U = (Uy @ Us") & (U @ Ug) & (Uy @ Wihs) & (U © W)

where each factor in parenthesis is an irreducible factor.

Usoo

The previous decomposition has the following application. The TQFTs
defined in [5] associate to each closed oriented surface X, a vector space V,(X).
To a triple (M, ¢, L), where M is a closed oriented 3 manifold, ¢ : OM — ¥
an orientation-preserving homeomorphism and L C M an embedded framed
link (possibly empty), the TQFT associates a vector Z,(M,¢,L) € V,(X).
Such vectors generate V,,(X) by definition (see the last section). The following
theorem was proved by Roberts in the particular case where p is prime (it
results from Lemma 2 in [29]).

THEOREM 1.3. If 4 does not divides p, then in the SU(2) and SO(3)
TQFTs (see [5] for definitions), the vectors Z,(M, $,0), associated to cobor-
disms without framed links, generate Vj(X).

It results that the universal construction of [5] applied to a cobordism
category without framed links leads to the same TQFTs. In particular, these
TQFTs are determined by their 3 manifolds invariants without framed links
(see the last section for details). It contrasts with the usual constructions
(see [5,28]) where standard generating sets for V,,(X) are constructed from the
skein modules of Handlebodies.
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2. DEFINITION OF THE PROJECTIVE WEIL REPRESENTATIONS

The following section closely follows the definitions from [15].

2.1. HEISENBERG GROUPS AND SCHRODINGER REPRESENTATIONS

Definition 2.1. 1. Let p > 2 and M be a compact oriented 3-manifold
possibly with boundary. The reduced abelian skein module ’7~;(M ) is the
k,-module generated by the isotopy classes of oriented banded links of
ribbons in M quotiented by the relations given by the abelian skein re-
lations of Fig. 1 and by the submodule generated by the links made of p
parallel copies of the same ribbon.

p times :

Fig. 1. Skein relations defining the reduced abelian skein modules.

The reduced abelian skein module of the sphere S3 has rank one. The
class of a link L C S® in this module is equal to the class of the empty
link multiplied by A*(L) where lk(L) represents the self-linking number
of L. This gives a natural isomorphism ’7;(5’3) = k.

It is classic, that if M =3 x [0, 1] is a thickened surface, then its reduced
skein module 7~;(M) is isomorphic to k,[H1(X,Z/pZ)].

2. Denote by H, the genus g handlebody. Its abelian skein module is freely
generated by the elements of Hy(Hgy,7Z/pZ). So, if we denote by U, the
module ’7;(5’ 1 x D?), we have a natural k,-isomorphism between 7~;,(Hg)
and U9,

3. Let X4 be a closed oriented surface of genus g. The module 7,(2, % [0,1])
has an algebra structure with product induced by superposition, which
appears to be the algebra of the following group.
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We denote by ¢ € 7N;(Eg x [0,1]) the product of the class of the empty
link by A € k,. We call Heisenberg group and denote H,, 4 the subgroup
of ’7~;(Zg x [0,1]) generated by ¢ and Hi(X4,Z/pZ). Denote by w the
intersection form w : H1(X4,Z/pZ) x H1(X4,Z/pZ) — Z/pZ when p is
odd and w : H{(X4,Z/pZ) x H\(Xy,Z/pZ) — Z/2pZ, when p is even.
Then #, 4 is isomorphic to the group Hi(Xg4,Z/pZ) x Z/pZ, when p is
odd and H{(X4,Z/2pZ) x Z/2pZ when p is even with group law given
by:
(X,2) e (X, 2)=(X+ X" 2+ +w(X, X))

4. We choose a homeomorphism ¢ : ¥, — ¥4 so that (3, x [0,1]) U, Hy =
H,. This gluing induces a linear action of the Heisenberg group on
the reduced skein module ’7~;,(Hg) = UI(,X’ 9. This representation is called
the Schrédinger representation and will be denoted by Add, : Hp 4, —
GL(UI? 9). Up to isomorphism, this representation does not depend on ¢.

2.2. THE WEIL REPRESENTATIONS

Every element of the mapping class group Mod(X,) acts on Hi(X4,Z)
by preserving the intersection form. Choosing a basis of H1(34,Z) we obtain
a surjective morphism f : Mod(3,) — Sp24(Z) whose kernel is called Torelli
group. N

Let g > 1, the module 7,(X, x [0,1]) is spanned by classes of links em-
bedded in X x {%} with parallel framing whose class only depends on their
homology class in ¥,. The action in homology of the mapping class group
Mod(X,) induces, by passing through the quotient by the reduced skein rela-
tions, an action on the Heisenberg group. We denote by e this action. Let
¢ € Mod(¥,) and consider the representation s? : H, , — GL(Uy?) defined
by s?(h) := Addp(¢ e h) for all h € H,,. It is a standard fact, referred as
the Stone-Von Neumann theorem, that the Schrodinger representation is the
unique irreducible representation of the Heisenberg group sending the central
element ¢ to the scalar operator A - 1.

It results that the representation s? is conjugate to the Schrédinger rep-
resentation. Thus there exists 7, ,(¢) € GL(US”), uniquely determined up to
multiplication by an invertible scalar, so that:

(1) Tp.g(9) Add,(h)Tp 4(¢) 1 = Add,(¢p e h), for any h € H,

The equation (1) is called the Egorov identity and we easily show that
the elements m,,(¢) define a projective representation m, Mod(%,) —

pg
PCL(USY) called the Weil representation.
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Since the action of Mod(X,) on H, 4 factorizes through the Torelli group
and through Spyg(Z/pZ) when p is odd and Spag(Z/2pZ) when p is even, so
do the Weil representations.

The previous definition of the Weil representations as intertwining oper-
ators is not explicit. To manipulate it more easily, we choose the generators
of Spay(Z) consisting of the image through f of the Dehn twists X;,Y;, Z;; of
Fig. 2 (see [23] for a proof these Dehn twists generate the mapping class group).
We define the basis {€q, ® ... ® eq,a1,...,aq € Z/pL} of Uy as in Fig. 3,
that means that e,; ®...® eq, is the class of a link made of a; parallel copies
of an unframed ribbon encircling the i hole of H, one time. To express the
image of the generators in the basis, we will first need to define Gauss sums.

