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Let G be a finite group, and Irr(G) be the set of complex irreducible characters of
G. An element g € G is called a vanishing element if there exists an irreducible
character x € Irr(G) such that x(g) = 0. The set of orders of vanishing elements
of G is denoted by Vo(G). A recent conjecture states that if G is a finite group
and M is a finite nonabelian simple group such that Vo(G) = Vo(M) and |G| =
|M|, then G = M. In this paper, we give a positive answer to this conjecture for
a family of classical simple groups, namely A,(2) and Ap,—1(2), where p # 2,3
and 2P — 1 is a prime.
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1. INTRODUCTION

Let n be a positive integer. By m(n) we mean the set of prime divisors of
n. Let G be a finite group and m(G) be the set of prime divisors of |G|. Denote
by w(G), the set of element orders of G. For a finite set of positive integers
X, the prime graph II(X) is a graph whose vertices are the prime divisors
of elements of X, and two distinct vertices p and ¢ are adjacent if X has an
element divisible by pg. We denote the graph II(w(G)) by GK(G) and we call it
the prime graph or the Gruenberg-Kegel graph of G. The number of connected
components of GK(G) is denoted by t(G), and the connected components of
GK(G) is denoted by m1(G), -+, myq)(G). If there is no ambiguity, we use the
notation 7; instead of m;(G). If 2 € n(G), we assume that 2 € m(G). It is
easy to see that |G| can be written as the product of coprime positive integers
m; such that w(m;) = m;(G), for i = 1,--- |t(G). These integers are called the
order components of G.

We denote by Irr(G) the set of complex irreducible characters of G. We
call an element g € G, a vanishing element, if there exists x € Irr(G) such that
x(g) = 0. Put Vo(G), the set of orders of all vanishing elements of G. The
prime graph II(Vo(G)) is denoted by I'(G) and is called the vanishing prime
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graph of G. Note that for every finite group G, I'(G) is a subgraph of GK(G).
There is a strong relation between the structure of a group G and the set
Vo(G). For example, if a finite group G does not have any vanishing element
whose order is divisible by p, where p € 7(G), then G has a normal Sylow p-
subgroup [2]. In [7], it is proved that if x is a non-vanishing element of a solvable
group G, then 2 is an element of the Fitting subgroup F/(G) and conjectured
that « € F(G). In [13], this conjecture has been proved in a special case that
if G is solvable and no Mersenne prime divides |G|, then every non-vanishing
element of G is an element of F(G). In [14], it is proved that the finite simple
group As is recognizable by its set of orders of vanishing elements. But not
all finite simple groups are characterizable by their set of orders of vanishing
elements. For example Vo(L3(5)) = Vo(Aut(L3(5))), but L3(5) 2 Aut(L3(5)).
In [4], M. Foroudi Ghasemabadi et al. proposed the following conjecture that
finite nonabelian simple groups are recognizable by their order and their set of
orders of vanishing elements:

CONJECTURE. Let G be a finite group and M be a finite nonabelian simple
group such that Vo(G) = Vo(M) and |G| = |M|. Then G = M.

They proved this conjecture for M = A;(q), where ¢ € {5,7,8,9,17},
A4(4), A7, Sz(8) and Sz(32). Also in [5], the conjecture has been proved
where M is a sporadic simple group, an alternating group, A;(p), for an odd
prime p, and finite simple K3-groups and Kjy-groups. In this paper, we show
that this conjecture is true for classical simple groups M = A,(2) and A4,_1(2),
where 2P — 1 is a prime and GK (M) is disconnected. So if M = A,(2), we
assume that p # 2, and if M = A,_1(2), we assume that p # 2,3. In fact, we
prove the following theorem:

MAIN THEOREM. Let G be a group and M = A,(2), where p # 2 and
2P — 1 is a prime; or Ap_1(2), where p # 2,3 and 2P — 1 is a prime. Then
G = M if and only if Vo(G) = Vo(M) and |G| = |M].

Let k£ and n be coprime integers. We recall that if there exists an integer
x such that 22 = k (mod n), then k is called a quadratic residue mode n, ot-
herwise k is called a quadratic nonresidue mode n. For a prime p, the Legendre
symbol (a/p) is defined as follows: (a/p) =1 if a is a quadratic residue mode
p, (a/p) = —1 if a is a quadratic nonresidue mode p, and (a/p) =0if p | a. It
is a well known result due to Euler that (—1/p) = (—1)®—1/2,

Let n and m be positive integers and p be a prime. We write p™||n, if
p™ | n but p™ 1t n. We write n, = p™, if p™||n. All further notation can be
found in [1], for instance.
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2. PRELIMINARY RESULTS

Definition 2.1. A finite group G is called a 2-Frobenius group if it has a
normal series 1 < H < K <G, where K and G/H are Frobenius groups with
kernels H and K/H, respectively.