Fig. 2 — A set of Dehn twists generating the mapping class group
and the symplectic group.

R CCOC

Fig. 3 — A basis for the abelian skein module of the genus g handlebody. Here an
integer ¢ in front of a ribbon means that we take ¢ parallel copies of it.

Definition 2.2. Let p > 2 and a,b be two integers. We define the Gauss
sums by the formulas:
L. G(a,b,p) = Ypez)pn A+ € ky, when p is odd.
2. G(a,b,2p) = Yycz o Aak?*+bk - — 2 kezsp ARk ¢ k, when p is
even.

The computation of the Gauss sums is detailed in [2].

PROPOSITION 2.3. The expression of the matrices of the Weil representa-
tion on the generators X;,Y; and Z; j in the basis {e,, ®@...® eag]al, a9 €
Z]pZ} of U,?g is given by the projective class of the following matrices:
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o mp1(X) = (A2i25i,j)i,j and mp ¢(X;) = 1861 g TFII,(X) o 1800-1).
o Tpyg(Zij)(ea ®...Qe€q,) = Alai—a;)? (cay ® ... ® ca,).
GON) (g=(i=3)%y, .
o mpu(Y) = { GEI02N) 14— (i
%(A (i=9)%), 5,
7"']o,g(yvi) = 1901 &® 7Tp71(Y) ® 1891,
These generating matrices are unitary (they verify UTU = 1 where U =

(U;])” is defined by the involution of k, sending A to A7) so are the Weil
representations.

when p is odd.
when p is even.

Proof. If ¢ € Mod(X,) can be extended to a homeomorphism & of the
handlebody Hy, the action of ® on T,(H,) = U;?g defines an operator which
satisfies the Egorov identity (1) so is projectively equal to m, ;(¢). The gener-
ators X; and Z; ; are such homeomorphisms and Fig. 4 shows how we compute
their action on the basis.

Fig. 4 — The computation of the matrices associated to mp1(X) and mp,2(Z1,2).

Then choose a Heegaard splitting of the sphere H | o Hg = S3 with ¢ €
Mod(X,). This splitting determines a pairing 7,(Hy) x Ty(Hy) — T5(S%) = ki,
The associated bilinear pairing (-, )f : U;?g ® U;?g — k,, is called the Hopf
pairing. Fig. 5 shows that:

H 25 aibs
(ea1 Q...Qeq,,6p Q...0 ebg)p — A2 ;aibi
Thus the Hopf pairing is non degenerate.

H a % PSP
(ea ® ep, eq' ® €b/>p = O O — A—2ab—2a’b
b b'
Fig. 5 — The computation of the matrix associated to the Hopf pairing when g = 2.

The dual of m,4(X;) for (., M satisfies the Egorov identity (1), so is
projectively equal to m, ,(Y;). If mp1(Y) is the dual of 7,1 (X) for (., )H the
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previous expression of 7, ,(X;) implies that its dual for the Hopf pairing is
12601 & Wp,l(Y) ® 19—,

To compute the matrix of m,;(Y), we remark that the matrix S =
(A_Qz])”. of the Hopf pairing has inverse S~! = ]%S = %(AQU)Z.J_ A direct

7

computation gives:

Wp,l(Y) = Sﬁp’l(X)S_l

{ G(1,2G=1).p) _ GU0p) (A_(i_j)Q)ij, when p is odd;
- (

G(1,2(—1).2p) _ G(1,0,2 ()2
=02 _ <p2pp>(A( R

ij» Wwhen piseven. [

Remark. 1. When p is even and A = exp (—%), the projective rep-

resentations we defined here coincide with the ones from [13] and [17]
coming from theta functions.

2. When p is odd or when g = 1 and p is even, the Weil representations
lift to linear representations of SLo(Z/pZ) and SL2(Z/2pZ) respectively
(see [1] for a proof and [20] for a proof that the matrices 7, 4(X;), 7p g (Yi)
and 7y, 4(Z; j), defined in Proposition 2.3 define an explicit lift).

When p is even and g > 2, they lift to linear representations of Spyy(Z)
a central extension of Spag(Z/2pZ) by Z/2Z (see [14] for a proof and [20]
for a proof that the matrices above define an explicit lift).

We will now consider these linear lifted representations and denote them

by mp.g-

3. DECOMPOSITION OF THE WEIL REPRESENTATIONS

In this section, we prove the three first points of the Theorem 1.1. We
first define:

U;’g = Span{eq; ®...Qeq, +€q; @...Qe g la1,...,ay € L/pL}
U, Y :=Span{eq, @ ... @ eq, — €y @ ... @ €q,lay,...,a5 € Z/pL}

LEMMA 3.1. The submodules Uy ¥ and U, are , 4-stable.

Proof. A direct computation shows that the submodules UJ'" and U~
are stabilized by 7, 4(X;), mp (Y;) and 7 4(Z; ;). We can also remark that the
involution acting on the reduced skein module by changing the orientation of
a framed link, commutes with the image of w. The modules U;t Y correspond
to its two eigenspaces. [

Let a,b > 2 be two coprime non negative integers with b odd, and let u
and v be odd integers such that au 4+ bv = 1 in the case where a is odd and
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such that 2au+bv =1 if a is even and b is odd. We define a ring isomorphism
t: ke — ko @ ky by p(A) = (A%, A%) if @ is odd and u(A) = (A, A%
if a is even, which turns UC? I ® Ub® 9 into a kg-module. We also denote by
f:Z/aZ x Z)VZ — Z]abZ the bijection sending (x,y) to zv + yu when a is
odd and to zv + 2yu when a is even. The following lemma was shown in [21],
we give a more explicit proof.

LEMMA 3.2 ([21]). The isomorphism of kay-module 1 : Ug? @ U9 — US?
defined by
P((ea) ® ... Veq,) @ (ep, @...Q¢p,)) = €f(arby) @ - @ €f(ag.by)
makes the following diagram commute for all ¢ € Spag(Z) (resp for all ¢ €

S;;;(/Z) when a is even):
U9 @ Uy N Us?