The following lemma summarizes the basic structural properties of a Fro-
benius group and a 2—Frobenius group:

LEMMA 2.2 ([9]). (a) Let G be a Frobenius group and let H, K be the
Frobenius complement and the Frobenius kernel of G, respectively. Thent(G) =
2 and the prime graph components of G are w(H) and w(K). Moreover, K is
nilpotent and hence GK(K) is a complete graph.

(b) If G is a 2— Frobenius group then t(G) = 2. With the notations of
Definition 2.1, we also have 7y = 7(G/K)Un(H) and mo = n(K/H).

The next lemma is a consequence of Gruenberg-Kegel Theorem (see [12]):

LEMMA 2.3. If G is a finite group with disconnected prime graph GK(G),
then one of the following holds:
(1) the finite group G is a Frobenius group and t(G) = 2;
(2) the finite group G is a 2-Frobenius group and t(G) = 2;
(3) the finite group G has a normal series 1 <H <K <G, such that H and G/ K
are m1-groups and K/H 1is a nonabelian simple group, where H is a nilpotent
group and |G/K|| |Out (K/H)|.

LEMMA 2.4 ([2,3]). If G is a finite nonabelian simple group except Ay,
then GK(G) =T'(G).

As a consequense of [8, Corollary 22.26], we get the following lemma:

LEMMA 2.5. If x € Irr(G) vanishes on a p-element for some prime p,
then p | x(1).

Let p be a prime number. A character x € Irr(G) is said to be of p-defect
zero if p is not a divisor of |G|/x(1). It is a well-known result that if x is of
p-defect zero, then for every element g € G which order is divisible by p, we
have x(g) = 0 (see for example [6, Theorem 8.17]).

LEMMA 2.6 ([9, Lemma 2.5]). Let G be a finite group with t(G) > 2, and
let N be a normal subgroup of G. If N is a w;-group for some prime graph
component of G and myi,ma, ..., m, are some order components of G but not
mi-numbers, then mims ... m, is a divisor of |[N| — 1.

LEMMA 2.7 ([10, Lemma 8]). Assume ¢ > 1 is a natural number, s =
[T%,(¢" — 1), p is a prime, p | s. We denote the power of p in the standard
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factorization of s by sp. e =min{d:p|q®—1}, ¢ =1+p"k, ptk. If p>2
orr > 2, then s, < qe/ (1),

LEMMA 2.8 ([15, Zsigmondy Theorem|). Let p be a prime and let n be a
positive integer. Then one of the following holds:

(i) there is a primitive prime p' for p™ — 1, that is , p' | (p™ — 1) but
Pt (p™—1), for every 1 <m < mn,

(i) p=2,n=1 or 6,

(iii) p is a Mersenne prime and n = 2.

LEMMA 2.9 (]9, Lemma 2.9]). The equation p™ — ¢" = 1, where p and q
are primes and m,n > 1 has only one solution, namely 3> — 23 = 1.

3. MAIN RESULTS

THEOREM 3.1. Let G be a group and M = A,(2), wherep # 2 and 2P —1 is
a prime number. Then G = M if and only if Vo(G) = Vo(M) and |G| = |M]|.

Proof. If G = M, the result is obvious. Let Vo(G) = Vo(M) and |G| =
|M| = 2PwHD/2TTP_ (2041 — 1), According to Lemma 2.4, we have I'(G) =
I'(M) = GK(M). Hence, I'(G) has 2 connected components and [ = 2P — 1
is an isolated vertex in I'(G). So G has an l-element g such that x(g) = 0
for some irreducible complex character x of G. Now, Lemma 2.5, implies that
[ divides x(1). Since [|||M| and |G| = |M]|, x is an irreducible character of
[-defect zero of G. So, by the fact that [ is an isolated vertex in I'(G), we
conclude that [ is an isolated vertex in GK(G). Hence t(G) > 2.

Step 1. Let G be a Frobenius group and let H, K be the Frobenius
complement and the Frobenius kernel of G, respectively. Consequently, T'(G)
has two connected components, namely 7(H) and 7(K). Since 2P — 1 is an
isolated vertex in I'(G), then 2P —1 is a connected component. Since |H| | (|K|—
1), we conclude that |H| = 2P — 1 = [. Let p # 3,7. There exists a primitive
prime divisor = of 2°~! — 1. Set S € Syl (K), so S < G and |S| | (2P~ —1).
On the other hand, H acts fixed point freely on S, and consequently |S| = 1
(mod [), which is a contradiction. If p = 3, take S € Syl;(K), and if p = 7,
take S € Syls; (K). By a similar argument one can get a contradiction.

Step 2. Let G be a 2-Frobenius group, so G has a normal series 1 <
H < K <@, such that mo(G) = n(K/H) and |G/K]| | (|[K/H| —1). Therefore
|K/H| =2P — 1 and |G/K]| | 2(2*~! — 1). Then (2°=2 — 1) | |H|. Let p # 3,5,
and x be a primitive prime of 2?2 — 1 and S € Syl,(H). So similarly to
Step 1 we get a contradiction. If p = 3, then Sylow 7-subgroup of G acts
fixed point freely on Sylow 5-subgroup of H, which implies that 7 | 5 — 1, a
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contradiction. If p = 5, then Sylow 31-subgroup of G acts fixed point freely on
Sylow 7-subgroup of H, and we get a contradiction similarly.

Step 3. Therefore, by Lemma 2.3, G has a normal series 1 <H <K <G,
such that H and G/K are m-groups, K/H is a nonabelian simple group with
disconnected prime graph, H is a nilpotent group and |G/K| | |Out (K/H)|.
Now by [11, Tables la-1c], we consider each possibility for K/H, separately:

Case 1. Let K/H = Ay, where p’ — 2 is not odd prime.

Therefore p’ = 2P — 1, and so |[K/H| = (2 — 1)!/2 < |G|. The only
possibility is p = 3 and therefore p’ = 7, which is impossible since p’ — 2 is odd
prime.

Similarly, K/H cannot be isomorphic to A,,, where m € {p’ + 1,p’ + 2}
and m or m —2 is not odd prime and K/H cannot be isomorphic to A,/, where
p’ and p’ — 2 are prime numbers.

Case 2. Let K/H = 2Ap/_1(q), where ¢ = 7/ and p’ is an odd prime.

Therefore (g7 +1)/((¢+1)(p', g + 1)) = 2P — 1. We know that

/ pl
PR P
(¢+ 1)@, q+1)

On the other hand, we know that ¢?'®~1/2 | |S| where S € Syl .(G).
Let r # 2, so by Lemma 2.7, |S| < 2+Dr/(r=1) < 93(+1)/2 < 30/ —1)/243/2
Consequently, p'(p’ — 1)/2 < 3p’/2, which implies that p’ = 3.

First let (p',q+ 1) = 1. Then

alg—1) = 2271 — 1) = 220"/ _ 1) 20D/ 1 1),

It is easy to see that either ¢ | 2P=1/2 — 1 or ¢ | 2=D/2 4 1. If ¢ |
2(p=1)/2_1 then 2(P~1)/2_1 = ¢B and q—1 = 2(2P~1/241) B, for some positive
integer B. Therefore, 2(Pt1/2 43 < ¢ < 20=1/2 _ 1 which is impossible. If
q|2?°=D/2 41, then 2°~1/2 4 1 = ¢B and ¢ — 1 = 2(2~1/2 — 1) B, for some
positive integer B. Therefore, 2(pt1)/2 _ 1 < ¢ < 20=1/2 £ 1 which implies
that p = 3, ¢ = 3. But |2A42(3)| 1 |43(2)], a contradiction.

Let (p',q+ 1) = 3, then

(@ —q+1)/3=0+1)/307 +1) =22 —1=1.

=¥ -1 = >

Obviously, [ is a primitive prime divisor of 767 — 1. Since |q(q — 1)]2 = 4,
it is obvious that f is odd. We claim that 7(f) = {3}. Let f = 3%, for some
non-negative integers i, t and 3 {t. So

DA =¥ 3T D) 3 1) =10,

Therefore, 3" + 1 | 3(r3't + 1), so by Lemma 2.8 we get that 31+ |
3't, a contradiction. So 7(f) = {3}, and consequently 7(G/K) C {3} since

it+1
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|G/K| | |Out (K/H)| = 3f. Let p # 3,5 and = be a primitive prime of 2P=2 —1.
Obviously = # 2,3,7. Therefore, z is a divisor of 2P — 4 = (¢ — ¢ — 8)/3. It
is easy to get that z { |[K/H| = ¢*(q+ 1)(¢*> —1)(¢* —q+1)/3. So x € n(H).
Let T € Syl,(H). So T <G and |T| | 2?2 — 1. Now by Lemma 2.6 we have
|T| = 1 (mod [), a contradiction. If p = 3, then ¢ = 5, which is impossible
since |[K/H|t|G|. If p =5, then ¢(¢ — 1) = 92, a contradiction.