Tfa,g(¢)®7Tb,g(¢)T /rﬂab,g(ﬁb)

U @ Uf AN Uy’

Proof. We note (A1, Ag) := (A", A%) when a and b are odd and (A, A)
= (A", A%2%%) when a is even. It is enough to show the commutativity of the
diagram for ¢ = X;,Y; and Z; ;. For ¢ = X;, we compute:

Y (Ta,g(Xi) @ T g(Xi)((€a, ® ... ® €q,) @ (e, @ ... R ep,))) =
W (A??Agg((eal ®..0e) R (e ®...0 ebg))) —

b2
Af(aib) (ef(ahbl) 8. ef(ag’bg))
Then for ¢ = Y;, we note ¢, = W when p is odd and ¢, = G(lé(;gp)

when p is even:

) (7ra7g(Y¢) ® mhg(Yi)((€a; ® ... @ eq,) ® (€, ® ... ® ebg)))
= ¢(Cacb

—(ai—k)? 4 (bi—1)>
A A, (e, ®...0ek®...®eq,) (e, ®...R € ®... @ ep,))

kEZ/aZ
IEZ/.

—(f(ai,b;)—m)?
:w(cacb) Z A (f(aisbi)—m) (ef(a17b1) R...Qem R -"®€f(ag,bg))
meEZ/abZ

where we made the change of variable m = f(k,l) to pass to the last line.
We conclude by noticing that 1 (cqcp) = ¢qp which is equivalent to ¢(G(1,0, a)
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G(1,0,b)) = G(1,0,ab) when a is odd and ¢(G(1,0,2a)G(1,0,b)) = G(1,0, 2ab)
when a is even.
Finally, for ¢ = Z; ;:

w (ﬂ-avg(Zi:j) ® Wb,g(Zi,j)((eal ® o ® eag) ® (eb1 ® o e ® Ebg)))
_ A(ai_aj)ZA(bi_bj)2
=¥ (4 > ((eay ® ... ®eq,) ® (ep, @ ... @ ep,))

a; bi)?
= Af( bi) (ef(a1,b1) ®...Q ef(ag:bg)) O

Remark. This lemma also follows from ( [26], Proposition 2.3) where it is
showed that the 3-manifold invariant coming from the abelian TQFT at level
ab, with a coprime to b, is the product of the ones in level ¢ and b. We can
then conclude using the same argument as in [5].

Let r be a prime number and n > 0 if r is odd or n > 1 if r = 2. Let
U%¢ be the submodule of U5%, spanned by the vectors g, ® ... ® ga, Where

9i = Zogkgr—l Er(itkrm)-

LEMMA 3.3. The submodule USY is stabilized by Tpnt2 g.
isomorphism of k.n+2-modules 1 : Uss — Uﬁg sending €q; & ... & €q, to

rn

Ja; ® ... ® ga, makes the following diagram commute for all ¢ € Spay(Z) (for

Moreover, the

—_—

all ¢ € Spag(Z) when r =2 respectively):

= Tpn =
QLS5 T2 s yoi

! !

aLs) — D g

Proof. We generalize an argument of [8] to even levels to show that Uﬁg
is m,n+2 g-stable. Denote by I the principal ideal I := r"*1H (29, Z/r"27Z)
of Hi(X9,7/r""?7Z) and by D the subgroup D := (I x I,0) of H,n+2,. Since
I? = {0} and I is an ideal, D is a subgroup of H,n+2 , stable under the
action of Spoy(Z). We deduce from the Egorov identity that the space {v €
Uf?fﬂ\ Addy(¢)v = v,V¢ € D} is preserved by mm+2 4. We now easily show
that this space is U%SY.

We then verify the commutativity of the diagram for ¢ = X;,Y; and Z; ;.
When ¢ = X; we have:

g

’i2

ri)?
Ttz o(Xi)(Gay ® . ® gay) = AT (g0, ® ... @ ga,) = 1(A)" (ga, ® - .. ® ga,)
When ¢ =Y, we have:

7Tr"+2,g(}/i)(ga1 ... gag)
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e Crn+2 Z Z 14_(r(ai—"_an)_:E)Qga1 ® e ® (& ® . ® eag
w€Z/r+2 keLrT

= Cpnto Z A*ﬂfxrai*r?a? Z (A2r(n+1)m)k 00, ®...0€s®. . '®gag

x€ZL/r" 27 kEZ/TZ
= I'Cpn+2 Z (ATQ)—(y—ai)anl D...Qery®...Q gq,
yEZ/r"t1Z
= repnsz (u(A) (z—a;)? Z 9o, @ ... ®39:®...Q gq,
2€Z[r"Z

We verify that p(cn) = remm+2 to conclude in this case. Finally when

¢ = Zi,j:
T pn+2 g(Zi ~)(ga1 K...Q gag)

. n\)2
Z A r(aithr®)—plag +Hr™)) (ga1 ®... Cr(a;+krm) ... ®6r(a]~+lr") ... ®gag)
k,E€Z/pZ

2 q.)2
= Z (A" )(az a;) (Gar ® - - - €r(aitkrn) ® - .. @ Er(q4irn) @ ... ® Ya,)
k,l€Z/pZ

— (WA @ (g, ® ... ® ga,) D

Let W,n+2 be the submodule of U,» orthogonal for the invariant form
turning {eg, ..., €m+2_1} into an orthogonal basis. It is freely generated by
the vectors e; when r does not divide i and by the vectors e,;_,(j;g4rn) for
i€{0,...,r"—1}and k € {1,...,r —1}.

The orthogonal of U Q?lg in U 9 o 1S isomorphic to W‘% 1o and is stabilized
by 7tz 4. So are the two submodules ani : I/foF2 NU f;L o

4. IRREDUCIBILITY OF THE FACTORS
4.1. THE GENUS ONE CASES

The goal of this section is to extend Kloosterman’s work [19] to even
levels.
When g = 1 the strategy for the proof lies on the computation of the

following Kloosterman’s sums:
2) Sy = o Lsesta@pz) | Tr(mp(9))?,  when pis odd.

|
(3)  S2p = ) LsesLa@pz | Ti(mp(9))?,  when p is even.
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It is a classical fact that if this sum is equal to the number of component
in a decomposition of 7, then each factors appearing in this decomposition are
irreducible and they are pairwise distinct (see [31], chapter 2).

LEMMA 4.1. If a is prime to b then Sy, = S, X Sy if they are both odd
and Soqp = Saq X Sy if a is even.

Proof. This follows from the fact that we have a group isomorphism
SLy(Z]abZ) = SLa(Z/aZ) x SLa(Z/bZ) together with Proposition 3.2. [

In [19] Kloosterman showed that for an odd prime r and n > 1 then
S,» = n + 1. Thus, to complete the proof of Theorem 1.1 it remains to show
the following;:

PROPOSITION 4.2. For n > 1, we have:
Sgn =n-—1

Since the summand | Tr(man (¢))|? only depends on the conjugacy class of
¢ we will first make a complete study of the conjugacy classes of SLo(Z/2"7Z).
Then we will compute the characters of the Weil representations on represen-
tatives of each conjugacy classes.

4.1.1. Conjugacy classes of SLy(Z/2™7Z)

We begin by defining three invariants of the conjugacy classes which al-
most classify the conjugacy classes:

Definition 4.3. For A € SLo(Z/2"7Z) there exists a unique integer | €
{0,...,n} and € {0,...,2" — 1} such that:

A=z1+2'U;  (mod 27)

for some matrix U; which reduction modulo 2 is neither the identity, nor the
null matrix. We define a third integer

o Tr(A) € Z/2"Z, when [ = 0.
T\ det(Uy) € Z/2"7'Z,  when [ > 1.

Note that det(U) = 1(mod 2") implies that 2 = 1(mod 2) hence if [ = 1
then z = 1, when [ = 2 then x = 1 or 3, when [ > 3 we have four choices:
r=12 —12"1+1or 271 —1.

Let us denote by C(x,, T) the set of matrices of SL2(Z/2"Z) having z,
and 7 as invariants. Clearly C(—1,1,7) = —C(1,l,7) and C(2""! — 1,1,7) =
—C (21 41,1, 7), thus we only need to study the conjugacy classes of C(x,1,7)
when z =1 or z =271 4+ 1.
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As example, the matrices with [ = 0 are the matrices which are not equal
to the identity matrix modulo 2 whereas those with [ = n are the four scalar
matrices.

Definition 4.4. We define the following representatives of C'(x,, 7), where
c1 will denote an odd number:

o 1=0, Ag(r,c1) == (1 Cl_l(T_z)).

c1 T—1
—15l
o l>1,z=1 A(r,c1) = <0112l 161+22ITT>.
o [>3, x=1+2"1
Bi(r,c1) == (1 +z21_1 -1 1_—611_1—21l71 2-2 | o2 >
’ 2'cy 14+27— (14277 (2 + 2 + 24'7)
Similar representative for x = —1 and z = 2/=1 — 1 are given by taking

—A; and —By.

PROPOSITION 4.5. Fach set C(x,l,T) contains 1,2 or 4 conjugacy classes
each containing a matriz +A;(T,c1) or £Bi(1,c1) for a suitable choice of c;.
The following table gives for every l,x,T a set of 1,2 or 4 representatives and
the cardinal m(A) of the corresponding conjugacy classes:

l and x T Representatives of C(z,1,T) m(A)
=0 Tr(U) =7 is odd Ao(T,1) 27n =T
Tr(U) =7 =2 (mod 4) | Ao(7,1), Ao(7,3), Ao(T,5), Ao(T,7) |32 7
Tr(U) =7 =0 (mod 4) Ao(1,1), Ao(T,3) 3.27"7°
e r=1(mod8) | Ai(r,1), Ai(r,3), Ai(r,5), Ai(r,7) | 322076
T=23,5,7 (mod 8) Aq(1,1), A (7, T) 3.27"7°
T=2,4,6 (mod 8) A1(7,1), A1(1,3) 3.27"7°
7 =0 (mod 8) Aq(r,1), A1(7,3), A1(7,5), A1 (7,7) |3-27"7°
2elsn=3 22145 (mod 8) Au(r,1), Ay(7,3) 3.92n-2-3
7=23,7 (mod 8) Ay(1,1) 3. 2722
7 =2 (mod 8) Ai(r,1), Ay(1,5) 3. 2723
7 =0 (mod 8) Ay(1, 1), Ai(1,3), Ai(1,5), Ai(r,7) 3.2 21
la;d’”;_jl 7=0,1 (mod 4) Ap_a(7,1), An_a(1,3) 6
7 =123 (mod 4) A, 2(r 1) 12
b=n 7 =0 (mod 2) An_1(0,1) 3
7 =1 (mod 2) An_1(1,1) 3
3<I<n-1
and T odd Bi(t,1) g2n—2l-1
z=1+2""
T even By(r,1) 3. 2721
I=n 1,-1,2" T4+ D)1 and 2" T - D11
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Proposition 4.5 gives the complete description of the conjugacy classes of
SLy(Z/2"Z). The exact information needed for computing Son is summarized
in the following:

COROLLARY 4.6. For A € SLy(Z/2"Z) we define s(A) € {21,...,1+n}
to be the mazimal s for which 2570 divides 7. Let N(I,x), resp. N(l,z,s),
be the number of matrices having l,x (resp s) as invariants. We deduce from
Theorem 4.5 the following:

1. N(0,1,0) = 232,

2. For1<s<n-—1, N(0,1,s) =3.2377573,

3. N(0,1,n) = 3.222,

4. For 1 > 1, N(I,1,s) = 3.2n71=53 if s £ | +n and N(I,1,n +1) =

3. 22n—2l—2'
. Forl1>2, N(l,—1) = 3.23n=3-2,
. Forl>3, N(I,1 +271) = N(1,2/=1 — 1) = 2373,
7. N(n,x) = 1.