Therefore r = 2 and so (277 +1)/((p/, 27 +1)(2f +1)) = 27 — 1. Let = be
a primitive prime divisor of 22/? — 1. Then z | (27 — 1), and so 2fp’ | p, which
is a contradiction.

Similarly, K/H 2 %A, (q), where (¢+1) | (p'+1) and p' is an odd prime.

Case 3. Let K/H = C,(q), where ¢ = rf and n = 2™ > 2.

Therefore (¢"+1)/(2,q—1) = 2P —1 = [, it follows that ¢" = —1 (mod [).
So (—1/1) = 1, which implies that { =1 (mod 4), a contradiction.

Similarly, K/H cannot be isomorphic to By, (q), where n = 2™ > 4 and ¢
is odd, 2D,,(q), where n = 2™ > 4, 2D,,(2), where n = 2™ +1 > 5, and 2D,,(3),
where n = 2™ + 1 # p' and m > 2.

Case 4. Let K/H =~ 2D,/(3), where p’ # 2" + 1 and p’ > 5.

Therefore (37 +1)/4 =27 —1. So 2 —1 < 3 — 1, and hence 2P < 37,
Also we know that 37"~V | |[K/H]|, so if S € Syly(G), then 3*'®'~1) | |S|. By
Lemma 2.7, |S| < 230+1/2 Therefore 3¢''—1) < 23(+1)/2 < 330'+1)/2 which
is a contradiction.

Similarly, K/H cannot be isomorphic to 2D,y (3), where p’ = 2"+1, B,(3)
and D,y (q), where p’ > 5 is a prime and ¢ = 2,3, 5.

Case 5. Let K/H = Cyy(q), where ¢ = 2, 3.

Let ¢ = 3, then (37" —1)/2 = 2P—1, which is a contradiction by Lemma 2.9.
Therefore ¢ = 2, it follows that 2°" — 1 = 2P — 1, and so p’ = p. Consequently,
27° | |G|, which is a contradiction.

Similarly, K/H cannot be isomorphic to Dy 1(q), where ¢ = 2, 3.

Case 6. Let K/H = Fy(q), where ¢ = 2™ > 2.

If ¢*—¢%+1 = 2P—1, then ¢?(¢®>—1) = 2(2P~!—1), which is a contradiction,
since 4 | ¢2(¢> — 1). Therefore ¢* + 1 = 2P — 1, it follows that ¢* = 2(2P~1 — 1),
which is a contradiction.

Similarly, K/H cannot be isomorphic to Fy(q), where ¢ is odd, 3Dy4(q).

Case 7. Let K/H = Fg(q), where ¢ = rf and ¢ = +1.

Therefore (¢%+e¢®+1)/(3,g—¢c1) = 2P —1. Since (¢°+e¢>+1) | (¢'¥ 1),
then 2P < ¢'8. Also we know that ¢ | |[K/H|, so if S € Syl,.(G), then ¢3¢ | |S].
Let r # 2, then |S| < 2r@+D/0=1) < 93(+1)/2 Ly Lemma 2.7. Therefore
¢0 < 23(ptD/2 < 27+3/2 \which is a contradiction. Hence r = 2. If 3| (¢ —e1),
then 26/ 4 £23/ 4+ 1 = 3(2P — 1). Therefore 23/(23/ + ¢) = 3.2P — 4, which is
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a contradiction. Therefore, 31 (¢ — 1), so 26/ 4223/ 41 =27 — 1, which is a
contradiction.

Similarly, K/H cannot be isomorphic to G2(q), where ¢ = ¢ (mod 3),
e ==1and g > 2.

Case 8. Let K/H = Ay(q), where ¢ = r7.

(8.1) Let 4| (¢ —1). Obviously ¢ # 2P — 1. Hence (¢+1)/2=2P—-1=1,
and so by Lemma 2.8, we have [ is a primitive prime divisor of 2/ — 1, which
implies that 2f is a divisor of [ —1 = 2(2P~!—1). Therefore |G/K| | 2(2P~1-1).
Note that

|K/H| = 4(2° — 1)(2PT — 3)(2P~1 —1).