The proof of Proposition 4.5 will be deduced from the following:

S Ot

a b , a v .
LEMMA 4.7. Let U = e d and U" = Jd be two matrices of

C(xz,l,7). If 1 =0, we suppose that ¢ and ¢ are odd. If 1 > 1, writing U =

C1
class contains an element satisfying these conditions. We define Ey v the
following equation:

) .
21 + (al di) we suppose that ¢c1 and ¢} are odd. Note that each conjugacy

ax? + (a1 —di)rvy — biy? = (mod 277!, when 1> 1;
cx’ + (a — d)zy —by? = ¢ (mod 2"),  when 1=0.

Then we have the two following properties:
1. The matriz U is conjugate to U’ if and only if Eyr has solutions.
2. If k is the number of solutions of Ey then the conjugacy class of U has
m(U) = 13- 23773172 elements.
Once this Lemma proved, the proof of Theorem 4.5 will follows from
the study of the equations Ey ;7. We will need the Hensel’s Lemma (see [7],
section 3.2) which states that if n > 1, zy € Z/2"Z and P € Z[x] is a poly-
nomial such that P(zg) =0 (mod 2") and P’(x¢) is odd, then there exists a
unique element 7o € Z/2""Z such that 29 = z (mod 2")) and P(7) = 0
(mod 27+1).

~ LemMA 4.8. Let A € SLy(Z/2"Z), then there exist exactly 8 matrices
A€ SLy(Z/2" ' Z) such that A= A (mod 27).
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Proof. Let A = <CCL Z) Then at least one entry of A must be odd.
Suppose ¢ is odd. There are exactly 8 ways to lift a, ¢ and d into elements a, ¢, d

in Z/2"t'7Z. Using Hensel’s Lemma to the polynomial P(b) := —é&b + ad — 1
we show that for each of these 8 choices, there is exactly one way to lift b in
Z,/2"17 such that the corresponding matrix A lies in SLy(Z/2"1Z). O

Note that this lemma easily implies by induction that the cardinal of
SLy(Z/2"Z) is 3 - 23772,

Proof of Lemma 4.7. Suppose that X = (il Z;> € SLy(Z/2"Z) is such
2 Y2
that XUX ™! = U’. A simple computation shows that XU X ! has the form

XUX—!= < * *> Thus (y2, z2) is solution of Ey .

cys + (a — d)xays — br3  *
Conversely, let (y2,22) be solution of Ey . The equality XU = U'X is
equivalent to the following equations:

(4) ria+cyy, = dxp+ba
(5) r1ib+pd = dy + by
(6) roa+cys = Ccdrp+das
(7) xob+dys = cyi+dys

The equations (6) and (7) completely determine the values of x1 and y, so
of X, modulo 2"~!. Direct computations show that this X is in SLy(Z/2"'Z)
and verifies (4) and (5).

Thus an element X in the stabilisator Stab(U) of U is completely deter-
mined modulo 2" by a solution of Ey . Using Lemma 4.8, we see that there
are exactly 23! ways to lift such a matrix in SLy(Z/2"7Z). So, if k is the number
of solutions of Eyy then |Stab(U)| = k23!, The class formula concludes the
proof. [

It remains to compute the number of solutions of the equations Ep .

LEMMA 4.9. Let n > 1 and A, B,C, D four integers so that ABD 1is odd.
Let E,, be the following equation:

Az’ 4+ Bxy+Cy? =D  (mod 2")
Then E,, has 2"~ solutions if C is even and 3-2"~1 solutions if C is odd.

Proof. We show the result by induction on n using Hensel’s Lemma. [

LEMMA 4.10. Letn > 1 and A, B, C, D be integers such that A and D are
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odd. Let (E) be the following equation with variables (z,y) both in SLa(Z/pZ):
Az® + 2By +Cy* =D (mod 27)

We note A := AC — B%. Then:
(1) If n =1, (E) has 2 solutions.
(2) If n = 2, when A = 2,3 (mod 4) then (E) has 4 solutions. When
A =0,1 (mod 4) then (E) has 8 solutions if AD =1 (mod 4) and 0 otherwise.

(3) If n > 3, we have the following cases:

e (a) If A =0 (mod 8) then (E) has 2""2 solutions if AD = 1 (mod 8)
and 0 otherwise.

e (b) If A = 2,4,6 (mod 8) then (E) has 2"*! solutions if AD = 1
(mod 8) or AD =1+ A (mod 8) and 0 otherwise.

e (c) If A=1,5 (mod 8) then (E) has 2"+ solutions if AD =1 (mod 8)
or AD =5 (mod 8) and 0 otherwise.

e (a) If A =3,7 (mod 8) then (E) has 2" solutions.

Proof. First we put z = Az + By. The map from Z/2"7Z x Z/2"7Z to itself
sending (x,y) to (z,y) is bijective as A is odd and we remark that (x,y) is
solution of (£) if and only if (z,y) is solution of the following equation, say
(B):

224+ Ay’ = AD  (mod 2")

Thus (F) and (E’) have the same number of solutions. The number of
solutions of (E’) is easily computed using the fact (see [10], proposition 5.13)
that if a is an odd number and n > 3, then the equation 22 = a (mod 2") has
4 solutions modulo 2" if a =1 (mod 8) and 0 otherwise. [

End of the Proof of Theorem /.5. We fix three invariants [,z and 7 and
study the conjugacy classes of C(l,z,7). Let us take two matrices U, U’ €
C(l,z,7). We can always conjugate them so that they verify the hypothesis of
Lemma 4.7. These two matrices are conjugate if and only if the set of solutions
of Eyr is not empty and the number of elements in the conjugacy class of U
is computed by using Lemmas 4.7, 4.10 and 4.9. [0

4.1.2. Computation of the characters

PROPOSITION 4.11. Let A € SLo(Z/2"7Z) and z,l,s be its associated in-
variants. The definition of s has been given in Corollary 4.6 and will make
sense now. The trace Tr(mon—1(A)) is given by:

L Ifl =0, | Tr(mgn-1(A))? = 2° if 0 < s < n — 2, Tr(mgn-1(A)) = 0 if

s=n—1 and | Tr(men-1(A))]? =21 if s = n.
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2. If1<1<n—2andx =1 then | Tr(mgn-1(A))|* = 2° when 21 < s < n +
1—2, Tr(mgn-1(A)) =0 when s =n+1—1 and | Tr(mgn-1(A))|> = 271
ifs=n+1.

. Ifl=n—1 and x =1 then Tr(mgn-1(A)) = 0.

Ifl=nandxz =1 (A= 1) then | Tr(mgn-1(A))|? = 22772,

L If2<1<nand x=—1 then | Tr(myn—1(A))|* = 4.

CIf3<1<nandx=2"14+1 then | Tr(mgn-1(A))|> = 222

CIf3<1<nandx=2"1—1 then | Tr(myn-1(A))|? = 4.

N O Ot =W

a O
0 a!

Then we have Ton—1(Dg) = €(ai ;)i j where € is a scalar such that |e|* = 1.

LEMMA 4.12. Let a be an odd integer and D, := < ) € SLy(Z)2"Z).

Proof. 1t is proved by a direct computation using the fact that D, =
T-eST-*'ST-*S. O

Proof of Proposition 4.11. First when [ = 0 or when = 1, we can
— 1 b _ cQ—1g—b .1 _ o9s—I _ 9ol
suppose that A = <c 14 bc> = STS™T7% with b = 2°7"by, ¢ = 2'¢y where
b1 and ¢; are odd.

A simple computation gives:

Ton-1(A) = 5i3+1G(12’2%2) (Z Ack2+2(Jz)ka2>
k i

| Tr(man-1(A))| =

G(—1,0,2")\? G(c,0,2") G(—b,0,2")
2n 2 2
We conclude by using the fact that, if x is odd and s € {0,...,n} then
(see [2]):

257 when s < n — 2;
|G(x2°%,0,2M) > = 0, when s =n —1;
2m when s = n.

1 b

c 1+bc
with b = 23_161, ¢ = 2¢q where by and ¢ are odd. A similar computation
gives:

Then when z = —1 we can suppose A = — < > = §-lres—1ir—b

-1 on 2 A 4i. 9n
Tyt (A)i = € (W) g Gle45:2)

where € = 376 is a norm one scalar. The Gauss sum G/(c,4,2") is not null
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if and only if 7 € {0,272} when [ = n, 2"~3 divides i and 2”2 does not when
I=n—1and 2! divdes i when 2 <1 <n — 3.
We conclude by summing mgn-1(A);; over these i.

. b
Now to compute the traces when z = 281 4+ 1, we write A = <CCL d>

with @ odd and ¢ = 2l¢; with ¢; odd. We use the decomposition A =
STC‘flSD,aT"fll7 and Lemma 4.12 to find that:

G(—1,0,2”)>2 Glea™,2(a™ — 1)i,2")

Aa_ 1pi2
2m 2

(o ()is = (

where €’ is a norm one scalar. We conclude by summing mon-2(A); ; over every
¢ and taking the norm. [

4.1.3. The computation of the sum Ss-

Proof of Proposition 4.2. Set S(z,l) := > scc(ay) |T(A)? and S(I) :=
> accw | T(A )|2. By using Propositions 4.6 and 4.11 together, we compute
the follovvmg sums:

. S(0) = 23772 4+ 3. 2303 (p — 1).

CS(1,1) =321 B ) if1 <1 <n—2
S(—1,1)=3-23""3if2 < <n—1.
(14+21 ) =23"1=2if 3 <1 <n—1.
LH270) =23n=3r24f 3 < < — 1.

021

S(1) =S(1,1) =3-23""4(n — 1).
S(2) = (1 2) +S(=1,2) = 3-2375(p — 2) + 3. 2316,
S l) 3n — 3( l)+3 23n—3l+23n—l—2+23n—3l+2 if 3 < l <n-2.

© 0N W
0

S(n — )—3 23 425 4 22n~1
S(n) = 2% + 2271,
We conclude by computing;:

(=
(
(
(
(
(

—
<

|SLo(Z)2"Z)|Son = S(0) + S(1 +Zs )4+ S(n—1)+S(n)

= 3.2%72(n — ):|SL2(Z/2”Z)|><(n—1) O

4.2. HIGHER GENUS FACTORS

The following theorem was shown in [8] when 7 is odd. We give a different
argument and deal with the case r = 2 by using the results on the genus one
representations.
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THEOREM 4.13. Ifr is prime, the modules Uy * and Wrgﬁi are irreducible.

Proof. First let us handle the U o+ modules, when r is prime. Denote by A
the k,-subalgebra of End(U,) generated by the operators m,(¢) for ¢ € SLo(Z)
and by B the k,-subalgebra of End(U;ng) ) generated by the operators 7, 4(¢)

for ¢ € Spag(Z), when r is odd, and ¢ € Spag(Z), when r is even.

We denote by A’ and B’ their commutant in End(U,) and End(U9),
respectively. We know from the genus one study that A’ is generated by 1
and the symmetry 6 € GL(U,) sending e; to e_;. There is a natural injection
i: A®...® A = B. Now using the fact that the commutant of a tensor
product is the tensor product of the commutant we get:

' CiA®...0A)) =il ®..0A)

Note that when » = 2 then 0 = 1 so B’ consists of scalar elements and
T,g = 7[';: , 1s irreducible. We can thus suppose that 7 is odd.
A generic element of i(A' ® ... ® A’) has the form:

C:Z)\iail ®...®a;, with I C {1,...,p}Y and a;, =1 or 0
i€l
To conclude, we must show that B’ is generated by 1®...®1 and ®. . .Q40,
that is, show that if C' € B’ then a;, = a;, for all i € I and u # v.
Let us choose u, v and set e := €1 ®...®e1. We compute the commutator:

(C 7y g(Z = (A% = 1)(ai, ® ... @ ai,)(e)
el

where ¢; = 0 if a;, = a;, and €¢; = 1 elsewhere. Since A* # 1 and the family
{(ai; ® ... ®a4,)(e),i € I} is free, the fact that C' is in the commutant of B
implies that €; = 0 for all ¢ so the two eigenspaces of 0 ®...® 6 are irreducible.