Let p # 3,5 and x be a primitive prime divisor of 2°~2 — 1. Obviously
x # 2,3,5,7. It is easy to see that x { |[K/H|. If x | |G/K]|, we have x is a
divisor of 2°~! — 1, a contradiction. So z | |H|. Let S be a Sylow z-subgroup
of H. Obviously S <G and |S| | 2?72 — 1. On the other hand, by Lemma 2.6
we have |S| =1 (mod ), which is impossible. If p = 3, then ¢ = 13, which is
a contradiction since 13 { |G|. If p = 5, then ¢ = 61, which is a contradiction
since |[K/H| t|G|.

(8.2) Let 4 | (¢+1). If g =2P —1, then f =1, by Lemma 2.9. Moreover,
|K/H| = 2P(2° — 1)(2P~1 — 1) and |G/K]| | |Out (K/H)| = 2. Therefore,
(2P73 — 1) | |H|. Let p # 3 and s € (273 — 1). Let S € Syl,(H), so S < K.
On the other hand S is cyclic, it follows that there exists a unique subgroup
S1 of S such that [S1| = s, and so S} I K. Let L € Syl;(K), so L x S; is a
Frobenius group. Therefore, [ | (s —1), which is a contradiction. If p = 3, then
5 € w(H) and Sylow 5-subgroup of H is normal in G. One can easily get a
contradiction by Lemma 2.6. If (¢ —1)/2 = 2P — 1, then we get a contradiction
by Lemma 2.9.

(8.3) Let ¢ = 2/. Obviously, 2/ + 1 # 2P — 1. Therefore 2/ — 1 =27 — 1
and so f = p. Hence, |K/H| = (2?7 — 1)2P, which is a contradiction since
[K/H| 1G]

Case 9. Let K/H = 2B5(q), where ¢ = 22™*1 > 2,

Let 22m+l _om+l 4 1 = 2P 1. So 2(22™ — 2™ + 1) = 2P, which is a
contradiction, since p > 1. Similarly, 22+ 4 2m+1 1 1 £ 27 — 1. Therefore
2?2m+l _ 1 =27 — 1 and so 2m + 1 = p. Hence, |K/H| = 2%P(2P — 1)(2? + 1),
which is a contradiction, since |K/H| 1t |G|.

Similarly, K/H cannot be isomorphic to 2Fy(q), where g = 22m+1 > 2,

Case 10. Let K/H = G5(q), where ¢ = 37.

Let ¢> +q+1 =2 — 1. We know that (¢> + ¢+ 1) | (¢ — 1), so
2P < ¢®. Let S € Syl3(G), then 357 | | S|, by the order of |K/H|. On the other



438 Azam Babai and Maryam Khatami 8

hand, |S| < 23(P+1)/2 « 46 by Lemma 2.7, which is a contradiction. Therefore
@?—q+1=2"—1andso3/(3/ —1) =2(2P~1 —1). Since 41t (37 — 1) it
follows that f is odd. Let f > 1, then 9 | (2?~! — 1) and so 6 | (p — 1).
Therefore 7 | (2P~' — 1), so 7 | (3 — 1), which is a contradiction, since f
is odd. Consequently, f = 1 and so p = 3, which is a contradiction since
13 e n(K/H) \ 7(G).

Similarly, K/H cannot be isomorphic to 2G(q), where g = 32m*1,

Case 11. Let K/H = Eg(q), where ¢ = r/.

Let ®—¢®+q¢*—¢*+1=27—1. Since (®*—¢®+¢* —>+1)| (¢** 1),
then 2P < ¢?°. Let S € Syl,.(G), so ¢'%° | |S]. If r # 2, then by Lemma 2.7,
S| < 23(+1D/2 < 3043/2 which is a contradiction. Therefore 7 = 2 and so
28f _ 96 4 94f _ 92f 41 = 2P — 1, which is a contradiction. Similarly if

2 -1e{P+d "¢~ +e+1.¢ "+ "+ —q+1,¢"—¢" + 1},
then we get a contradiction.

Case 12. Let K/H = My,.

It is clear that 2P — 1 is not equal to 5 or 11. So 2P — 1 =7, hence p = 3.
In this case |[K/H]| 1t |G|, which is a contradiction.

Similarly, K/H cannot be isomorphic to other sporadic groups.

Case 13. Let K/H = Ay _1(q), where ¢ = rf, p' is an odd prime and
' q) # (3,2),(3,4).

Therefore (¢*' —1)/((¢ —1)(p',q — 1)) = 2? — 1, and so ¢” > 2P. Let
S € Syl (@), then ¢?'®~1/2 | |3].

If 7 # 2, then |S| < 23@+1D/2 < 30" +1)/2 by Lemma 2.7. Consequently,
P —1)/2<3(p +1)/2,s0p' =3.

First let (p’,q— 1) = 1. Then

dla+1) = 2027 —1) = 2272~ 1)@V 1),

So either ¢ | 2=D/2 — 1 or ¢ | 2°=D/2 4 1. If ¢ | 2?=D/2 — 1, then
there exists a positive integer B such that 2?-1/2 =1 = ¢B and ¢+ 1 =
2(2(P=1)/2 1 1)B. Therefore, 20t1/2 41 < ¢ < 20°=1/2_1 which is impossible.
If ¢ | 20=D/2 £ 1, then 2°~1V/2 4 1 = ¢B and ¢+ 1 = 2(2»~1/2 —1)B, for a
positive integer B. Therefore, 2(pt1)/2 _ 3 < ¢ < 20=1/2 1 1 which implies
that p = 3, and so ¢ = 2, a contradiction.

Let (p’,q — 1) = 3, then

(@ +a+1)/3= (" =1/367 ~1) =2 ~1=1,

Obviously, 1 is a primitive prime divisor of 3/ —1. We claim that 7(f) =
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{3}. Let f = 3't, for some non-negative integers i, t and 3 {t. So
T oD@ 3T 3T D) 33 ) =

Therefore, 73" — 1| 3(r3"t — 1), so by Lemma 2.8 we get that 311 | 3it,
a contradiction. Hence 7(f) = {3}, and consequently 7(G/K) C {2,3} since
|G/K|||Out (K/H)| =6f. Let p# 3,5 and = be a primitive prime divisor of
2P=2_1. Obviously = # 2, 3,7. Therefore, x is a divisor of 2P —4 = (¢*+¢—8)/3.
It is easy to get that

st |K/H|=q¢*(q—1)*(¢+1)(¢* + ¢ +1)/3.

Sox € m(H). Let T € Syl,(H). So T <G and |T| | 2?72 — 1. Now by
Lemma 2.6 we have |T'| = 1 (mod [), a contradiction. If p = 3, then ¢ = 4,
which is impossible. If p = 5, then ¢(q¢ + 1) = 92, a contradiction.

Therefore 7 = 2 and (2/7" — 1)/((p/,27 — 1)(2/ — 1)) = 2» — 1. Since
(', q) # (3,4), 2/P" — 1 has a primitive prime divisor, say z. Then z | (27 — 1)
and so fp' | p. Consequently, f =1, p’ = p and so K/H = A,_1(2). Obviously
2PF*1_1||H|. Let p # 5, and s be a primitive prime of 2°*1—1 and S € Syl,(H).
Therefore S<G and |S| | 2Pt1)/241. On the other hand, by Lemma 2.6 |S| = 1
(mod 1), a contradiction. If p = 5, one can easily get a contradiction.

Case 14. Let K/H be isomorphic to A, (q), where g =7/, (g—1) | (p'+1)
and p’ is an odd prime.

Therefore (¢" —1)/(qg—1) = 2P — 1, and so ¢* > 2P. Let S € Syl.(G).
So ¢7' @' +1)/2 | |S|. If r # 2, then by Lemma 2.7,

P2 < 1G] < 230HD/2 £ BOHD/2

which is a contradiction. So r =2 and (2/7' —1)/(2/ —1)=2r —1. If 2/ —1
does not have a primitive prime, then f = 2 and p’ = 3, which is impossible
since (¢q—1) 1 (p +1). So 2/7' —1 has a primitive prime, say 2. Then z | 2V —1,
and so fp’ | p, which implies that f =1 and p = p/. Therefore K/H = A,(2),
H =1 and G = K. Therefore G = A,(2), as required.

THEOREM 3.2. Let G be a group and M = A,_1(2), where p # 2,3 and
2P — 1 is a prime number. Then G = M if and only if Vo(G) = Vo(M) and
|G| = [M].

Proof. If G = M, the result follows obviously. Let Vo(G) = Vo(M) and
G| = |M| = 2¢=D/2TPZ} (271 — 1). Similarly to Theorem 3.1 we conclude
that G has a normal series 1 <H < K <G, such that K/H = A, 1(2), H=1
and G = K. Therefore G = Ap,_1(2), as required. [
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