Denote by C the k,n-subalgebra of End(U,n) generated by the operators
7(¢) for ¢ € SLo(Z) and by the k,n-subalgebra of End(U%?) generated by
the operators 7, 4(¢) for ¢ € Spag(Z), when r is odd, and ¢ € Sp2g( ), when
r is even.

We denote by €’ and D’ their commutant in End(U,«) and End(U%?),
respectively. We know from the genus one study that A’ is generated by 1 and
0. The natural injection ¢ : C ® ... ® C — D implies that:

Dci(C®...00))=iC®...0C)

Again we choose a generic element C' = 37, ; Nia;, ® ... ®a;, € i(C'®
..@C) with I C {1,...,p"}9 and a;, = 1 or § and suppose that C' € B". Now
remember that W~ is defined as the orthogonal of U,n—2 = Span(g;) in U,n
and since e; is orthogonal to all g; we deduce that e = e; ® ... ® e € Wﬁg.
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So the fact that the commutator [C, m.n+2 4(Zy,v)](e) is null if and only if C' is
a linear combination of 1®...® 1 and # ®...® 6 permits us to conclude. [

Finally, the irreducibility of the factors coming from the decomposition
at composite levels p = ri"* ... 7" follows, using the decomposition (1) from
Theorem 1.1, exactly as in the genus one case:

COROLLARY 4.14. All the modules of the form B, ®...® B, withry,...,
r distinct prime and By, = Urgi’i or Wf,:i, are irreducible and pairwise distinct.

Proof. Let p = 2% .. .rZ’“ with r; some distinct odd primes. There is a
group isomorphism between Spag(Z/2pZ) and Spag(Z/2TYL) X Spag(Z /11 L) x
. X Spag(Z/r*Z), if p is even, and between Spag(Z/pZ) and Spay(Z/r1* Z) x
oo X Spag(Z/r,*Z), if p is odd.

Denote by A, the subalgebra of End(UE 9) generated by the operators
Tp,g(¢). Using the first point of Theorem 1.1, we get an algebra isomorphism:

Apg = Az g @ Ar{”,g ®...® »Arzk,g

We conclude using the fact that the commutant of a tensor product is
the tensor product of the commutant and use Theorem 4.13. [

5. RELATION WITH THE WITTEN-RESHETIKHIN-TURAEV GENUS
ONE REPRESENTATIONS

We now give explicit isomorphisms between the submodules U, and the
SLy(Z)-modules V,, defined in [5] extending the relations in [12,22] to the case
where p = 3 (mod 4). We include also their proof for self-completeness of the
paper. Corollary 1.2 follows.

Denote by S = (0 1) and T = (1 _11> the two generators of

-1 0 0
SLy(Z).
Using the basis {u;,i € I} of V), defined in [5], where

I {0,1,2,...,r — 2}, if p=2r is even.
PN 10,2,4,...,p—3), ifpisodd.

The Reshetikhin-Turaev representations in genus one are characterized
by the projective class of the matrices:

po(T) = (AD5;5), - pp(S) = & (D)™ + 1) (5 + D)),

2, 2¥)

where we used the ring k’, := Z [A, H /(d2p(A)), so A is always a 2p-th root

G(713072p) G(71707p)
p

% when p is odd.

of unity, and ¢, := when p is even and ¢, :=
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The following theorem was shown in [12] when p is even and in [22] when
p=1 (mod 4). We extend their proofs for p = 3 (mod 4).

THEOREM 5.1. For p > 3, the SLa(Z) projective modules U, and V,, are
projectively equivalent.

When p is odd, the module U, is defined on the ring k,, where A is a
primitive p-th root of unity, whereas V), is defined on k’,, where A is a primitive
2p-th root of unity. In the preceding theorem, we turned U, into a k’)-module
using the ring morphism yu : k’, — k,, defined by u(A) = A%

Proof. When p = 2r is even, we define an isomorphism of k’,-modules
vV, = U, by U(u;) = €r—i—1 — €r4i+1. We then compute the matrices of
7, in the basis (¥(u;),i =0,1,...7 —2):

(W (uy), m, (1) (u;)) = A==,
A(rq)? L A2 ii42)

r—1)2
AU (T

<\If(uj),7rp_(5)\li(ui)> = ¢ <A—2(r—i—1)(r—j—1) _ A2(r—z‘—1)(r—j—1))
= ¢, AZ(HD) (A—2(i+1)(j+l) —AQ("“)U“))
= —pp(9)i,

So m, and p;, are projectively equivalent when p is even.

Then when p > 3 is odd, we turn U, into a k’,-module via the ring
morphism y : k’, — k, defined by u(A) := A* We define an isomorphism
vV, — Up_ of k’)-modules via W(u;) := ep-1-i — €p+i+1 . We then compute

2

2
the matrices of m, in the basis (V(u;),i = 0,2,4,...p —3):

(W(uy),mr (D)W (u)) = u(A) )5,
= A(p_i_l)QCSi,j

= (=4) - pp(T)iy
<\If(uj),7T;(S)\IJ(ui)> = ¢ (M(A)72(4p_21—i)(7p_;_1) _ N(A)2(—2 NG ,-))
= ¢ (A—Q(P—i—l)(p—l—j) — AQ(p—i—l)(p—l—j)>

= _PP(S)i,j

And the proof is completed. [J
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6. THE WITTEN-RESHETIKHIN-TURAEV TQFTS ARE DETERMINED
BY 3-MANIFOLDS INVARIANTS WITHOUT FRAMED LINKS

In this section, we briefly review the universal construction of TQFTs
of [5] and prove Theorem 1.3. For simplicity, we omit the complications due to
the presence of an anomaly for it does not change the proof and refer to [5,16]
for more complete discussion. We also only write the proof when p is even for
the odd case easily follows using Theorem 1.5 of [5].

Let M!"Fs denotes the set of classes (M, L) of closed oriented 3 mani-
folds M equipped with an embedded framed link L. C M, modulo preserving-
orientation homeomorphisms. In [4,24], the authors define a map 7, : M' ks —
C multiplicative for connected sums and sending the manifold M with opposite
orientation to the complex conjugate of the image of M.

Let ¥ be a closed oriented surface and V(X)) be the complex vector space
freely generated by (homeomorphism classes of) elements (M, ¢, L) where M
is a compact oriented three manifold, ¢ : OM — X an orientation-preserving
homeomorphism and L C M is an embedded framed link (possibly empty).
The space V(X) is naturally equipped with a bilinear form (-, ), associated to
7, defined as follows. If My = (M, ¢1,L1) and My = (M, ¢2, Lo) are two
cobordisms in V(X), we can glue them to obtain My U My := (M; U¢1_10¢2

Mo, L1 U Ly) € MY ks We then define (M, M2>p = 7,(M; UM3) and extend
the form to V(X) by bi-linearity.
Eventually define the vector space:

Vo(2) ==V [kex((-,),)

By definition, any cobordism M € V(X) defines a vector Z,(M) € V,(X)
by passing to the quotient. Moreover if M is a cobordism between to sur-
faces ¥; and X, we can associate a linear map V(M) : V,,(31) — V,(32) by
sending Z,(M') to Z,(M o M'). Such a functorial assignation ¥ — V,(X) and
M — V,(M) is what is called a TQFT. Note that the spaces Up 4 of the Weil
representations also fit into this framework (see [15,20]).

Denote by X,(X) C V,(X) the subspace generated by classes of cobor-
disms with an empty link. Theorem 1.3 states that whenever 4 does not divide
p, then X,(X) = V,(2).

By construction the subspace X,(X) is determined by the restriction of
the three manifolds invariant 7, to the subset M C MU' " of closed oriented
three manifolds without framed links.

We now turn to the proof of Theorem 1.3. Simply denote by V,, the space
V(S x S1) as in the previous section. Let uy := Z,(D? x S1,id, L) € V,, be the
vector associated to the manifold D? x S with trivial boundary identification
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and the link L = {0} x S' ¢ D? x S! with parallel framing. Theorem 1.3 easily
follows from the following:

LEMMA 6.1. If 4 does not divide p, then u; € X,(S* x S1).

Proof of Theorem 1.8 using Lemma 6.1. The following argument is the
same as Robert’s argument in [29] who proved Theorem 1.3 when p is prime.
We briefly reproduce it for self-completeness of the paper. Let Ml = (M, ¢, L) €
V(X) be a cobordism and Z,(M) € V,(X) its class in the quotient. We have to
show that Z,(M) is a linear combination of vectors associated to cobordisms
without links, so we suppose that L is not empty.

Let L; C L be a connected component and choose N; a tubular neighbor-
hood of L; in M homeomorphic to D? x S!. Writing M\ N; = (M \ N;,¢ U
on,, L\ L;) € V(2| ]St x S1), we have (M \ N;) Ugn, (Ni, én;, Li) = M.

Passing to the quotient, we get Z,(M) = V,(M \ N;) o Z,(N;, ¢n;,, Li),
where V,(M \ N;) is a linear map from V), to V,(X) and Z,(N;, ¢n;, Li) is the
vector u; € V. Lemma 6.1 implies the existence of three manifolds My, ..., My
bounding S! x S without framed links embedded and scalars Ap, ..., A in C
such that uy = Y, \jZ,(M;). It follows that:

Z,(M) = > AZp((M\ N;) o M)

Thus Z,(M) is a linear combination of vectors associated to cobordisms
with one component less than L. We conclude by induction on the number of
components of L. [

The proof of Lemma 6.1 relies on the fact that X, C V), is invariant
under the action of SLy(Z) on V,. Let ug € V,, denotes the vector associated
to D? x S! without framed links embedded and let Ay, A1 C Vp be the SLy(Z)
cyclic subspaces associated to ug and uq, respectively.

LEMMA 6.2. If 4 does not divide p, then Ay = Aq.

Proof. Since Ay and Ay are SLy(Z) invariant subspaces by definition,
we have to show that for any irreducible subspace B C V, = U,", we have
Ao N B = A1 N B. Note that A; N B is either {0} or B.

Using the identification ¥ : V), = U;" of (the proof of) Theorem 5.1 and
Corollary 1.2, we know explicit basis for such irreducible modules. Denote by
Aj :=¥(A;) C U, and remark that if p = 2r, we have:

Y(ug) = er1—erp1 P(ur) = €2 —erp2 .

Note p = 2r]*. ..TZk the decomposition of p in primes numbers, and

choose B=Us® B1®...®% B, C Ulj an irreducible submodule as in Corol-
lary 1.2. We have to study whether the projection of ¢)(u;) on B is null or not.
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First consider the case where there exists in index ¢ such that n; > 2 and
B; # Wﬁl Then B; C Uini_2 which is included in the subspace spanned by
i r;

vectors ey, such that r; divides k. But clearly r; does not divide r—1,r+1,r—2
nor 7+ 2 thus the projection of both 1 (ug) and 1(u1) on B is null and we have
AyNB=AnB={0}.

Next suppose that for each 7 such that n; > 2, we have B; = W:ﬁl where €;

7

is either —1 or +1. Given two integers x and n, we will denote by [x], € Z/nZ
the class of x modulo n. Let x be any integer such that none of the r; divides
x. Set:

VB = e, ®eh  ®...Qek €B

2], m 2],
1 k

where we used the notation efﬁ = e; e_;. By using the fact that < e;,ef >=1
1—¢

and < e_;,ef >= (—1) 2 , we compute:

€

< UB,ey —€_gp > = <e[x]2 ® eah.nl ®...0 e[;j] n? Clal2®epu o, ®...0 e[xLZk >
1 "k "1

- <€[x12 ® €y @ @ g o Clstla @ El—a],
k

Mrnl
1

R...Q e[_x]TZk >

1—¢;

= 1-(-1)Zi 2 =2#0

where we used in the last line the fact that there is an odd number of ¢ such
that ¢; = —1 for B C U, . In particular the orthogonal projection of e, on B
is non-trivial whenever none of the r; divides x. Applying this to x = r — 1
and z =r — 2, we get that AN B=ANB=B. [

Proof of Lemma 6.1. Since ug belongs to X, by definition and that X,
is invariant under the action of SLy(Z), we have Ag C X,. Now Lemma 6.2
implies that Ay C X, thus u; € X,,. O
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